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Abstract

In this master’s thesis, the normal form of a fast-slow map that exhibits a slow passage through
a discrete fold bifurcation is considered. Due to this behavior, a three timescale ODE system
exhibiting in the partial singular limit a fold bifurcation of limit cycles is studied. We show
exponential contraction of trajectories towards an invariant slow manifold and then track the
extension of the invariant manifold through a neighborhood of the fold limit cycle. This is
proven using a method of geometric desingularization known as the the blowup method, adapted
to non-hyperbolic limit cycles. Our analysis is build upon the work by Krupa and Szmolyan for
the normal form of the continuous fast-slow fold [I7]. We adapt the techniques used and extend
the results obtained by Krupa and Szmolyan. By defining a Poincaré return map, we transfer
the results of the continuous system locally to the normal form of the discrete fast-slow fold
singularity, though globally the embedding is not well-defined. Several extensions to resolve this
issue are proposed.

Zusammenfassung

In dieser Masterarbeit wird die Normalform einer schnell-langsamen Abbildung, welche eine lang-
same Passage durch eine diskrete Falten-Bifurkation beschreibt, untersucht. Aufgrund dieses
Verhaltens wird ein drei Zeitskalen System aus gewohnlichen Differentialgleichungen betrachtet,
welches im partiellen singuldren Grenzwert eine Falten-Bifurkation von Grenzzyklen aufweist.
Es wird eine exponentielle Kontraktion von Losungskurven hin zu einer langsamen, invarianten
Mannigfaltigkeit gezeigt und dann die Fortfiihrung der invarianten Mannigfaltigkeit in der Nahe
des singuldren Grenzzyklus analysiert. Der zugehorige Beweis basiert auf einer Methode der
geometrischen Desingularisierung, welche auch Blowup Methode genannt wird. Im Rahmen
dieser Masterarbeit wird die Blowup Methode an nicht-hyperbolische Grenzzyklen angepasst. Die
Analyse basiert auf der Arbeit von Krupa und Szmolyan fiir die Normalform der kontinuierlichen
schnell-langsamen Falten-Singularitét [17]. Die dadurch erhaltenen Ergebnisse erweitern jene von
Krupa und Szmolyan. Durch das Definieren einer Poincaré Abbildung werden die Frgebnisse
lokal auf die Normalform der diskreten schnell-langsamen Falten-Singularitét iibertragen, global
ist die Einbettung jedoch nicht wohldefiniert. Zusétzlich werden verschiedene Erweiterungen
vorgeschlagen, die das Ziel haben, eine global definierte Einbettung zu erhalten.
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Chapter 1
Introduction

In various areas of application, such as biology, chemistry and electrical engineering, processes
on multiple time scales occur [I8]. Often it is possible to distinguish one fast and one slow time
scale. These systems arise when a slow process disturbs the overarching fast process.

Two fundamentally different types of processes exist: Processes on a continuous time scale,
which may be modelled by ordinary or partial differential equations, and processes on a discrete
time scale, which may be modelled by maps.

For instance, concentrations in chemical processes are usually measured on a continuous time
scale and modelled by ordinary differential equations. The derivatives in the ODE system de-
termine the rate at which the concentration of a substance increases or decreases. The general
form of a fast-slow ordinary differential equation is given by

dx

721"/: f(xuyag)a
dt (1.1)
%Zy’zsg(fﬁ Y,€)
dt ) ) b)

with fast variables x € R", slow variables y € R™, a small time scale parameter ¢ € Ry,
a function f : R” x R™ x R — R and a function g : R” x R™ x R — R™ [18]. In the
context of chemical reactions, the singularly perturbed ordinary differential equation could
be interpreted as follows: the concentration of a substrate is modelled by the fast variable x.
Under presence of an enzyme, the substrate forms a complex, represented by the slow variable y.
The time scale separation is induced by defining € as the small ratio from enzyme to substance.
However, biological processes are frequently measured on a discrete time scale if, for example,
the population size at week n is modelled. In many cases, the population size at week n + 1 can
be determined as a function of the population size at week n. Iterating the map describing this
change leads to a discrete dynamical system. The general form of a fast-slow map is given by

z—ax+ fz,y,e),

(1.2)
y—y+egz,ye),

with fast variables x € R", slow variables y € R™, a small time scale parameter ¢ € R>g, a
function f:R™ x R™ x R — R™ and a function g : R" x R™ x R — R" [18]. In a demographic
context, the singularly perturbed map could be interpreted as follows: the dynamics of the
population size is modelled by the fast variable . This dynamics is influenced by the number
of people y having a new rare and fatal disease, which spreads on a slow time scale.

An important question in both continuous and discrete dynamical systems is how the qual-
itative dynamics changes under variation of system parameters. A fundamental change of the
phase portrait under parameter variation is called a bifurcation [19]. One of the simplest possible
bifurcations in the discrete time setting is observed in the one-dimensional map

T x4 2® —y, (1.3)

where x € R is a variable and y € R is a parameter. This map is called the discrete fold
bifurcation [19]. Dependent on the parameter y, different dynamical behavior is observed. For



y < 0, no fixed points exists, for y = 0, the only fixed point is = 0, and for y > 0, two fixed
points x = +£,/y arise. For y = 0, the fixed point x = 0 is non-hyperbolic, which means that we
cannot determine its stability properties by the linearization of the map in z. In the case of two
fixed points, for y > 0, both fixed points are hyperbolic and by the linearization we deduce, that
the fixed point @ = —,/y is stable and the fixed point x = ,/y is unstable.

In many applications, it is more accurate to consider the ‘dynamic’ case, in which a parameter
varies slowly in time. In this master’s thesis, we aim to analyze the dynamic version of the
one-dimengional discrete fold bifurcation, occurring in the two-dimensional fast-slow map

T+t — ,
Y (1.4)
Yy—y—g,

with a fast variable x € R, a slow variable y € R, and a small parameter € € R-o. We call system
the normal form of the discrete fast-slow fold singularity and the point (z,y) = (0,0) the
singular fold point. The parameter drift vanishes in the singular limit ¢ = 0, such that the
variable y is constant and can therefore be seen as a parameter for the dynamics in . The map
then reduces to the one-dimensional discrete fold bifurcation with normal form (|1.3).

To study the behavior of fast-slow systems, many techniques like asymptotic, numerical and
geometric methods as well as the theory of dynamical systems are applied. In the singular limit
€ = 0, the fixed points of the normal form of the discrete fast-slow fold singularity are given
by

So = {(z,y) e R* : y = 2},

which is called the critical manifold, abbreviated by Sy [I8]. For € > 0, parts of the critical
manifold Sy perturb to nearby invariant manifolds S. [I3], [15]. Issues occur for the singular fold
point (z,y) = (0,0), hence other methods are required.

For continuous time problems, it has been useful to apply a method of geometric desingu-
larization, called the blowup method, to analyze the dynamics in a neighborhood of singular
points [0, [7]. The method was first applied on fast-slow ordinary differential equations by Du-
mortier and Roussarie [§]. By inserting a higher dimensional object, such as a sphere, in place
of the singularity, it is possible to gain information about the dynamics near a non-hyperbolic
equilibrium. Krupa and Szmolyan used the blowup method to analyze the fold, transcritical
and pitchfork singularity in fast-slow ordinary differential equations 16 [I7]. Nipp and Stoffer
extended the blowup method for continuous fast-slow singularities to Runge-Kutta discretiza-
tions. They proved with an abstract theory the existence of slow manifolds around the discrete
fast-slow fold singularity [22]. Arcidiacono, Engel and Kiithn used the blowup method and direct
estimates to prove the extension of Fenichel’s slow manifold near discretized transcritical and
pitchfork singularities [T, [9]. For all three discretized blowups to work, it is necessary to find the
right rescaling of the step size parameter.

For fast-slow maps which are not obtained by discretizing a fast-slow ordinary differential
equation, no step size exists as an additional parameter. Without the freedom to rescale the step
size parameter, the blowup method is not directly applicable to fast-slow maps. In this master’s
thesis, we aim to overcome this issue by locally embedding the normal form of the discrete fast-
slow fold singularity in a higher dimensional system of ordinary differential equations, given
by

o =% —y,
0 =g, (1.5)
yl = -5,

with z,y € R and two small parameters € > 0 and € > 0. System can be congsidered as a
normal form for the continuous fast-slow fold singularity with an additional rotational coordinate
0 with constant rotation velocity €. As the rotational coordinate 6 decouples from x and y, this
system undergoes a fold bifurcation of limit cycles in the (partial) singular limit € = 0, £ > 0.



This limit is valid in the case that 0 < ¢ < € < 1, for which system is an ODE system on
three time scales. Thus, we consider system as a normal form for the fast-slow fold of limit
cycles, abbreviated by fast-slow LC fold. To see the relationship between the ODE and the
map , we observe that the functions f and ¢ coincide for both systems. By introducing a
hyperplane, which is transversal to the flow of the continuous system, we can define a Poincaré
return map. This Poincaré map tracks the intersections of the flow with the hyperplane. The
resulting Poincaré return map is topologically equivalent to the normal form of the discrete fast-
slow fold singularity . Our goal is to analyze the normal form of the fast-slow LC fold
around its non-hyperbolic limit cycle to gain insight into the dynamics of the normal form of the
discrete fast-slow fold singularity in a neighborhood of the fold point (z,y) = (0,0).

The structure of this master’s thesis is as follows: in Chapter [2| background of multiple time
scale dynamics is introduced. This includes in Section [2.1]the general theory of fast-slow ordinary
differential equations and fast-slow maps. In Section the normal forms of the continuous and
the discrete fast-slow fold singularities are derived. Section [2.3]continues with geometric singular
perturbation theory in continuous-time systems including Fenichel’s Theorems on the existence
of slow manifolds. The polar blowup method and its improvement for quasi-homogeneous vector
fields are introduced in Section The second chapter ends in Section with the results of
Krupa and Szmolyan obtained for a normal form of the continuous fast-slow fold singularity in
their work ‘Geometric Analysis of the Singularly Perturbed Planar Fold’ [17].

Chapter [3| introduces the topic of this master’s thesis and states the main results obtained. In
Section [3.1} the embedding of the normal form of the discrete fast-slow fold singularity as
a Poincaré return map of the normal form of the fast-slow LC fold is defined. Afterwards,
Fenichel theory is applied to system and the setting for the main theorems is specified in
Section [3.2} In Section the blowup method is applied to the normal form of the fast-slow
LC fold. Thereby three charts are defined, in which system is analyzed in Chapter
A relationship between the time scales € and ¢ is determined being able to desingularize the
non-hyperbolic limit cycle. Finally, the main results obtained in this master’s thesis are stated
in Section 3.4l The results obtained for the normal form of the fast-slow LC fold extend the
results obtained by Krupa and Szmolyan in [I7]. For the normal form of the discrete fast-slow
fold singularity , we obtain via the Poincaré return map a local theorem characterizing the
dynamics in an e-dependent neighborhood of the fold point and a second theorem showing that
the embedding is not globally well-defined.

In Chapter |4} the normal form of the fast-slow LC fold is analyzed in three charts, the
entry, rescaling and exit chart. Additionally to the results obtained by Krupa and Szmolyan,
we gain insight into the transition time and the evolution of the rotational coordinate 6. The
chapter ends with the proof of the main theorem for the normal form of the LC fold singularity.

Chapter [5] builds upon the findings of Chapter ] and determines in each chart the Poincaré
return map. After the analysis in the entry and rescaling chart, a local theorem for the normal
form of the discrete fast-slow fold singularity is proven. In the exit chart, we observe the
loss of well-definedness of the embedding. Afterwards, we prove in a second theorem for the
normal form of the discrete fast-slow fold singularity, that it is not possible to define a globally
well-defined embedding with a constant rotation velocity.

Extensions and limitations are considered in Chapter [0l A general overview of what we have
achieved and what are remaining open questions is given in Section The following Sections
propose ideas how to overcome the limitations of the setting of this master’s thesis.
Several details of the mentioned extensions are specified in the Appendix.

Appendix [A] covers background of ordinary differential equations needed for the analysis. In
Appendix , the choice of the rotation velocity € in system is discussed. Another choice of
a second parameter defining the local embedding is proposed in Appendix [C] Both extensions in
Appendix B] and in Appendix [C] have the goal to find a globally well-defined embedding for the
discrete fast-slow fold singularity.



The initial motivation of this master’s thesis was to study a normal form of the fast-slow
flip singularity, which is based on a discrete one-dimensional bifurcation without continuous
analogue. The flip bifurcation is introduced in Appendix [D]and an embedding is proposed, such
that a similar analysis to the one carried out in this master’s thesis should be possible. Finally,
Appendix [E] presents the first ideas of applying the blowup method directly to fast-slow maps
without using an embedding. The findings for the discrete fast-slow fold and the fast-slow flip
singularity are shown.



Chapter 2

Background of Multiple Time Scale Dynamics

In this chapter, background on the theory of multiple time scale analysis is introduced. Section
[2.1] presents the general form of fast-slow systems in continuous and in discrete time. Afterwards,
the normal forms of the continuous and the discrete fast-slow fold singularity are derived in
Section [2.2] In Section geometric singular perturbation theory and Fenichel’s Theorems
are explained, both characterizing the flow of continuous fast-slow systems for small € > 0 in
regions without singularities. To analyze the flow of a system of ordinary differential equations
in a neighborhood of a singularity, we introduce the blowup method in Section Section
finally presents the results Krupa and Szmolyan have derived with the blowup method for a
normal form of the continuous fast-slow fold singularity [17].

2.1. Fast-Slow Systems

Often continuous or discrete processes on multiple time scales occur in applications. The simplest,
but already non-trivial case is given by systems on two time scales, a fast and a slow one. We first
introduce in Section fast-slow ordinary differential equations following [I§] and continue in
Section with fast-slow maps.

2.1.1. Fast-Slow Ordinary Differential Equations

Continuous processes are often modeled by ordinary differential equations. In the case of two
time scales, they frequently arise in the standard form

dx
a = J;/ = f(xuyaa)a
(2.1)
%Zy’zsg(ﬂf y,€)
dt ) ) )

where f:R™ x R® x R = R™ and g : R™ x R” x R — R" are C* functions with k& > 1 and ¢ is
a time scale parameter with 0 < ¢ < 1. This notation indicates, since the parameter ¢ is small
and positive, that the dynamics in  and y takes place on different time scales. The ODE in z
describes the fast dynamics, the ODE in y the slow dynamics. The time scale ¢ is called the fast
time scale. We can rewrite system by introducing the slow time scale T = et:

d
e =i = f(z.y.e),
T (2.2)
% = y=g(z,y,¢)
& = U=9@ye).

In the singular limit € = 0 in system , we obtain the fast subsystem
a' = f(z,y,0),
y' =0,
which is also called the layer problem. The slow subsystem is obtained in the singular limit € = 0
in system
0= f(z,y,0),
¥ =9(z,9,0),



which results in a differential-algebraic equation, also called the reduced problem. The slow
subsystem is a dynamical system on the critical manifold

So ={(z,y) e R™ xR" : f(z,y,0) = 0},

which consists of the equilibria of the layer problem. The flow on the critical manifold Sy is called
the slow flow. To analyze the fast-slow system , a first idea is to study the reduced and the
layer problem separately. Close to the critical manifold Sy, the dynamics should be governed by
the slow motion. Away from Sy, the slow dynamics should be negligible, such that it is sufficient
to consider the layer problem. Dependent on the stability properties of the critical manifold Sp,
results of geometric singular perturbation theory for the dynamics of the fast-slow system exist,
which are discussed in Section [2.3] These results apply near the critical manifold Sy as long as
one stays away from singularities, corresponding to bifurcations in the layer problem. Additional
methods are needed to understand the dynamics near singular points.

In the following, we illustrate in an example the notations introduced. We call the following
system the normal form of the continuous fast-slow fold singularity, which plays a fundamental
role in this thesis.

Example 2.1. We consider the fast-slow ODE system

-
=T —Y,

x/
y/ = -5,

with x,y € R and 0 < ¢ < 1. The singular limit dynamics is visualized in Figure [2.1. The
critical manifold is given by

So = {(z,y) € R? 1y = 2?}.

On the critical manifold, the slow flow of the reduced problem is directed to the origin, as
y' < 0. In the layer problem, the fast flow is directed in positive x-direction for points below the
parabola, as then ' > 0, and in negative x-direction for points above the parabola, as then ' < 0.
In the full system, no equilibrium point exists.

The considered fast-slow ODE is obtained from the system analyzed by Krupa and Szmolyan
in [17] by truncating the higher order terms.

AY

Figure 2.1.: In gray, the critical manifold Sy of the normal form of the continuous fast-slow fold singularity is
shown. The slow flow on Sy is indicated by single arrows and the fast flow of the layer problem is
indicated by double arrows.



2.1.2. Fast-Slow Maps

Discrete processes are often modelled using maps. In the case of two time scales, they frequently
arise in the standard form
z=a+ f(z,y,e),
y—y+eg(z,y,e),
where f: R™ x R®" x R = R™ and g : R™ x R® x R — R" are C* functions with & > 1 and ¢
is a time scale parameter with 0 < ¢ < 1. The map in = describes the ‘fast’ dynamics and the
map in y describes the ‘slow’ dynamics. As the time scale is discrete, it is not possible to define
a slow time scale as in the continuous case.
In the singular limit e = 0 in system ({2.3), the map

(2.3)

x>z f(z,y,6),
Y=y,

is obtained, in which y is a fixed point and hence becomes a parameter for the map in . We
introduce the critical manifold

So ={(z,y) e R™ x R" : f(x,y,0) =0},

which consists of the fixed points of the fast-slow map in the singular limit € = 0. Near the crit-
ical manifold, the dynamics is given by the slow dynamics in y. Away from the critical manifold
Sp, the dynamics can be approximated by the map in z, as the slow dynamics should be negligible.

To end this section, we consider as an example the following two-dimensional fast-slow map,
which we call the normal form of the discrete fast-slow fold singularity. This is the fundamental
system we study in this master’s thesis.

Example 2.2. As an ezample, we consider the fast-slow map

a;b—>a:+xz—y,
Yy—y—g,

with x,y € R and 0 < e < 1. The singular limit dynamics is visualized in Figure[2.9 for different
wnitial conditions. The critical manifold is given by

Sy = {(z,y) € R? : y = 2%},

AY

o~ N [ ™\
77N Sb

I~ S N
_— | ’\./_\./’

Figure 2.2.: In gray, the critical manifold Sy of the normal form of the discrete fast-slow fold singularity is shown.
For different initial conditions, the iterates in the singular limit are visualized.



In the singular limit € = 0, all points on the critical manifold are fived points. For e > 0, near
the critical manifold, the x-coordinate stays fized and the y-coordinate decreases by €. Away from
the critical manifold, the fast flow in x dominates the slow dynamics in y. In the full system, no
fized points exist.

2.2. Fast-Slow Fold Singularity

In this section, we derive the normal forms of the continuous and the discrete fast-slow fold
singularities, which are the fundamental systems analyzed in this thesis. These two systems were
already used as examples in Sections [2.1.1] and [2.1.2] The singularities are defined by certain
conditions on the vector fields of the fast-slow systems. Through Taylor expansions, the concrete
forms of the functions f and g can be approximated.

2.2.1. Continuous Fast-Slow Fold Singularity
We consider the singular perturbed ODE

a = f(:c,y,&‘),

(2.4)
y =eg(x,y,e),

4

with (z,y) € R2, a time scale parameter 0 < ¢ < 1 and two functions f : R® — R and
g :R? — R, which are at least C2. We require, that in the singular limit ¢ = 0, system (2.4 has
a non-hyperbolic equilibrium point at (0,0) € R?, characterized by the conditions
0
£(0,0,0) =0, —f(O, 0,0) = 0. (2.5)
ox
As it is possible to shift coordinates in the phase space, we can without loss of generality
assume, that the equilibrium is located at the origin (0,0) € R?. Furthermore, we suppose that
in system (2.4) the following non-degeneracy conditions hold [17]:

0% f of

—=(0,0,0) #0 —(0,0,0) #0 0,0,0) # 0. 2.6

azQ ( ) ) ) # ) ay ( Y ) ) % ) g( Y Y ) # ( )

The first condition guarantees, that the term 22 does not vanish in the Taylor expansion of the
function f. The second condition ensures, that the eigenvalue A(y) of the ODE in z transverses
the origin with non-zero speed. The last condition is a requirement on the reduced flow of
system (22.4), such that a slow passage trough the non-hyperbolic equilibrium point (0,0) of the
fast subsystem is described for all € > 0. Without loss of generality, we assume that
o*f of

5.3(0,0,0) >0, a—y(o, 0,0) < 0. (2.7)

In the following proposition, we derive the normal form of the continuous fast-slow fold sin-

gularity, specified by the conditions (2.5)), (2.6) and (2.7). Afterwards, we explain why the
assumptions in (2.7)) are no restrictions.

Proposition 2.3. Suppose, that the two-dimensional system (2.4) with (z,y) € R?, the para-
meter 0 < e < 1 and the functions f : R? - R, g : R? = R with f,g € C?, fulfills the conditions

12.9), (2.6) and (2.7). Then system (2.4) is locally near (z,y,e) = (0,0,0) topologically equivalent
to either of the ODE systems

a:’:azz—y—i—(’)(xg,s),
Yy =+e+0O (Ex,sy,EQ).



Proof. The idea of the proof is based on [19], showing the derivation of the normal form of
the one-dimensional continuous fold bifurcation. In system , we congider additionally the
parameter ¢ and the slow dynamics in the variable y.

The Taylor expansion of the function g near the origin is

9(x,y,€) = 9(0,0,0) + O(z,y, ).
By condition (2.6]) it holds ¢(0,0,0) # 0. Hence, the ODE in y is given by
y =eg(x,y,¢) =€9(0,0,0) + O(ex, ey, %).

For the ODE in z we use, that ' € O(g). The Taylor expansion of the function f near the
origin is
f('ra y,E) = fO(yv‘S) + f7 (y,[—:)l’ + f2(y7€)$2 + O(.ZES),
with fp(0,0) = £(0,0,0) =0 and f;(0,0) = 9,£(0,0,0) = 0 by condition (2.6). We now perform
a coordinate change by introducing the variable &:

{=z+6(y,e) =2+,

where the function §(y,e) with 6(0,0) = 0 will be specified below. The coordinate shift leads
with the conditions on the dynamics in x to

& =a+y,e)
= f(€=d.y,6) + 0 (y,¢)
= fo(y.e) + f1(y,€)(§ = 6) + fa(y,€)(§ = 6)* + O ((§ = 6)*) + &' (y, ¢)
= [fo(y,€) = fi (y,€)0 + fa(y,€)8” + O(6°)]
+ [ (y,€) — 2f2(y,€)8 + O(8*)E + [faly, ) + O(9)E% + O (£7) + ' (y, ).

We can eliminate the linear term in ¢ with the Implicit Function Theorem Let

!
F(y,e,8) = [fi(y:€) — 2fa(y, )8 + 6°P(y,e,8)] = 0
with some smooth function ¥. By condition (2.6]) it follows
0sF(0,0,0) = —2f2(0,0) = —20,,f(0,0,0) # 0.

Furthermore, we have 7(0,0,0) = 0, such that the Implicit Function Theorem implies,
that a unique smooth function 6 = §(y,e) exists locally near (0,0,0) with 6(0,0) = 0 and
F(y,e,0(y,e)) = 0. To find an expression for the function d(y, €), we Taylor-expand the functions
fi(y,e) and fa(y,e) and use condition (2.5)):

fi(y,€) = f1(0,0) + 8y, £:(0,0)y + 0-f1(0,0)e + O(y*, €%, ey)
= 8, £:(0,0)y + O(y?, ¢),

fa(y:€) = f2(0,0) + 8, f2(0,0)y + 8- f2(0,0)e + O(y?, €%, ey)
= £2(0,0) + 8, £2(0,0)y + O(y?, ¢).

Plugging these expressions into the equation F(y,&,0) = 0 leads to

0y f: (0,0
6(y,e) = ;fg((()()))y +0(y,e).
Using that ¢’ € O(e), it follows
9, 11(0,0)
/ Oy s / )
&'(y,e) = 2/0.0) ¥ +O0(yy',€') € O(e).



With
Jo(y:€) = fo(0,0) + 8, £0(0,0)y + 0= fo(0, 0) + O(%, €%, e)
= 3,£0(0,0)y + O(y?,¢),
the remaining ODE is given by
€ = [0yf0(0,0)y + O(y?,€)] + [f2(0,0) + O(y,)le* + O(&%, €).
We introduce now as a new variable the leading order term of the ODE above:
1y, €) = 9y fo(0,0)y +y°di (y,€) + eda(y. €),

where ¢; and ¢ are smooth functions. As 9d,f(0,0) = 9,f(0,0,0) < 0, p has locally the
opposite sign to y. It holds

1(0,6) € 0(e),  ,ul0,2) = 9, fo(0,0) + £9,62(0,2) = 8,£(0,0,0) + €9, 62(0,€) < 0

for e sufficiently small, as 0, f(0,0,0) < 0 by condition (2.14) and ¢2(0,¢) is a smooth function.
Hence, by the Inverse Function Theorem locally near (0,0,0) a smooth inverse function
y(u, e) of u(y,e) with y(0,e) € O(e) exists. For the derivative p’ it holds

1 (y,€) = 0y f0(0,0)y" + yy'd1 (v, €) + y°¢% (y, €)Y + ey, €)y’ = 0y f0(0,0)y’ + O(ey,e?).
The ODE in ¢ becomes with the variable p
€ = ply,e) +b(y, )€ + O(&%, ¢),
where b(y,e) = f2(0,0) + O(y,e) € O(i) is a smooth function with
b(0,) = £2(0,0) + O(g) = B £(0,0,0) + O(e) > 0
by condition and ¢ sufficiently small. Let n = b(y,£)¢. Then
' (y,e) = b(y,e)& +b'(y,)€ = b(y,e)€' + O(y'€) = b(y,e)&’ + O(e).

Furthermore let 5 = b(y,e)u(y, ), such that 5 has the opposite sign to y. With these rela-
tionships the ODE in ¢ transforms into

¢ = ply,e) +b(y,e)€ + O(&%,¢)
& by, e)¢ = by, e)uly) + by, €)*E> + O((b€)*, be)
& n'=B+n*+0(e).

For the ODE in y respectively 3 it follows

B =bly,e)'(y,e) + V' (y,e)u(y, €)

= (f2(0,0) + O(y,€))(9y.fo(0,0)y" + O(ey, %)) + O(y')(9,.fo(0,0)y + Oy €))

= £2(0,0)9, £5(0,0)(29(0,0,0) + O(ex, ey, £?)) + O(ex, ey, &%)

= 2/2(0,0)3,f0(0,0)9(0,0,0) + O(en, £, ).
With the change of variables v = ¢ f(0,0)9, fo(0,0)g(0,0,0), we obtain

B'=B+v+0n,vpv7).
As e € O(v), this implies for the map in 7, that
W =B+ + 007, v).

The result follows by renaming the variables. O
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Through the conditions in , we determined the sign of the terms y and 22 in the fast
dynamics. This is no restriction, as through the coordinate changes z — —x and y — —y, each
variant of the normal forms

o =4t +y+ 03, ¢)
of the fast dynamics can be obtained. The direction of the reduced flow is determined locally
near the origin by the sign of g(0,0,0). The sign in front of the term ¢ is the same as in the ODE
for y in Proposition In this thesis, we restrict ourselves to the case ¢g(0,0,0) < 0, such that
the reduced flow on the critical manifold is directed towards the origin, as visualized in Figure
The case g(0,0,0) > 0 can be treated in a similar way.

To save computational effort, we use throughout this thesis the normal form of the continuous
fast-slow fold singularity without the higher order terms, which is given by

x/:$2_y

Yy = —¢.

System ([2.8]) is a fast-slow version of the one-dimensional continuous fold bifurcation with
normal form

(2.8)

x/:aﬁZ—y:f(x,y), (29)
where € R is a variable and y € R is a parameter. Dependent on the value of the parameter y,
a different dynamical behavior is observed. The linearization around an equilibrium z* is given
by O.f(x*,y*) = 2z*. For y* = 0, system has the non-hyperbolic equilibrium z* = 0.
For y* < 0, no equilibria exist and for y* > 0, there are two equilibria: the stable equilibrium
r* = —,/y with linearization 0,f(z*,y*) < 0 and the unstable equilibrium z* = ,/y with
linearization O, f(z*,y*) > 0. The fundamental change of the phase portrait under parameter
variation is called a bifurcation and the non-hyperbolic fixed point (z*,y*) = (0,0) is called the
fold point [19]. A visualization of the continuous fold bifurcation is shown in Figure 2.3

A f(z,y) A f(z,y) A f(z,y)

R]Y
R]Y
R]Y

y <0 y=0 y >0
Figure 2.3.: One-dimensional continuous fold bifurcation.

In the fast-slow system (2.8)), y is not constant, but decreases in an e-dependent way. The
following lemma shows for the normal form of the continuous fold bifurcation (2.9)), in which y
is a parameter, that the qualitative behavior near the origin is not influenced by higher order
terms.

Lemma 2.4 [19]. Near the origin, the system
' = 2% —y 4+ O(2?)
1s locally topologically equivalent to the system
' =a2? —y.

Hence, system (2.8 can also be derived from the normal form in Lemma [2.4] by allowing for a
simple evolution in .

11



2.2.2. Discrete Fast-Slow Fold Singularity

Similar to the continuous case, we now derive the normal form of the discrete fast-slow fold
singularity. To that end, we consider the singularly perturbed map

v x+ f(z,y,6),

(2.10)
y = y+eg(z,y,e),

with (2,y) € R2?, a ‘time scale’ parameter 0 < ¢ < I and two functions f : R® — R and
g :R? — R, which are at least C?. In the singular limit ¢ = 0, we assume that system (2.10)) has
a non-hyperbolic fixed point at (0,0) € R?, which is defined by the conditions

_ of _
£(0.0.00=0,  %(0,0,0) =0. (2.11)

Again, it is no restriction to assume that the fixed point is located at the origin (0,0) € R?,
as it is possible to shift coordinates in the phase space. Furthermore, we suppose that in system
(2.10) the following non-degeneracy conditions hold for the map in z [19):

f of
5.3 (0:0,0) £0, 8—y(o, 0,0) #£ 0. (2.12)

For the map in y we assume the non-degeneracy condition
9(0,0,0) # 0. (2.13)

The interpretation of the non-degeneracy conditions is the same as in the continuous case:
the first condition guarantees, that the term 22 does not vanish in the Taylor expansion of the
function f. The second condition ensures, that the multiplier A\(y) of the map in z transverses
the unit circle with non-zero speed. The last condition guarantees, that a slow passage through
the non-hyperbolic fixed point (0,0) is described for all € > 0. Without loss of generality, we
assume that

*f of

— — . 2.14
5.2(0:0.0) >0, 5.(0,0,0)<0 (2.14)

In the following proposition, the normal form of the discrete fast-slow fold singularity is derived,

which is specified by the conditions (2.11]) - (2.14)).

Proposition 2.5. Suppose, that the two-dimensional map (2.10) with (x,y) € R?, the parameter
0 < e < 1 and the functions f : R3 = R, g : R® — R with f,g € C?, fulfills the conditions ([2.11)

- (2.14). Then system (2.10) is locally near (x,y,e) = (0,0,0) topologically equivalent to either
of the maps

m»—>x+x2—y+(’)(m3,a),
yb—>y:|:6+(’)(€m,6y,52).

Proof. The idea of the proof is based on [19], where the normal form of the one-dimensional
discrete fold bifurcation is derived. In the map (2.10)), we consider additionally the parameter e
and the slow dynamics in the variable y. Throughout the proof we mark next iterates under the

map (2.10) by a tilde. i.e. we write (x,y) — (Z,9).
The Taylor expansion of the function g near the origin is

9(@,y,€) = 9(0,0,0) + O(z,y,¢).
By condition (2.13)) it holds ¢(0,0,0) # 0. Hence, the map in y is given by

j=y+eg(z,y,e) =y +e9(0,0,0) + O(ex, ey, ).

12



For the map in z we use that g =y + O(e). The Taylor expansion of the function f near the
origin is
f(xa y,é‘) = fO(y)g) + f? (y7€)l’ + f2(y75)$2 + O(l‘g))
with f(0,0) = f(0,0,0) = 0 and f;(0,0) = 0, f(0,0,0) = 0 by condition (2.12).
We now perform a coordinate change by introducing the variable &:

§=x+0(y,e)

where the function d(y, €) with 6(0,0) = 0 will be specified below. In the following, we abbreviate
by ¢ := 0(y, €) the value of the function § at the current iterate (y,e). The coordinate shift yields

E=i+40(3,¢)
=z + f(2,y,€) +3(y,¢)
=&{—0+ f(€—6,y,6) +4(7,¢)
= foly,€) + fi(y,€)(§ = 6) + faly,€)(§ = 0)* + O (£ = 0)*) + £ — 0+ 6(7,2)
= [fo(y,e) — f1(y,€)0 + faly,€)6° + O(67)]
+E+f1(y,e) = 2faly,€)6 + O(8*)IE + [faly,e) + O(6)IE* + O (%) — 6+ 6(7, &)

We can eliminate the linear term in £ in the parentheses with the Implicit Function Theorem
Let

!

F(y757 (5) = [ft (y’&‘) - 2f2(y75)(5 + 52¢(y7575)] =0

with some smooth function . By condition (2.12)) it follows
05%(0,0,0) = —2£2(0,0) = —20,, f(0,0,0) # 0.

Furthermore, we have 7(0,0,0) = 0, such that the Implicit Function Theorem implies,
that locally near (0,0,0) a unique smooth function §(y,e) exists, such that §(0,0) = 0 and
F(y,e,0(y,e)) = 0. To find an expression for the function d(y, €), we Taylor-expand the functions
fi(y,e) and fa(y,e) and use condition (2.11)):

fi(y,€) = f1(0,0) + 8, £:(0,0)y + 0. 1 (0,0)e + O(y*, €%, ey)
= 8, £:(0,0)y + O(y?, ¢),

fa(y,€) = f2(0,0) + 8y f2(0,0)y + 9-f2(0,0)e + O(y?, €%, ey)
= 2(0,0) + 9, f2(0,0)y + O(y*, ¢).

Plugging these expressions into the equation F(y,e,d) = 0 leads to

o 0 fT (07 O) 2
M%@—éﬁ@aw+0@,@€0m@-
As y is evolving slowly in time, it holds
8, f:(0,0
3(7.2) = L 0+ O0) + Ol(y + O €) = (3. 2) + OFe).

With

fo(y.€) = f5(0,0) + 8y fo(0,0)y + 0- fo(0,0)e + O(y*, €2, ey)
= 8yf0(07 O)y + O(yQ, 5)7

the map written in terms of £ is given by

g = [8yf0(07 O)y + O(y27 E)] + é + [f?(()? O) + O(y7 8)]£2 + 0(537 E)‘
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We introduce now as a new variable the leading order term of the map above:

p(y,€) = 0, fo(0,0)y + v s (y, €) + ea(y, €),
where ¢; and ¢ are smooth functions. It holds 9, fy(0,0) = 9, f(0,0,0) < 0, hence p has locally
the opposite sign to y. It holds
M(()) E) S 0(6)1 8@/#(07 5) = ayf(](o? 0) + anqbQ(O’ 5) = 8yf(07 0, 0) + an¢2(0a 6) <0

for e sufficiently small, as 9, f(0,0,0) < 0 by condition and ¢2(0,¢) is a smooth function.
Hence, by the Inverse Function Theorem locally near (0,0,0) a smooth inverse function
y(u,e) of pu(y,e) with y(0,e) € O(e) exists. As y is evolving slowly in time, also u evolves slowly
in time such that it holds

[ = (g, )
=0, f0(0,0)(y +£g(0,0,0) + O(ex, ey, &%) + (y + O(e))? ¢ (y + O(e),€) + eda(y + O(e), )
=pu(y,e) + €9y fo(0,0)eg(0,0,0) + O(ez, ey, £?).

The map in £ becomes

€= ply,e) + € +bly, )€ + O(€%, ),
where b(y,e) = f2(0,0) + O(y,e) € O(i) is a smooth function with
b(0,¢) = f2(0,0) + O(e) = 922 £(0,0,0) + O(e) > 0

by condition (2.14) and e sufficiently small. As y is evolving slowly in time, also b(y,e) evolves
slowly in time with

b= b(j,€) = f2(0,0) + O(y + O(e), &) = b(y,e) + Oe).
Let n = b(y,e)€. Then

i = b€ = (b(y, €) + O(e))& = by, ) + O(e).
Define additionally 8 = b(y,e)u, such that 8 has the opposite sign to y. With these relation-
ships the map above transforms into
p(y,e) + €+ b(y,e)6* + O(€%,¢)
& b(y,e)€ = bly,e)u(y) + by, )& + bly, €)% + O((b€)°, be)
& i=B8+n+n*+007,¢).

A
Il

For the map in y respectively 3 it holds

B =

—~ (=i
=

b(y,e) + O(e))(u(y, ) + €8y f0(0,0)eg(0,0,0) + O(ex, ey, £2))
= B+¢0,f0(0,0)9(0,0,0)b(y, &) + O(ex, ey, )
= B +¢20,0(0,0)9(0,0,0) f2(0,0) + O(e€, €8, £%).

With the change of variables v = €9, fy(0,0)g(0,0,0) f2(0,0), we obtain
B=pB+v+0Wevs, ).

As e € O(v), this implies for the map in 7, that
i=p+n+1"+0@,v).

The result follows by renaming the variables. O
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The conditions (2.14)) specified the sign of the terms y and 22 in the map for the fast dynamics.
Through the coordinate changes x — —z and y — —y, each variant of the normal forms

r—r+aity+ O e)

of the fast dynamics can be obtained. Locally near the origin, the direction of the map in y is
determined by the sign of ¢(0,0,0), which is the same sign as in front of the term ¢ in the map
for y in Proposition Analogously to the continuous case, we restrict ourselves to the case
9(0,0,0) < 0, the case g(0,0,0) > 0 can be treated in a similar way.

To save computational effort, we use throughout this thesis the normal form of the discrete
fast-slow fold singularity without the higher order terms, which is given by

2
rT—x+x —y,
Y (2.15)
y|—>y—€.

System ([2.15)) is a fast-slow version of the one-dimensional discrete fold bifurcation, occurring

in the map
z—x+ 22—y =h(z,y) (2.16)

where x € R is a variable and y € R is a parameter. Dependent on the value of the parameter
Y, system shows different dynamical behavior. The linearization around a fixed point
x* is given by Oyh(z*,y*) = 1 + 2z*. For y* = 0, system has the non-hyperbolic fixed
point z* = 0. For y* < 0, no fixed point exist and for y* > 0, two fixed points arise: locally
near the origin, the fixed point z* = —,/y is stable with linearization |0,h(z*,y*)| < 1 and
the fixed point 2* = ,/y is unstable with linearization |0 h(z*,y*)| > 1. A visualization of the

discrete fold bifurcation is shown in Figure 2.4] The iterates in a neighborhood of the fold point
(x*,y*) = (0,0) are depicted by cobwebbing [19].

LA LA LA

y <0 y=20 y >0
Figure 2.4.: One-dimensional discrete fold bifurcation visualized by cobwebbing.

In the normal form of the discrete fast-slow fold singularity (2.15), v is not fixed, but decreases
in an e-dependent way. For the normal form of the one-dimensional discrete fold bifurcation
(2.16]), the qualitative behavior of the map (2.16)) near the origin is not influenced by higher

order terms, as shown in the following lemma:

Lemma 2.6 [19]. Near the origin the map
z x4 a?—y+ 0
1s locally topologically equivalent to the map
T+ a?— 1.

Hence, the fast-slow map (2.15)) can also be derived from the normal form in Lemma by
adding a slow parameter drift in y.
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2.3. Geometric Singular Perturbation Theory

In this section, we introduce geometric singular perturbation theory and Fenichel’s Theorems for
continuous fast-slow systems. We use the notation for fast-slow ordinary differential equations
introduced in Section [2.1.1] In the singular limit € = 0, the dynamics is subdivided into the layer
problem and the reduced problem. The slow flow of the reduced problem is restricted to the
critical manifold Sy. Fenichel theory characterizes, how and under which conditions the critical
manifold Sy persists as a nearby slow manifold S, for € > 0.

To state Fenichel’s Theorems, we define normal hyperbolicity for the critical manifold Sp.

Definition 2.7 [I8]. A subset S C Sy of the critical manifold is called normally hyperbolic, if
all eigenvalues of the Jacobian matriz Dy f(x,y,0) € R™*™ of the fast variables have non-zero
real part for all (z,y) € S.

An equilibrium point is defined to be hyperbolic, if its Jacobian matrix has no eigenvalue with
zero real part. Consequently, a subset S C Sy is normally hyperbolic if and only if for every
point (z*,y*) € S, it holds that =* is a hyperbolic equilibrium point of the corresponding layer
problem 2/ = f(z,y*,0), where y* is considered as a parameter. Dependent on the direction of
the fast flow, the hyperbolic parts of the critical manifold can be attracting, repelling or saddle

type.

Definition 2.8 [I8]. A normally hyperbolic subset S C Sy of the critical manifold is called
attracting (repelling), if all eigenvalues of the Jacobian matriz D, f(x,y,0) € R™*™ of the fast
variables have negative (positive) real part for all (z,y) € S. The subset S C Sy is called to be of
saddle type, if it is normally hyperbolic, but neither attracting nor repelling.

Fenichel theory now describes, how the normally hyperbolic parts of the critical manifold Sy
perturb to slow manifolds S, for small € > 0. The restriction to the slow manifold is a small,
smooth perturbation of the slow subsystem.

Theorem 2.9 (Fenichel’s Theorems) [18]. Let S C Sy be a compact normally hyperbolic sub-
manifold (possibly with boundary) of the critical manifold Sy of a fast-slow ODE system

f('r7 y7 5)7

7 =
y' = eg(z,y,¢),
withx e R, yeR", e € R and f,g € C", r > 1. Then it holds for € > 0 sufficiently small:

(a) There exists a locally invariant manifold Se, called the slow manifold, which is diffeomorphic
to the critical manifold Sy. Local invariance means, that trajectories can enter or leave the
slow manifold S: only through its boundaries.

(b) The slow manifold S. has Hausdorff distance O(g) from the critical manifold S, i.e.

dp(Se, Sp) = wman {sup it v —wl, sup inf ||v— wH} as € — 0.
veES: weSo weSp VESe

(c) The flow on the slow manifold S converges to the slow flow on Sy as € — 0.
(d) The slow manifold S is, like the critical manifold Sp, C"-smooth.

(e) The slow manifold Se is normally hyperbolic and has with respect to the fast variables the
same stability properties as the critical manifold Sp.

(f) The slow manifold S¢ is usually not unique. Locally, all manifolds satisfying the conditions
(a)-(e) lie in a Hausdorff distance O (e_K/E) from each other for some constant K > 0.
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The conclusions (a)-(f) made for the critical manifold Sy also hold locally for its stable and
unstable manifolds, which are defined as

Wie(S0) = | Wie(p),  Wi(So) = [J W),

PESH nESH

where all points p € Sy are by definition equilibria of the layer problem. For ¢ > 0 sufficiently
small, also the manifolds W/ _(So) and W2 (So) persist as local stable and unstable manifolds
We (Se) and W2 (S:) respectively. The conclusions (a)-(f) hold by replacing Se and Sy by
WS (Se) and W (So) or WA (S:) and W2 (Sp).

" loc " loc loc loc

In the following example, we illustrate the definition of normal hyperbolicity and Fenichel’s
Theorems for the normal form of the continuous fast-slow fold singularity.
Example 2.10. In the case of the normal form of the continuous fast-slow fold singularity
ol =a® —y,
/

y = —¢,
the Jacobian matriz Dy f(x,y,0) € R of the fast variables is given by
D, f(z,y,0) = 2x.
Hence, the critical manifold

So = {(z,y) €R? : y = 2°}

subdivides into the singular point S§ = {(xz,y) € Sy : © = 0}, the attracting branch S§ =
{(z,y) € Sp : @ < 0} and the repelling branch S = {(z,y) € So : x > 0}, which are visualized in
Figure [2.5

By Fenichel’s Theorems, for € > 0 sufficiently small, compact submanifolds of the attracting
branch S§ and the repelling branch Sy perturb to nearby slow manifolds S¢ and SI. The two
slow manifolds as well as a solution of the layer problem are shown in Figure[2.5. It has to be
analyzed how the attracting slow manifold extends into a neighborhood of the fold point.

AY

Y
Y
Y
Y

Figure 2.5.: The critical manifold Sy of the normal form of the continuous fast-slow fold singularity subdivides
in the singular point S§, an attracting branch S§ and a repelling branch Sj. The two normally
hyperbolic branches perturb for £ > 0 to the slow manifolds S? and S}, which are shown in red.
Furthermore, a solution of the layer problem is visualized in blue.
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The geometric theory near the normally hyperbolic parts of a critical manifold Sy of a fast-slow
ODE system is quite complete. Issues occur at the singular points, where normal hyperbolicity
breaks down. To analyze, how the slow manifold behaves close to a singular point, other tech-
niques like the blowup method are used, which is introduced for continuous fast-slow systems in
the following Section

Remark 2.11. To the best of our knowledge, no direct analogue of geometric singular perturba-
tion theory for maps existed during the creation of this master’s thesis. In the discrete setting,
also an abstract invariant manifold theory is provided for the ‘normally hyperbolic’ parts of the
critical manifold by Hirsch, Pugh and Shub [13] or Potzsche [23]. In Nipp and Stoffer [21, [22)] a
more applicable theory is presented based on the identification of suitable coordinates. For a geo-
metric analysis of maps, the distinction of two non-equivalent limiting problems like the layer and
the reduced problem is not directly transferable from the continuous case, as we cannot identify
a ‘slow time scale’. During the writing of this master’s thesis, Jelbart and Kihn [13] proposed
a discrete geometric singular perturbation theory in which limiting problems associated to both
‘fast’ and ‘slow’ iteration under the map can be coupled to the invariant manifold theory in the
works by Nipp and Stoffer cited above.

2.4. Blowup Method

In the context of the Van der Pol equation, Dumortier and Roussarie showed first, that the
blowup method may be useful to study singularities in continuous fast-slow systems by inserting
a suitable manifold at the singularity, for example a sphere [g].

In the following, we introduce the polar blowup method and its improvement for quasi-
homogeneous vector fields, which allows for more efficient computations. We start with general
ODE systems and show in an example, how to apply the blowup method to fast-slow systems.

For z € R™, we consider the ODE system

' = F(z), (2.17)

where ' : R” — R" is a smooth vector field with '(0) = 0, such that system (2.17) has an
equilibrium at the origin. The idea of the polar blowup is to insert a sphere at the equilibrium
point, such that this point is blown-up to a sphere. The unit (n-1)-sphere in R™ is defined as

§ = {z e R": [lall, = 1},

where |[z|, = (X, acf)E denotes the Euclidean norm of x € R™. For two-dimensional ODE
systems, the polar blowup can be defined in the following way:
Definition 2.12 [I8]. Let I C R be a (possibly infinite) interval with 0 € I' and 0 € [0,27) be a

parametrization of the unit circle S C R%. Consider the polar coordinate transformation
0: 8" xI = R%  ¢B,p) = (pcosb, psinb).

Then the polar blowup I3 of a C* wvector field F : R? — R? with F(0) = 0 is for p # 0 defined
by
70, ) = (D 0 0 0)(6,p) (2.18)

and for p =0 by continuous extension of (2.18).

The polar blowup E is a vector field on S* x /. A common choice, for which it is easy to
visualize the planar blowup, is I = [0,00). Then € describes the angle and p € I is the radial
component of the usual polar coordinates. The diffeomorphic structure of the polar coordinate
transformation ¢ is clear for (6, p) € S* x (0,00). By Proposition the vector field ' and its
polar blowup # are locally conjugate for (0, p) € S* x (0,00) and they are related by formula
. For p = 0, the polar coordinate transformation ¢ is not one-to-one, such that the origin

4
i

is blown-up to a circle by its inverse ¢~ *.

18



Example 2.13. In Figure the polar blowup is visualized for the planar vector field

/

x; = —l'?,

rh = a3,
which has a non-hyperbolic equilibrium at the origin (0,0). Applying the polar coordinate trans-
formation of Definition leads to the polar blowup

A~

sim 6 cos 0
P0,¢) = p? ( ) :

psind 6 — pcos®

By Theorem dividing the vector field I3 by the common factor p* does not change the
orbits and therefore also not the qualitative structure of the corresponding ODE system outside
of the circle S* x {p = 0}. On S* x {p = 0}, there are four equilibria, which are all hyperbolic

saddles for the vector field p‘—QF. Thus, we have desingularized the vector field ¥, by blowing it
up to a circle with four hyperbolic equilibria on it.

St x {p=10} N
PR

St T R?

>

<

Figure 2.6.: Visualization of the two-dimensional polar blowup in Example A non-hyperbolic equilibrium is
desingularized by blowing it up to a circle with four hyperbolic equilibria on it.

In more than two dimensions, it becomes complicated using explicit trigonometric functions
to parameterize the unit sphere S”~' in R". Hence, we generalize the polar blowup in R” in the
following way:

Definition 2.14 [I8]. Let I C R be a (possibly infinite) interval with 0 € I. Consider the
generalized polar coordinate transformation

go:S”_7 x I = R"  ©(Zi,...,Zn,p) = (pZi,...,pZn),

where 2 = (Z;,...,%,) € S*"'. Then the polar blowup E of a C° vector field F : R™ — R™ with
F(0) =0 is for p # 0 defined by

N

F(Z,... %0, p) = (Dgp(;‘;w’zmp) o Fo)(Zi,... 2 p) (2.19)

and for p =0 by continuous extension of (2.19)).

The following theorem guarantees, that it is possible in Definition 2.14], and thus also in the
special case of the planar polar blowup in Definition [2.12] to extend the blown-up vector field
continuously in the limit p = 0.

Theorem 2.15 [24]. Let ' : R" — R™ be a C™ vector field with F'(0) = 0. Then the generalized
polar blowup ¥ in Definition is a C™ wvector field on S"" x I
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Our goal is to use the blowup method to desingularize vector fields. Often singularities of
polynomial vector fields are more degenerate, such that after the blowup transformation a com-
mon factor p¥, k > 1 occurs in each component of the polar blowup F like in Example
Dividing a vector field by a factor p¥ corresponds by Theorem to a positive transformation
of time along the solution curves of the associated ODE. The qualitative structure of the original
and the transformed system is the same, as they are orbitally equivalent. Dividing the blown-up
vector field by a factor p until the vector field is not identically to zero on the sphere can result
in a desingularization of the vector field. We characterize this phenomenon by introducing jets:

Definition 2.16 [I8|. The k-jet of a function f : R — R at a point p € R is defined as the
truncated Taylor polynomial

1 [ad*
D) = 50)+ 7+t 5 | o) ot

Definition 2.17 [I8]. Let ¥ : R™ — R™ be a C*° vector field with ¥(0) = 0 and denote by
F; : R — R the i-th component of ¥ interpreted as a function of z;, which denotes the i-th
component of z € R™. If it holds j;(F;) = 0 for 1 € {0,1,...,k} and i € {I,...,n} at the
equilibrium p = 0 and ji11(F;) # 0 for some i € {i,...,n} at p =0, then we define the rescaled
polar blowup by F = p’—kﬁ', where F denotes the polar blowup of F.

For each division of a vector field by p, we lose one degree of differentiability, but as we consider
only smooth vector fields, they stay smooth.

Sometimes it is necessary to apply several blowups to achieve a desingularization of a non-
hyperbolic equilibrium. In the following, we introduce an improved method for quasi-homogeneous
vector fields, where the particular structure of the vector field is used.

Definition 2.18 [18]. A function f: R™ — R is called quasi-homogeneous of degree k and type
(ai,...,an) € NLy, if for every p € R it holds

FO" 210y 0™ 20) = P8 F (21, 20).

A wvector field F' : R™ — R™ is called quasi-homogeneous of degree k + 1. and type (a;, ..., an)
if its i-th component F; : R™ — R is quasi-homogeneous of degree k + a; and type (a;,. .., ay).

Then we can use this structure and improve the generalized polar blowup by weighting the
coefficients of the coordinate transformation:

Definition 2.19 [18]. Let I C R be a (possibly infinite) interval with 0 € I. Consider for
(ai,...,an) € NZ the quasi-homogeneous coordinate transformation

@: ST =S RY @(Z, . En,p) = (pY E, . PV E),
where 2 = (Z1,...,2,) € S""'. Then the quasi-homogeneous blowup I3 of a C* wector field
F:R™ — R™ with F(0) =0 is for p # 0 defined by

F(Ziy. .y 2Zn,p) = (Dgo(_z‘ o te O)(Ziye ey Zn,P) (2.20)

and for p =0 by continuous extension of ([2.20).

Denote by 7; : R — R the i-th component of ¥ interpreted as a function of z;, which is the
i-th component of z € R™. If it holds 5;(F;) = 0 for 1 € {0,1,...,k} and i € {i,...,n} at the
equilibrium p = 0 and ji4: (5) # 0 for some i € {i,...,n} at p =0, then we define the rescaled

quasi-homogeneous blowup by F = p—kF.
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In principle, it is possible to use spherical coordinates to calculate the quasi-homogeneous
blowup, however this would lead to rather lengthy computations. This can be avoided by intro-
ducing different charts for the manifold S"~" x I to simplify the analysis. The local analysis is
then easier, but we have to work in multiple charts. In the following example of the normal form
of the continuous fast-slow singularity, we sketch how to define the blowup in different charts.

Example 2.20. To blow up the normal form of the continuous fast-slow fold singularity, we use
the extended system

r’ = 1" —y,
/

Yy = —¢,

/

e =0,

and observe, that this system is quasi-homogeneous of degree 2 and type (1,2,3). Hence, we
define for a constant P > 0 the two manifolds

B =S5%xR, By = S? x [0, P]
and the blowup transformation
p: By —= R’ (2,9.8,p) = (2,y,€) = (pT, p7, p°¢)

with (z,9,&) € S? [17]. We aim to introduce the chart K; by eliminating the variable §. For the
set B;r ={(z,9,&,p) € B:y >0}, we consider the coordinate chart

r & p

T:’glm’ﬁ

! . Rt 3 ) = 5 = _
KY;-B:Q —)R, KY(may7€7p)_(g

> = (ZL‘7,€:,[):)

with some coefficients by, by, bg € R [18]. Our goal is, that the polar blowup in the local coordinates
of chart K; has the form

01 (z1,e1,p1) = (7,9,€) = (171, p?, pier)

to reflect the structure of the quasi-homogeneous blowup in the hyperplane {y = 1}. The coeffi-
cients by, ba, by € R should be chosen in the way, that the following diagram commutes:

Stx I
R2
This condition is satisfied if b; = 75, by = % and bz = —5 In the same way, we can determine

the coordinate chart Ko by eliminating the variable € and the coordinate chart K3 by eliminating
the variable T. The dynamics locally near the fold point, which is blown-up to the sphere S? can
then be analyzed in different charts and combined afterwards. In Figure[2.7, the manifold By and
the three charts are visualized.

In Chapter [3, we define the system analyzed in this thesis and introduce the coordinate charts
as well as the local polar blowups with more details.

Remark 2.21. In principle, it is possible to apply the introduced blowup transformation to maps.
The problem is, that no non-trivial flow is obtained on the sphere, as the desingularization step
via time rescaling is not possible in the same way as in the continuous case. In Appendiz [E]
an alternative way of rescaling the blown-up map is introduced, which leads in the case of the
normal form of the discrete fast-slow fold singularity to a non-trivial map on the sphere.
The problem is, that all fired points obtained on the sphere S? are still non-hyperbolic.
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Figure 2.7.: The manifold By and the charts H;, Ko and K3 for the submanifolds of B.

2.5. Existing Results for the Continuous Fast-Slow Fold

The asymptotic behavior of the dynamics near continuous fast-slow fold singularities has already
been investigated in the context of relaxation oscillations with the method of matched asymptotic
expansions [11, 20].

A geometric approach to analyze the dynamics near the continuous fast-slow fold is given in
the paper ‘Geometric Analysis of the Singularly Perturbed Planar Fold’ by Krupa and Szmolyan
[17]. It is based on the blowup method, which was first applied to fast-slow systems by Dumortier
and Roussarie [§]. In the following, we briefly describe their results for the slow manifolds of
planar, singularly perturbed ODE systems including fold points. The fundamental system of
their analysis is given by

' = f(x,y,e) =2* —y + O(e, 2y, 9%, 2°),

, (2.21)
Yy = 59(1‘,?},5) = E(_‘1 +O(m,y,€))

which is a normal form of the continuous fast-slow fold singularity including higher order terms.
To be able to apply the blowup method, the system is extended by the equation ¢/ = 0. As in
Example there exist by Fenichel’s Theorems for € > 0 sufficiently small a slow attracting
manifold S2 for the attracting branch S§ of the critical manifold Sp. To analyze the behavior of
the slow manifold in a neighborhood of the fold point, the entry section

A" = {(z,y) e R?: z € l'" y=R?}
and the exit section
A = {(z,y) €eR*: 2 = R}

are defined for a small positive constant B > 0 and a suitable interval /™ c R. The entry and
exit section, which are transverse to the attracting slow manifold and its extension into a neigh-
borhood of the fold point, are visualized in Figure . The transition map from A to A% is
denoted by 7 : Al® — A°U* For the quasi-homogeneous blowup, the coordinate transformations
introduced in Example are used to obtain a non-trivial flow on the sphere.

22



>
X
- > > -
EAout

Figure 2.8.: Entry section A™ and exit section A°"* for the transition map 7 : A™ — A°"* of system (2.21)).

The following theorem has been proven as Theorems 2.1 and 2.2 in the work by Krupa and
Szmolyan.

Theorem 2.22 [17]. Under the assumptions made in this section, a constant g > 0 exists, such
that the following holds in system (2.21)) for all € € (0,¢e0):

(a) The attracting slow manifold S passes through the exit section A°“ at a point (R, hy(e)),
where hy(e) € O (£2/3).

(b) The function hy(e) has the asymptotic expansion
hy(e):c;5%+0251m5—|—035—|—(’)<5% hae) ase — 0,

where the constants ¢;, © = 1,2,3 are computable functionals of the functions f and g of

system ([2.21)).

(c) The entry section A™ is mapped under the transition map T to an interval around SenAout
of size O (6_0/5), where C' is a positive constant.

This theorem characterizes, how the attracting Fenichel slow manifold S extends through a
neighborhood of the fold point. The asymptotic expansion of the transition map from a point on
the slow manifold S? to the exit section A" is provided. The exit section has a fixed distance
R in z-direction from the fold point, the distance in y-direction depends on € and is determined
by the function hy (). Furthermore, initial points in A" close to S? are exponentially contracted
towards the slow manifold.

For the discrete analogue, the behavior of the map close to the fold point is not completely
understood yet. The following Chapter [3| formulates the problem for the discrete fast-slow fold
singularity and embeds its normal form into a higher dimensional ODE system to gain insight
into the dynamics near the fold point.

23



Chapter 3
Problem Formulation and Main Results

In this chapter, we embed the normal form of the discrete fast-slow fold singularity into
a higher dimensional system of ordinary differential equations, which we use for the geometric
analysis. In Section we define the embedding as a Poincaré return map of a normal form
of the fast-slow fold of limit cycles. Afterwards, we apply in Section results of geometric
singular perturbation theory, introduced in Section [2.3] In Section [3.3] the quasi-homogeneous
blowup transformation of Section is applied to the normal form of the fast-slow LC fold and
three charts for the analysis are defined. Additionally, a particular rotation velocity of the ODE
system is determined, which allows us to desingularize the non-hyperbolic fold limit cycle. In
Section we state the main results obtained in this master’s thesis. The Main Theorem [1] is
derived for the fast-slow LC fold, which extends the results obtained by Krupa and Szmolyan for
the continuous fast-slow fold singularity in [I7] by the asymptotic description of the transition
time and the rotational coordinate. Then we continue with Main Theorem [2| which characterizes
the dynamics of the Poincaré return map of the normal form of the fast-slow LC fold in the first
two charts. It is followed by Main Corollary [2| which transfers the result obtained to the discrete
fast-slow fold singularity (2.15)). Main Theorem [3|shows, how the embedding defined in Section
B.1 loses its well-definedness in the exit chart.

3.1. Embedding as a Poincaré Return Map
From now on, the following normal form of the discrete fast-slow fold singularity

2
r»—>r+7i -, (3.1)
Yy—=y—g,
with 0 < € < 1 is considered. We aim to embed this map in a three-dimensional ODE system,
which undergoes in the singular limit € = 0 a fold bifurcation of limit cycles. The goal is to
re-obtain the normal form of the discrete fast-slow fold singularity as a Poincaré return
map of a continuous ODE system. The variable z is replaced by the variable r to indicate, that
the fast dynamics is observed in the radial component of the higher dimensional ODE.

The idea of a Poincaré return map P in R” is to define an (n-1)-dimensional Poincaré section
P, which is hit transversally by the flow of the system, see Figure [3.1] Suppose that a limit
cycle p, which is an isolated periodic orbit, intersects the Poincaré section P at a point z*. By
Theorem [A.T] the solutions of an ODE system with a smooth vector field depend smoothly on
the initial conditions. Hence, an orbit starting at € P sufficiently close to «* will return to
some point P(x) € P, where it also intersects P transversally. The map

P:P— P, x— Px)

induced by the flow of the ODE is called Poincaré return map associated with the limit cycle p
and is well-defined in a neighborhood of z* [19]. By construction, periodic orbits of the ODE
system correspond to fixed points of the Poincaré return map and the stability properties of
the periodic orbits are the same as for the corresponding fixed point. The following theorem
is well known in dynamical systems and guarantees, that not only the stability properties are
transferred, but also the multipliers of the Jacobian matrix of the Poincaré return map associated
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Figure 3.1.: Poincaré section P, Poincaré return map P and limit cycle p through z*.

with a limit cycle are invariant. This allows the usage of the term ‘the’ instead of ‘a’ Poincaré
return map.

Theorem 3.1 [19]. The multipliers of the Jacobian matriz of the Poincaré return map P at x*
associated with the limit cycle p are independent of the choice of the point x* € p, the Poincaré
section P as well as the local coordinates on it.

A possibility to model limit cycles in R3, is to introduce an additional rotational coordinate @
and parameterize the space R? by

(r,0,y) € D:=Rs_, x R/(sZ) x R = R3,

with fixed parameters s,v € Rsg. The coordinates z = v + 7 and 6 can be interpreted as the
usual polar coordinates parameterizing the space R?. A point € R? in Euclidean coordinates

is given by
2 2
x = (27,22, 73) = ((v +7) - cos (ZG) ,(v+7)-sim (ZG) ,y) :

If r is constant and 6 is variable in [0, s), a limit cycle with radius z = v+ r occurs in the first
two coordinates. We define the parameter shift z = r + v in the radial component, as we aim to
have the fold point located at » = 0 to simplify the calculations. Hence, r can be interpreted as
the signed distance from the cycle with radius v, see Figure [3.2

In our new coordinates, we consider the ODE system

=12y,
9/ = 6’7 (3.2)
y/ = _5a

with 0 < § < € < 1, which is a system on three time scales: the fast time scale O(1) for the
dynamics in r, the slow time scale O(e) for the rotation velocity and the super slow time scale
O(9) for the parameter drift. This system is the normal form of the continuous fast-slow fold
singularity with an additional rotational coordinate 6 with rotation velocity €. System ([3.2))
is also called the normal form of the fast-slow LC fold. In the following we show, that system
is locally an embedding of the normal form of the discrete fast-slow fold (3.1]).

In the (partial) singular limit 6 = 0, ¢ # 0, system (3.2]) undergoes a fold bifurcation of
limit cycles: in Section we showed, that a fold bifurcation occurs in the r-coordinate of
system , when interpreting y as a parameter. Due to the non-vanishing rotation in 6, a fold
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Figure 3.2.: New parametrization of R? in the coordinates r,  and 6 and Poincaré section P.

bifurcation of limit cycles occurs. The stability properties are the same as in Section for
y = 0, a non-hyperbolic limit cycle with radial component r = 0 exists and for small y > 0, the
limit cycle with r = —,/y is stable and the limit cycle with r = /y is unstable. For § > 0, a
slow parameter drift is added, such that we say that system undergoes a fold bifurcation
of limit cycles with a slow parameter drift.

To re-obtain the normal form of the discrete fast-slow fold singularity from the normal
form of the fast-slow LC fold , we define the Poincaré section

P={(r0,y) €D: 6 =0} = {(x1,29,23) ER>: z; >0, 29 = 0},

which is a smooth, two-dimensional surface intersecting transversally any limit cycle induced
by a constant r- and y-coordinate. The iterates P, n € N can now be described only by the
coordinates (r,y) on the two-dimensional Poincaré section P. In the singular limit 6 = 0, no
fixed point of the Poincaré return map P exists for y < 0, we have for y = 0 one non-hyperbolic
fixed point at » = 0 and for small y > 0 one stable and one unstable fixed point at the positions
of the limit cycles » = 4,/y. Thus, by varying y, a discrete fold bifurcation occurs in the layer
problem. The local embedding of the discrete fold bifurcation as a fold bifurcation of limit cycles
is shown in Figure [3.3]

As the rotation velocity 8’ = ¢ is constant in system , the n-th return time to the Poincaré
section P is

ns
To(n) =
p(n) =,
independently of the initial condition x* for € > 0. As also the slow parameter drift y' = —§ in y

is constant in system , the parameter drift in the y-component of the Poincaré return map
P is 5
5Ty =2 — ¢
§-Tp(l) = - =c
The parameter drift —¢ is constant and due to the assumption 0 < § < ¢ < 1 also slow.
Therefore we have locally embedded, up to a rescaling of the variables, the map in system
. The aim is to apply the blowup method for continuous time problems to the ODE system
and then gain insight into the discrete fast-slow fold singularity by considering the

Poincaré return map defined in this section.
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Figure 3.3.: Discrete fold bifurcation embedded as a fold bifurcation of limit cycles.

The following lemma shows, that the embedding with a constant rotation velocity only allows
us to observe finitely many iterates of the Poincaré return map, such that it is only well-defined
locally near the fold point.

Lemma 3.2. For a constant rotation velocity ' = ¢, only finitely many iterates of the Poincaré
map P are observed for the normal form of the fast-slow LC fold (3.2]).

Proof. Suppose, that we start with an initial condition on the Poincaré section P with r* > 0
and y* < 0. Then the dynamics in the r-coordinate is given by

r’:r2—y>r2.

The ODE 7/ = r? with initial condition r(0) = * > 0 has the solution

-

which exists for ¢ € [0, 7—*) and blows up for t — 7* Hence, for an initial point on the Poincaré
section P with 7* > 0 and y* < 0, the solution blows up in finite time. As the rotation velocity
0’ = ¢ is constant, its solution with initial condition #(0) = 0 is given by

O(t) =et mod s,

such that the angular position 6 as a variable in R is directly proportional to the time ¢t. Conse-
quently, only finitely many returns to the Poincaré section P are observed, as the solution blows
up in finite time.

If it does not hold r* > 0 and y* < 0, then in each of the following cases, after finitely
many iterates a point with 7* > 0 and y* < 0 is obtained by the Poincaré return map or the
well-definedness is lost after finitely many iterates.

Suppose y* > 0. As the decrease y' = —§ > 0 is constant and non-vanishing, it holds

ns
yt)=y" —dt=y* —o6—,
€
as the n-th return time to the Poincaré section P is 7p(n) = ™*. Hence, a number of iterates
n < oo exists, such that y* < 0 or the well-definedness of the embedding is lost before due to a

blowup of the r-coordinate.
Suppose r* < 0. With the explicit solution for y(t), we can estimate

Per oy oyt st s () 2t -yt o
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Thus, r(t) — oo for t — oo. As Tip(n) = "2, a number of iterates n < oo exists, such that the
r-coordinate is positive or the well-definedness of the embedding is lost before due to a blowup
of the r-coordinate.

Altogether we have shown, that it is not possible to embed infinitely many iterates of the
Poincaré map with a constant rotation velocity in system (3.2]). O

Remark 3.3. As the r- and the y-component of the normal form of the fast-slow LC fold
do not depend on the variable 0, the rotational coordinate decouples. Thus, the observed iterates
of the Poincaré return map P lie on the invariant solution curves defined by the normal form of
the continuous fast-slow fold singularity ,

Remark 3.4. The choice of the rotation velocity is directly related to the well-definedness of the
embedding. The assumption 0 < 0 < € is necessary to observe in the (partial) singular limit
0 =0, € # 0 a fold bifurcation of limit cycles, which has a slow parameter drift in the full system.
The relationship between & and €, for which it is possible to desingularize the non-hyperbolic limit
cycle is determined by the blowup transformation in Section[3.3. A further discussion about the
rotation velocity can be found in Appendiz[Bl This includes also an argument, why the condition
€ K 1 1s necessary to achieve a desingularization with the blowup method.

3.2. Assumptions and Setting
The layer problem of the normal form of the fast-slow LC fold is given by

v =r?—y=f(ry),
0 =0, (3.3)
y =0,

as in the singular limit € = 0, it also holds § = 0. The two-dimensional critical manifold

So={(r,0,y) €D: f(r,y) =0} ={(r,0,y) €D: y=r?},

consists of the equilibria of the layer problem. Sy is visualized in Figure [3.4] and locally near
r = 0 shaped like a Bundt cake upside down (this is a cake characterized by the form of a pastry
called ‘Gugelhupf’ in German). We can rescale system (3.2]) on the slow time scale 7 = et and
obtain

2

3 r -y,

P
0

4
by

. 0
Yy )
IS

which becomes in the singular limit § = 0, € = 0 the reduced problem

2

-y,
i

0 —
=1,
y=0,

0

as < ¢. Hence, on the slow time scale we observe rotation on the critical manifold Sy. It is
not possible to rescale system (3.2)) on the super slow time scale 6t, as the dynamics in 6 has for
€ > 0 no equilibrium, such that a rescaling would result in an infinite rotation velocity.

To apply the results of geometric singular perturbation theory introduced in Section to
system , we define r to be a fast variable and 6 and y to be slow variables. The Jacobian
matrix with respect to the fast variable r is given by

orf(r,y) = 2r.
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Figure 3.4.: Critical manifold Sy of the layer problem, which subdivides in the non-hyperbolic circle S§, the
attracting manifold S§ and the repelling manifold S§. The super slow dynamics is visualized by half
arrows, the slow dynamics by single arrows and the fast dynamics by double arrows.

Thus, by Definition normal hyperbolicity is lost at the non-hyperbolic circle of equilibria
So =A{(r.0,y) € So: 0 f(r,y) =0} ={(r,0,y) €D: r=0, y =0}
We introduce the normally hyperbolic attracting subset S§ of the critical manifold Sy as
S§ ={(r,0,y) € So: O, f(r,y) <0} ={(r,0,y) €D: r <0, y =r?},
and the normally hyperbolic repelling subset S of the critical manifold Sy as
So = {(r,0,y) € So: 0, f(r,y) >0} ={(r,0,y) €D: r >0, y=r’}.

For 0 < 0 < € < 1, Fenichel’s Theorems [2.9]imply, that compact submanifolds of the normally
hyperbolic critical manifolds S§ and Sj persist as O(e)-close slow manifolds S and SL. Outside
of a neighborhood of the circle S§, the locally invariant manifolds S and S, are smooth pertur-
bations of the branches S§ and Sj,. The critical manifold Sy and the Fenichel slow manifolds are
shown in Figure [3.5in the coordinates r and y.

Our goal is to describe the attracting slow manifold S? and its behavior close to the non-
hyperbolic circle Sj of the normal form of the fast-slow LC fold . To that end, we introduce
for small positive constants E, R and (8 the entry section

AN = {(r,0,y) eD: rel™ y= Rz}

with the interval . .
M= {TG]RZ,U: ‘—I—FE‘ §[3}

The entry section A" is due to the rotational coordinate 6 topologically equivalent to an
annulus. Furthermore, we define the exit section

A" = {(r,0,y) €D : r = R},

29



>3
T
> > > >
EAout

Figure 3.5.: Setting in the coordinates r and y: the critical manifold Sy subdivides in the non-hyperbolic circle
Sg, the attracting manifold S§ and the repelling manifold S§. The two normally hyperbolic manifolds
perturb to slow manifolds S and St for € > 0. Furthermore, the entry annulus A™® and exit cylinder
A°"* are shown.

which is due to the rotational coordinate topologically equivalent to a cylinder. The entry and
the exit sections are visualized in the r-y plane in Figure B.5] The transition map for the flow
of all trajectories close to the attracting slow manifold S¢ near the singular circle S§ is a map
7 A" — A% The well-definedness of the map = is part of Main Theorem [1| for the fast-slow
LC fold.

To work only with one time scale parameter, we assume that we can describe the slow and the
super slow dynamics in terms of one parameter €. To apply in the following section the blowup
method, we study from now on the extended system

=1y,

0 =c¢,

P (3.4)
Yy = —¢&,

e =0,

with a € R+; and
(r,0,y,¢) € Dy :=Rs>_, x R/(sZ) x R x R>g 2R3 x Rx.

We assume a > 1 to model, that the rotation velocity is asymptotically larger than the slow
parameter drift, which is consistent with the assumption 0 < § = é* < ¢ < 1. The extended
critical manifold Sy x {&¢ = 0} is a manifold of equilibria in system (3.4)), whose linearization is
given by

2r 0 —1 0
, o 0 o0 1
0y =10 o o _eom
0 0 0 0

As a € N5y, all entries of the Jacobian matrix are finite. Evaluated at the extended manifolds
S§ x {e = 0} and S x {e = 0}, we obtain in both cases a triple zero eigenvalue and one non-
trivial eigenvalue \; = 2r, attracting for S§ x {¢ = 0} and repelling for Sj x {¢ = 0}. This
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allows us to prove with the Center Manifold Theorem the existence of a three-dimensional
attracting center manifold 4® and a tree-dimensional repelling center manifold 24" in system
. The slow manifolds of the normal form of the fast-slow LC fold are obtained as
sections € = const. of the manifolds & ® and W".

Remark 3.5. Note that in general, center-manifolds are not unique. As the Fenichel slow
manifolds are unique up to order O (e*K/E) for some constant & > 0, also their extensions M ¢
and M7 are unique up to order O (e_K/a) for some constant £ > 0. When stating the main
theorems in Section |3.4, we explain, why the non-uniqueness of center-manifolds does not affect
our results.

As the extended non-hyperbolic circle S§ x {¢ = 0} has a quadruple zero eigenvalue, the
construction of the slow manifolds fails and the behavior of the slow manifold is not controlled
by the slow subsystem anymore. We resolve this problem by applying the blowup method.

To study the attracting slow manifold & ? in the extended system, we introduce for small
constants F, R, 8 the entry set

Al = {(r,0,y,e) €Dy: 1€ 1oy =R2 < ER}

with the interval . .
M= {r €ER>_,: ‘—I—FE’ < ﬁ}

and the exit set
A% = {(r,6,y,) €Dy : r =R, ¢ < ER}.

In the extended system, the transition map is defined as 7. : AI® — A%t and coincides in the
first three components with the transition map 7 : Al — A°ut,

3.3. Blowup of the Fast-Slow LC Fold

To desingularize the non-hyperbolic circle Sf, we aim to use the quasi-homogeneous blowup
transformation introduced in Section We apply the blowup transformation only to the
coordinates 7,y and €, to maintain the rotation property of the extended system . This is
important, as we aim to determine the Poincaré return map of system to study for the
normal form of the discrete fast-slow fold singularity . To that end, we need to describe
f-values that are in O(1) with respect to the variable €. Including € in the blowup would restrict
us to some e-dependent neighborhood of § = 0, such that no returns are observed during the
analysis. Geometrically, we apply a three-dimensional quasi-homogeneous blowup at each point
of the non-hyperbolic circle S§. Thus, the blowup surface we consider is topologically equivalent
to S x 2.

In order to apply the quasi-homogeneous blowup transformation of Definition we need
the right hand side of system to be a quasi-homogeneous vector field. Furthermore, the
coefficient for the #-coordinate has to be zero, as we apply the blowup only to the coordinates
r,y and €. It turns out, that this is only the case for a certain value of the coefficient «, which
is determined in the following Proposition.

Proposition 3.6. 7o be able to apply the quasi-homogeneous blowup transformation of Definition
to system (3.4), we need o = 3, leading to the ODE system

=12y,
0 =e, (3.5)
yl = _537 .
g =0,

which is quasi-homogeneous of degree 2 with coefficients a; =1, ag =0, a3 =2 and ag = 1.
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Proof. To apply the quasi-homogeneous blowup transformation for each point on the singular
circle S§, we need system (3.4) to be a quasi-homogeneous vector field of type (a;,az,as, as)
with ag = 0 and degree k + 1. Inserting Definition of quasi-homogeneity into system ((3.4)
leads to

P ! .
p2a‘ 742 _ pagy R pa‘+k(r2 . y),
pie = prthe,
_pa4a€o¢ ; _pa3+k€a,
0 ; pa4+k 0.

This yields the following system of algebraic equations:
2a; =a; +k, az=a;+k, as=k, asa=a3+k.

We have some choices as the last constraint does not give any algebraic relation. Using these
equations we obtain the following value for a:

as + k a; + 2k 3k
a4 k k
To keep the system as easy as possible, we choose k = 1 and obtain system (3.5) with the
coefficients
i

a; =1, a=0, az3=2, a4=1. O

Remark 3.7. By choosing o > 3, the rotation velocity is too fast compared to the slow variables,
such that the desingularization step by rescaling of the blown-up vector field introduced in Section
[2.4) is not possible. For o < 3, the rotation velocity is too slow, such that a desingularization step
is possible, but no returns of the Poincaré return map are observed. In Appendiz [B, a further
discussion about the rotation velocity is given.

For the quasi-homogeneous blowup transformation of Definition we choose the interval
I = [0, P] with P > 0 and introduce the two manifolds

B=S*xRxR/(sZ) and By=5%x[0,P]xR/(sZ).

The coefficients of Proposition imply, that the quasi-homogeneous blowup transformation
for system ([3.5]) is given by

@ BO — D07 (Fa ga €, p79) = (7’, 97y75) = (pfv 97P2§a pé)a (36)

with (f,:lj,é) € 52 and Dy = RZ—U X R/(SZ) x R x RZO'

Let A( denote the vector field on Dy induced by system . The blowup induces a vector
field A on By with . (k) = A, where ¢, is the push-forward map corresponding to ¢ [17]. Our
goal is to describe the attracting Fenichel slow manifold S? near the non-hyperbolic circle Sj.
Since ¢(Byp) is a full neighborhood of S§, it suffices to study the vector field Af on the manifold
By instead of on the manifold B. To simplify the calculations, the analysis is done in different
charts, as introduced in Section In the entry chart K, the attracting slow manifold is
studied as it approaches the singular circle S§. The rescaling chart Ko analyzes how the flow
moves along S* x S? and the exit chart K3 covers the departure from the singular circle S§. For
the main theorems stated in Section the results of the three charts are joined.

The parts of the manifold B, which are relevant for the analysis of the blown-up vector field
are given by

Bf = Bn{y >0}, BF = Bn{& >0}, Bf = Bn{r > 0}.
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The three charts for these submanifolds of B are defined as
Ki: Bf 5 RXR/(sZ) x RxR, (4,8 p,0) = (r1,0;,p1,61) = (Fy~2,0,py2,852), (3.7)
KZ : ng_ %RXR/(SZ) XRXR? (’F’gagapae) = (7“2,92,3/2,,02) = (775__7’07@5_2,p5)7 (38)
K3: Bf 5 RxR/(sZ) x RxR, (7,4, p,0) — (p3,03,y3,e3) = (p7, 0,57 %, &7 ). (3.9)

The following lemma states, how the blowup transformation is calculated in the different chart
coordinates.

Lemma 3.8. The polar blowups induced by the blowup transformation (3.6) in the charts K,
K9 and K3 are given by

for K : (7”,9,3/,5):(prrr,ej,p?,p7€7),
for K (r,0,y,¢) = (para, 02, p3y2, p2),
fO’I" Ky3 : (7",9,@/,5) = (p37931p§y3>p353)'

Proof. For K, the blowup transformation (3.6 and the chart coordinates (3.7)) yield:

r=pF = pyEegE = pirs,
0=6=20;,
y =05 = (pj2)* = o},
e = pE = izt = pie.
For K2, the blowup transformation (3.6) and the chart coordinates yield:

T = pr = pETE " = paTa,

0 =0=0,,
y =0’y = (p2)*ye > = payp,
€ = pE = pa.

For K3, the blowup transformation (3.6)) and the chart coordinates (3.9)) yield:

T = pr = p3,

0 =0=0s,

y = p°y = (pr)*ygr > = p3ys,

e = (pr)(e7 ") = paes. O

In the analysis, it will be necessary to transfer results from one to another chart. Therefore,
the next lemma gives the transition maps between consecutive charts.

Lemma 3.9. The transition maps ki; from K; to K; are given by

—1 _9
Kig : 7”2:?”787“, 0y = 0;, Y2 =¢€; 7, p2 = Pi€i, fore; >0,
Kig © TP =172y 7, t; = 0a, pi = p2y3, €1 =1Yo °, for y2 >0,
-2 —1
K93 : pP3 = pPara, 93 = 62, Y3z = Yoy ™, E3 =Ty , fOT ro > 0,
—1 -1 -2
Koz Ty =¢3", by = 03, Y2 = Y3ez ", p2 = P3E3, for ez > 0.

Proof. For the transition map x;9 from K; to Ko we obtain for &; > 0:
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For the transition map /{f;‘ from Ko to K; we obtain for yo > O:

e =gy h = (gE ) =y,

For the transition map ko3 from Ko to K3 we obtain for ro > 0:

ps = —pi = pere"" = para,

3 = 0 = 0,

ys =gt =g (e ) = yry?
e3=¢ér = (rg ) = 7“2_7

For the transition map /12_37 from K3 to Ko we obtain for e5 > 0:

ro=7e "= (&r ") " =¢e3",

0y = 60 = 05,

yo = gE 2 =g A(—ar ) P = yaes

pa = pe = (pr)(—&F ") = paes O

3.4. Main Results

In this section, we state the main theorems proven in this master’s thesis, for which we assume
the setting of Section Section treats the normal form of the fast-slow LC fold ,
with the particular rotation velocity determined in Section [3.3] We continue in Section
with a local theorem for the normal form of the discrete fast-slow fold singularity , which
describes the dynamics of the Poincaré return map of the continuous system visible in charts
K; and K. Section [3.4.3|states a second theorem for the normal form of the discrete fast-slow
singularity, which characterizes that the embedding of Section is not globally well-defined.

3.4.1. Theorem for the Fast-Slow LC Fold

In Proposition [3.6] we determined the rotation velocity, for which it is possible to desingularize
the normal form of the fast-slow LC fold with the blowup method. The resulting, non-extended
system is given by

T/ = T2 - Y,
0 =e, (3.10)
y/ _ —63.

In Chapter [4] we prove the following theorem for the transition map m : Al* — A°Ut.

Main Theorem 1. Under the assumptions made in Section and R and B sufficiently small,
a constant g > 0 ewists, such that for the transition map m: A" — A° the following holds for
all e € (0,¢0] -

(a) The attracting slow manifold S* with initial value 0(0) = 0* € R/(sZ) in A™ passes through
A% at a point (R, hg(€), hy(e)) after the time T'(e). It holds
hy(e) = —Qe? + O (2 1n(e))
R?

ho(e) = 0" + = + Qo — % + 0 (*n(e))  wod s,
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as € — 0.

The constant g is the smallest positive zero of

3 3
- 222 . 2z2
il sl )

where J_1 and J: are Bessel functions of the first kind.
3 3

b) The y-component m,(r,c) of the transition map w is a strong contraction with respect to
Yy y g

the coordinate 7, i.e.
Omy(r,€) 2cR?
— O en
or FP T3

for some negative constant ¢ > —2 as ¢ — 0. Hence, A™ is mapped under w to an interval
around S N A of size O (e»rp <QCR3)>. Points of the image w(A™) have the same 7-

3e3
coordinate R and a y-component exponentially close to hy(e), thus the expansion of the

function hy(g) is valid for the y-coordinate of all points in w(A™).

Remark 3.10. In general, slow manifolds are not unique and only determined up to O (efg

with a constant C > 0 by Fenichel’s Theorems[2.9 The slow manifolds are exponentially close
in the entry set A™ and become even closer due to the strong contraction property of the map .
Hence, the asymptotic expansions of part (b) do not depend on the choice of the slow manifold.

Main Theorem [I} which will be proven in Section resembles Theorem of Krupa and
Szmolyan stated in Section [2.5] It characterizes, how the attracting Fenichel slow manifold S?
continues in a neighborhood of the fold limit cycle for the normal form of the fast-slow LC fold
. The leading order term of the asymptotic expansion of the function hy(e) coincides with
the finding by Krupa and Szmolyan by changing the velocity of the parameter drift from €3 to
€. The exponential contraction property stays the same. Additionally, Main Theorem [I] includes
statements about the evolution of the rotational coordinate 6 and the transition time 7.

3.4.2. Local Theorem for the Discrete Fast-Slow Fold

To state a theorem about the Poincaré return map of system (3.10), we introduce the entry
section

A%‘ ::Ainﬂ{GZO}:{(r,G,y) eD:rel™ =0, yzRZ}

with the interval . ,
= {’FERZ_Ui ’—1 —i—E‘ §,B}

In this section, we first state a local theorem covering the dynamics of the Poincaré return map
of system visible in charts K; and Ko. Afterwards, the results obtained for the Poincaré
return map are transferred to the normal form of the discrete fast-slow fold singularity in
a corollary. To state the results, we define the local exit set

AP = {(r,0,y) €D: 0<r <cl, =0, (- +5) <y <e*(—Q+25)}

for the constant # = h,(s). The function h, and the constant € are specified in the following
theorem. We denote the local transition map by 7'°¢ : A% — AP™. Main Theorem 2| provides
conditions for the well-definedness of the embedding of Section in the first two charts. Fur-
thermore, it determines the number of iterates to map from A% to AR as well as the asymptotic
expansion of the image of the point z := S2 N A%‘ under the map 7'°¢.
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Main Theorem 2. Under the assumptions made in Section and s sufficiently small and

fized,

a constant eg > 0 exists, such that for the transition map m'°° : A% — A% the following

holds for all € € (0,¢e0]:

(a)

(b)

(c)

Let 6%¢ be defined as
: 1 (R
5 oc(g) = ; <52 + Qo> wmaod 1.

Then the point x = SN A% on the attracting slow manifold maps under the transition
map 7, which is defined to be the n-th Poincaré return map P" with

1 (R 1 (R

m¢(z) = P™(x) = (eh, (1 + 6"%)s),0, —Qpe? + (1 + 6"%)se?) € AP,

to the point

as € — 0, where

4
i

—_— —07.
a+ O(a?) e

hr(a) =

The constant g is the smallest positive zero of

X 222 , 222
i\ el )

where J_i1 and J: are Bessel functions of the first kind.
3 3

loc
r

C

of the transition map ¢ is a strong contraction with respect to the

orlec(r, ) 2cR?
e

for some negative constant ¢ > —2 as € — 0. Points of the image WlOC(A%‘) have the same
number of iterates n(e) and thus the same y-coordinate. The r-component is exponentially

close to the r-coordinate 7'°¢(x) of the point x on the slow manifold S2.

The r-component
coordinate r, i.e.

The constant s is sufficiently small for this theorem, if it holds s < @. The constant

¥y < Qg is defined as Wy := —hy(0) > 0, where hy describes the y-component of the special
solution of the Riccati equation

which is further specified in Proposition and [20)].

Main Theorem [2] will be proven in Section It determines a number of iterates n depending

on g,

such that the n-th Poincaré return map maps a point = on the Fenichel slow manifold S?

into the exit set A%™. To achieve this, it is necessary to restrict in assertion (c) the constant
s, which defines the embedding, to be small enough. The upper bound for the constant s is
independent of the other constants €9 and R and can be expressed in terms of constants given
by the Riccati equation. The iterates of the Poincaré return map lie on the solution curves of
the normal form of the fast-slow LC fold . The exponential contraction property transfers
for the Poincaré return map from the y- to the r-coordinate, as we apply to all initial conditions
in Aif; the same number of iterates of the Poincaré return map.
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The assertions of Main Theorem [2| can be transferred to the discrete fast-slow fold singularity:
as explained in Section [3.1] system describes a slow and constant passage trough a fold
bifurcation of limit cycles. By considering the Poincaré return map, a slow and constant passage
through a discrete fold bifurcation is described. As 6’ = ¢, the transition time of the continuous
system between the hits of the Poincaré section is 7p(1) = £. As ' = —&3, the decrease
in y during one iteration is Ay = —e?s. Hence, the Poincaré return map of system is
topologically equivalent to the normal form of the discrete fast-slow fold singularity

2
D { Te Ty, (3.11)
Yy— y—g,

after a possible rescaling of the variables » and y. The parameter drift can be expressed as
& = €25, where the parameters ¢ and s belong to the normal form of the fast-slow LC fold .
As the attracting slow manifold S2 of system ([3.10)) is invariant, also the iterates of the normal
form of the discrete fast-slow fold singularity (3.11) stay by construction on S2. Consequently,
the following corollary holds for system :

Main Corollary 2. Under the assumptions made in Section and s sufficiently small and
fized, a constant ey > 0 exists, such that the following holds for all £ € (0, S&%].‘

(a) Let 6'¢ be defined as
R? Q
olc(g) = — + 0 wod 1.
5 s
Then the point x = SN A% on the attracting slow manifold of the normal form of the
continuous fast-slow LC fold (3.10) restricted to the r- and y-component maps under the
n-th iterate p" of the normal form of the fast-slow map (3.11) with

R 0 R Q
n(é) == {~+°J—1:+0—1—5“’022,

15 S g s

to the point

1 _ 1 Ooé
" (z) = <523—2hr((1 + 69%)s), _705 + (1 + 5””)5) ,
as € — 0, where
hr(a) = ‘ as o — 07,

o+ O(oﬁ)

The constant g is the smallest positive zero of

3 3
- 222 . 2z2
il ) sl )

where J_1 and J: are Bessel functions of the first kind.
3 3

(b) The r-component ' of the transition map p" is a strong contraction with respect to the

coordinate r, i.e. ’
WErE) _ (e»'rp (2012233))
or 3¢

for some negative constant ¢ > —2 as € — 0. Points of the image p”(A%z) have the same
number of iterates n(e) and thus the same y-coordinate. The r-component is exponentially
close to the r-coordinate p; (x) of the point x on the slow manifold SZ.

njw
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(c) The constant s is sufficiently small for this corollary, if it holds s < %. The constant

%o < Qo is defined as W == —h,(0) > 0, where hy describes the y-component of the special
solution of the Riccati equation

which is further specified in Proposition and [20)].

Main Corollary [2| shares the same properties as Main Theorem [2| regarding the number of
iterates and the exponential contraction. As we have not introduced invariant manifold theory
for fast-slow maps, the initial condition x is considered to be located on the Fenichel slow manifold
S2 of the higher dimensional ODE system . As the slow parameter drift in the map
depends on the constant s, the result of Main Corollary [2] is obtained for all € in the interval
(0, se2], which depends on s.

3.4.3. Break Down of the Fold Embedding

As already discussed in Lemma not all iterates of the normal form of the discrete fast-slow
fold singularity can be tracked by an embedding with a constant rotation velocity. Main Theorem
Bl characterizes the loss of well-definedness in the exit chart.

Main Theorem 3. Under the assumptions made in Section and in Main Theorem [, no
constants Ry > 0, s > 0 and €9 > 0 ezist, such that the point v == SENAL can for each e € (0, go]
be mapped under Poincaré return maps into the half-space

{(r,@,y)eD: r > Ro, yGR}

Hence, the embedding of the normal form of the discrete fast-slow fold singularity (3.11]) in the
normal form of the continuous fast-slow fold singularity (3.10)) loses its well-definedness, as no
returns to the Poincaré section P are observed for r > Ry > 0.

Main Theorem [3| will be proven in Section This theorem shows, that the embedding
defined in Section is only well-defined in an e-dependent neighborhood of the fold point. In
Lemma [3.2] we already observed the finite time blowup of the solution curves of the normal form
of the fast-slow LC fold . Main Theorem |3| additionally shows, that it is not possible to
choose s or g9 small enough to leave the e-dependent neighborhood of the fold point with finitely
many iterates.

Remark 3.11. In Section the idea of the dual limit €,s — 0 is introduced. By allowing
the constant s to depend on e, we can adapt the return time to the Poincaré section and hence
wnfluence the number of returns. In that way it could be possible to define a transition map in
the exit chart.
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Chapter 4
Analysis of the Fast-Slow LC Fold

In this chapter, we analyze the fast-slow fold of limit cycles with normal form (3.10). Several of
the results derived will also be useful in Chapter [f] where we consider the discrete fast-slow fold
singularity .

The idea of the analysis is based on the paper ‘Geometric Analysis of the Singularly Perturbed
Planar Fold’ by Krupa and Szmolyan [I7]. The main tool is the blowup method and the analysis
is done in the three charts defined in Section Section treats the dynamics in the entry
chart, Section continues with the rescaling chart and Section completes the analysis in
the exit chart. The results obtained are combined in Section [.4] to prove Main Theorem [I] for
the normal form of the fast-slow LC fold .

4.1. Dynamics in the Entry Chart

In chart £;, we aim to analyze the attracting Fenichel slow manifold S2, when it approaches the
non-hyperbolic circle S§ of system (3.5]), which is system (3.10)) extended by the equation &’ = 0.
Therefore we transfer system (3.5 in the coordinates of chart X; and study it afterwards.

Lemma 4.1. In the entry chart, the blown-up vector field is given by

)
v =pi(1—13) + spichrs,

2
0; = pier,
i 4.1)
2.3 (
= ——p5Ey
pA 2pA i)
/ i 4
E; = =pPi1&;.
i 2p i

Proof. From Lemma [3.8] we know, that the blowup in the entry chart is given by

(7"797%5) = (P:T:,Hx,p?,p;&t;).
Inserting this formula into system ({3.5)), we obtain

y =—c = (p}) =—piel = pi=—gaiel,

=1y = (pir:) = pi(r} —1) = ri=prf =)+ et

0 =e¢ = H;ZPY&‘ = H;Zp;&,

=0 = (p;e;)’ =0 = ¢ = Lp; 84 O

As the polynomial vector field of system has in each component the common factor p;,
we can desingularize the above vector field by dividing the right hand side of system by
p1, as explained in Section By Theorem [A.8] the desingularization step corresponds to a
positive transformation of time and does not change the orbits of the solution curves. We denote
the new time scale by ¢; and have the relationship

pPi dt = dt;.
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Thus, the desingularized flow in chart K; is given by

/2 1 -3

7‘7 — 7"7 — i + 5577"1,

/

07 —8],

A S (4.2)
P = 5P

! i 4

& = 557.

We restrict the analysis in chart X; to the rectangular box
D; = {(T;,H},p;,é‘;) e R x R/(SZ) XxRxR:0< Pi < R, 0<eg < E},

where R is the same constant, which defined the entry set A™ in Section and F is some small,
positive constant. D; as well as all further upcoming geometrical objects of the entry chart are
visualized in Figure [4.1]

Our goal is to prove Main Theorem 1| for all £ € (0, o] with some constant 9 > 0. By Lemma
it holds € = p;e;, hence we can express ¢ by the constants defining D; and obtain ¢g = ER.
In chart K;, we define the entry set

P = {(ri,0:,p1.6) €D; = py = R},
which is a three-dimensional face of D;.

Lemma 4.2. The entry set A™ defined in Section 1s expressed in the coordinates of chart
K a subset of X1".

Proof. By Lemma it holds y = p?, such that the restriction y = R? in the entry set
Aien = {(r,@,y,e) €EDy: rel™ y=R% < ER}

with some interval /™™ C R transfers in chart £; to the condition p1 = R. This observation and
Lemma, imply, that the condition 0 < ¢ < ER is equivalent to the condition 0 < ¢; < FE.
Thus, the entry set AM transferred to chart K; is a subset of ¥ with an additional restriction
for the r- or respectively r;-coordinate. O

a Eout
Ny 1

1

I\

in
E1

Figure 4.1.: Geometry of the dynamics in chart /; in the coordinates r;, p; and ;.
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We define in chart K; the exit set
S = {(r1,01,p1,61) €D; : & = E},

which is also a three-dimensional face of D;. Our goal is to describe the flow of system (4.2)) as
a map from X to Y99, For the coordinates 0;, p; and &7, the explicit solutions of system ([4.2)
are stated in the next Lemma.

Lemma 4.3. Starting from initial conditions €;(0) = e7, 6;(0) = 07 and p; (0) = p}, the solution
of system (4.2)) in the coordinates €1, 0; and p; is for t; € [O, ﬁ) given by

Hence, the solution curves in 0; and p; are given as smooth functions of €; defined by

1 1 4 i h () pPier

—— — — mod s an (e7) = —=.

GO ”

Proof. The ODE for €; can be solved by separation of variables. Inserting the solution for &;
into the ODEs for 6; and p;, the solutions are obtained by direct integration and separation

) and the

h@7 (87) = 90 +

of variables. We observe, that the solution for ¢; is well-defined for t; € [O, ﬁ

solutions for #; and p; are well-defined for ¢; € [O, ﬁ] To write the solutions for 6; and p;

dependent on the solution for €;, we restrict ¢; to the time interval t; € [0, 3(;)3> for all three

solutions. ]

In system (4.2), the hyperplane {p; = 0} and the hyperplane {; = 0} are invariant subspaces.
In the hyperplane {e; = 0}, it holds #; = 0, such that the solution for the 6;-coordinate is given
by 6;(t;) = 07 for all t; > 0, where 67 € R/(sZ) is the initial condition. The two hyperplanes
{p1 =0} and {e; = 0} intersect in the plane

li ={(r1,0:,p1,e1) €Di = p1 =0, g5 =0},

which corresponds in {& = 0} to the part of the blown-up singular circle S§ of system (3.2]) visible
in chart £;. The plane [; is invariant, with dynamics governed by

2 1

1 by

0, =0,

r_
;=

and contains the two circles of equilibria
Da = {(T;,@;,py,&‘;) €eD;:r; = —77 p1L = O, g = O}

and
= {(r1,01,p1,61) €D1 : 11 =1, pr =0, &1 =0}

Linearising system (4.2]) around the circles of equilibria p, and p, leads to

2r; + ‘563 0 0 %s?r;
) 0 0 0 i
J(ri,0i,p1,61) = 0 0 _ig3 —§p~5«2 )
2°1 2P1ei
0 0 0 2¢3
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2.0 0 0 200 0
) 0 00 1 , 000 1

= HJ0)=L g 900l =100 0 0
0 00 0 000 0

Thus, all equilibria on p, have the eigenvalue —2 and all eigenvalues on p, have the eigenvalue
2 with eigenvector (1,0,0,0). All fixed points additionally have a triple zero eigenvalue with
eigenvectors (0,1,0,0) and (0,0,7,0) and generalized eigenvector (0,0,0,1). Hence, p, is at-
tracting and p, is repelling on the plane [;. Through the blowup transformation we have gained
partial hyperbolicity of the circles p, and p; in the r;-coordinate. Figure shows the plane [;
with the attracting and the repelling circle on it.

In the invariant hyperplane {e; = 0}, the dynamics is governed by

T;; = T‘% - 7‘7
0, =0, (4.3)
P =0.

As 0; and p; are constant in system ({4.3)), the cylinder
S‘sl = {(r17977p77€7) S Df L= _17 g = 0}

consists of equilibria and emanates from the circle p,. It is normally hyperbolic and attracting, as
along S?, the linearization of system has the eigenvalue —2 corresponding to the eigenvector
(1,0,0), and a double zero-eigenvalue with eigenvectors (0,1,0) and (0,0,7). Likewise, the
cylinder of equilibria

S;={(ri,0:,p1,e1) €D : r1 =1, g1 =0}

emanates from the circle p; and is repelling normally hyperbolic due to the eigenvalue 2 corre-
sponding to the eigenvector (1,0,0), and the double zero-eigenvalue with eigenvectors (0,1,0)
and (0,0,1). The two normally hyperbolic cylinders S and ST are visualized in Figure and
correspond by Lemma to the branches S§ and Sj, of the critical manifold S, i.e. the two

AP1

>

Pa

ol

Figure 4.2.: Geometry of the dynamics in chart A; in the coordinates r;, p; and 6; in the hyperplane {¢; = 0}.
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attracting, respectively repelling manifolds coincide where their domains of definition overlap.
Thus, the blowup in chart K; has extended the normally hyperbolic branches S and ST to the
blowup surface S’ x S? at the circles p, and p,.

In the invariant hyperplane {p; = 0}, the dynamics is governed by

/2 1 7 3

r; =17 — —|—§57r7,

/

07 :E], (44)
i

g = 55?‘.

Again, p, and p, form two circles of equilibria. As the linearization of system (4.4) at p, has
the eigenvalue —2 with eigenvector (1,0,0) and a double zero eigenvalue with generahzed eigen-
vectors (0,17,0) and (0,0, 1), an attracting two-dimensional center manifold &? at p, exists by
the Center Manifold Theorem Analogously, a repelling two-dimensional center manifold
&7 at p; exists.

Based on the observations made, we have the following result for the dynamics in chart £:
Proposition 4.4. For E, R > 0 sufficiently small, system (4.2)) has the following properties:

(a) There exists a three-dimensional center-stable manifold M at p, that contains &7 and S¢.
In Dy, the manifold MW is given as a smooth graph r; = h,, (1), where

4

] 5
hy, (e1) = —1 ——5 +3—25 + O(e)) ase; — 0T,

The branch of the attracting center manifold M7 in {e; > 0} is unique.

(b) There exists a three-dimensional center-repelling manifold M7 at p, that contains & and
ST. In Dy, the manifold M is given as a smooth graph r; = hy, (1), where

)
e — b1 0>E) ase; — 0.

i
4
The branch of the repelling center manifold M7 in {e; > 0} is not unique.

Proof. The existence of the center manifolds %7 and 47 follows from the Center Manifold
Theorem [A.T1] M7 and M7 contain the two-dimensional manifolds &} and S or respectively
47 and ST, since these are obtained by restricting the flow to the invariant hyperplanes {¢; = 0}
or {p; = 0}. As the right hand side of system is smooth, also the graph functions describing
the center manifolds are smooth.

To calculate the r;-component of the center manifolds #? and 7, we recognize, that the
dynamics in the r;-component

.,
/ i

r; = 7’;2 -1+ f{:‘}g’r;
; ; )

only depends on ¢; and r;. Thus, we insert the power series

o
r; = hy, (e1) = Z ane?
n=0

in the ODE for r; in system (4.2)) and determine the coefficients (an)nen,. Using the equation
g} = Set, we obtain for the left hand side

I , n—i / _ n+4
T, = 7{/‘ ]’er (8,‘) 5 5 = E annE &y *2 nE ‘ an+
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This has to be equal to the right hand side

7 o 2 o
r?—1+4 el = (Zan€?> — 14 el Y ane!
n=0 n=0
00 n L, 00
= (Z akan_k) 6? — L+ = Z an€?+3
n=0 \k=0 n=0
For the different orders in &; up to O(g¥) we obtain
o(1) : 0=a2—1 =  ag =+,
0(81) : 0 = 2apa; = a; = O,
O(e?) : 0 = 2agas + a? = a9 =0,
(’)(5‘?) : 0 = 2apas3 + 2a;a9 + %ao = a3 = —i,
(9(5?‘) : %a;k = 2apas + 2a;a3 + a% + %a;k = a4, =0,
O(e9) as = 2apas + 2a;as + 2a9a3 + %ag = a5=0,

6 3 g 1 5
O(E;) : 5(13 = 2apag + 2a;as + 2az2a4 + a3 + 5(13 = ag = —a03—2,
(9(677) : 2as = 2apa7 + 2a; a6 + 2aza5 + 2a3a4 + §a4 = a7y =0,

5 1
0(6;8) : 505 = 2a0ag + 2a; a7 + 2a0a6 + 2azas + a2 + 295 = ag = 0.

Since the manifold %? contains the circle of equilibria p, in the hyperplane {e; = 0}, it follows
ap = —1. and we obtain the function h,,. The manifold 2 contains the circle of equilibria p; in
the hyperplane {¢; = 0}, such that ap = 1 and we obtain the function By, .

In the invariant hyperplane {p; = 0}, each equilibrium of the circle p, is a saddle and therefore
has a unique emanating trajectory in the half-plane {p; = 0, ¢; > 0}. As the graph representa-
tion of M7 only depends on ¢;, the three-dimensional center manifold &7 is also unique.

On the other hand, each equilibrium of the circle p, is a node in the invariant hyperplane
{p: = 0}. Thus, not only one trajectory emanating from each equilibrium on p, exists, such that
the branch of &7 in {e; > 0} is not unique. By Remark (3.5} -, the center manifold 7 is unique
up to order O (e —Cles ), but as e ~C/lei ¢ O (e}) for all n > 0, all center manifolds &7 have the

same graph representation up to order O(e?) in hy, . O

As the center manifold &7 is attracting, local stable manifold W (2 7) at W} exists. Analo-
gously, a local unstable manifold W\ (37]) at M7 exists, as the center manifold M7 is repelling.
By Theorem there exist foliations F® and F*" for the invariant center manifolds #? and
W7. These consist of fast fibers F*(p) or F"(p), which are for each point p on the center mani-
fold tangent to the normal bundle at p. Fibers are characterized by the fact, that initial points
approach each other at an exponential rate in forward time for the attracting center manifold
and in backward time for the repelling center manifold. In that way, W2 (%?) and W2 (M7)
are foliated by the fibers into submanifolds:

FP = U F(p) = Wipe(M7), U Fl(p) = Wig (7).

pEME pEMT

loc loc

The fibers are one-dimensional, as the invariant manifolds W and & are three-dimensional
objects in R x R/(sZ) x R x R. The set of stable fibers is positively invariant, i.e.

o (F*(p)) C Fo(de(p))  fort>0
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and p € M7, where ¢, is the flow map, whereas the set of unstable fibers is negatively invariant,
in the sense that

_i(F(p)) C F(6-e(p))  for t =0

and p € W7. Note that the fibers themselves are not necessarily invariant manifolds. The
following proposition characterizes the exponential contraction rates for the fibers of the foliations
F?and F*:

Proposition 4.5. For E, R > 0 sufficiently small, system (4.2)) has the following properties:

(a) There exists a stable invariant foliation F*° with base M and one-dimensional fibers. For

every ¢ > —2, a choice of E > 0 exists, such that the contraction along F* is stronger than
et

(b) There exists a unstable invariant foliation F" with base M7 and one-dimensional fibers.
For every ¢ < 2, a choice of E > 0 exists, such that the expansion along F“ is stronger
than et .
Proof. The existence of the stable and unstable invariant foliations F° and F“ follows from
Theorem The leaves of the foliations are one-dimensional fibers, as the base manifolds W/}
and W7 are three-dimensional objects in R x R/(sZ) x R x R. The linearization of system (4.2))
implies, that the exponential contraction (expansion) along the stable (unstable) fibers with base
point p on W? (M7) is stronger than e:? | where )., is the eigenvalue corresponding to the
ri-coordinate. )\, is for E > 0 sufficiently small the smallest (largest) eigenvalue of system (4.2)),
which therefore induces the fastest contraction rate in forward (backward) time.
For the stable foliation F®, we can use the graph representation h,, (¢;) for the r;-coordinate
of the attracting center manifold ¥} of Proposition such that

> S +0(e)) ase; — 0.

Ar; = 2hy; (1) + 6

=2+

[\ ]

Thus, for each ¢ > —2, the constant £ > 0 can be chosen small enough, such that contraction
along the stable fibers is stronger than et . 3
For the unstable foliation F", we can use the graph representation h,., (¢;) for the r;-coordinate

of the repelling center manifold &7 of Proposition such that

Ar, =2y, (€1) +

> e+ 0 (£9) ase; — 07,

3
g7 =2—
i 76 I8

i
2
Consequently, for each ¢ < 2, the constant £ > 0 can be chosen small enough, such that the

expansion along the unstable fibers is stronger than e’ . O

Now we introduce for the constant 3, which defines the interval /™ of the entry set Al" in the
original coordinates, the rectangular subset R; of the entry set X" as

Ry = {(r:,01,p1,61) € S | =1 41| < B}

We choose the constants F, R and 3 in such a way, that X" N &® C R;. These objects are
visualized in Figure 4.3|

Lemma 4.6. The rectangle R; in chart K; corresponds to the entry set A™ in the original
coordinates.

Proof. By Lemma Al transferred to the coordinates of chart K; is a subset of the entry set
3" with the additional restriction r € '™, where

= {r Ry }—1 +%‘ <8}
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The coordinate transformation for chart X; of Lemma [3.§ implies that
r
—i+ | <Be -4l <8

asr=p;r; = Rr; in Zm Thus, there is a one-to-one correspondence between the rectangle R;
and the entry set Al O

The following lemma shows, that the flow of system (#.2)) maps for ; > 0 the entry set Li" to
the exit set X9, We denote the resulting map by ;.
Lemma 4.7. The transition map W; : X7 N {e; > 0} — L% s well-defined.
Proof. By Lemma, the solution for the evolution of €; in system (4.2) with initial condition

€1(0) =¥ > 0 is given by
i 3.\ 73
1 (t;) = <(5i")3 — 2t7> .

This solution is well-defined and increasing for ¢; € [O, ﬁ), such that e;(¢;) > 0 for e >0

and t; € [O, ﬁ) For e, > 0 and p; > 0 it holds p} < 0 in system (4.2). As the hyperplane

{p: = 0} is invariant, the p;-coordinate of all points with initial condition {p; = R} stays in the

interval (0, p;] for t; > 0. For t; — ﬁ the solution in ¢; blows up to +oo. Thus, the flow

hits the exit set 39", such that the image of ¥i* N {e; > 0} under the map }; is contained in
the exit set X9ut, O

Lemma 4.8. The transition time 75 from a point p = (rf, 05, R,e?) € XN {ef > 0} to the
point M (p) € T satisfies

L2/ 1
760 =3 (5 )

Proof. After the transition time 7} it holds

T,y — I 3’7’7 7%_
= Er ) T

Solving this equation for 77 leads to the formula for the transition time. O

a
1

Figure 4.3.: Entry rectangle R; and its image M; (R;) in chart /; in the coordinates r;, p; and ;. The exponential
contraction along the fibers is visualized.
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Remark 4.9. The transition time 75 (7) is finite and smaller than ﬁ for starting points in

the entry set ¥ N {e; > 0}. Hence, no blowup of the solution in &; is observed in chart K.

Remark 4.10. Allowing for infinite transition times, the map M; has a natural smooth extension
to the hyperplane {e; = 0}, such that we consider from now on the extended map Md; : X — B9Ut,

In the following proposition, we collect all important properties about the map W ; describing
the dynamics in chart £;.

Proposition 4.11. The transition map Wd; : £ — L% defined by the flow of system ([{.2) has
the following properties:

(a) For fired ¢ > —2 and constants E, R and [, the image of a point p = (r},07, R,e}) € R;
under the map ¥ ; is the point

1 1 R
W (rf 07, R.7) = (v (17 €0), 07 + gy — gz wod s, a;:E) 7

with

. . 2c
Wi (r7,67) = hey (B) + O <e»:p <3(€*)3>> ’

where the function h,,, describing the ri-coordinate of points on the center manifold M7,

is defined in Proposition [{.4).

(b) M; is an exponential contraction in the ri-coordinate with respect to the initial condition

oMy 2¢
ot ‘O<‘”<3<s?>3>>

7, L.e.
for some negative constant ¢ > —2. Thus, the image W;(R;) is a wedge-like region about
Youb ) WE in BoU

(c) W:(R; N WE) C X% is a smooth surface transverse to the hyperplane {p; = 0} of the form

SN W= {(T7,9:7P7,87) e X vy = hy, (E)}

Furthermore, the image ;(R;) is contained in the set

Pi Pi
< rs < ; — .
2B < v < e (B) + 225}

wr Ut = {(T: 01, pie1) € XYL by (B) —

Proof. By the well-definedness of the map W; proven in Lemma [£.7] the &;-coordinate of i; (p)
is E. In system (3.5)) it holds ¢’ = 0. As by Lemma we have € = ;7 p;, it holds

eiR =¢€1(0)p1(0) = &1 (T1)p: (T1) = Ep: (7).

Thus, the p;-coordinate of |;(p) is £e7. The value of the 6;-coordinate of W;(p) follows

by plugging in &;(77) = E in the formula for the evolution in #; given in Lemma By
Proposition @] it follows, that for £ > 0 small enough, there is exponential contraction
in the r;-coordinate. For each ¢ > —2, the contraction of the map M; along these fibers with
base manifold &7 is stronger than e“’*. Therefore, the r;-coordinate of the image 1; (p) can be
represented as the r;-coordinate of the center manifold & ? in X% given by h,, (E), plus some
remainder term R(r},e}) € O (e“!"). Plugging in the transition time 73 (¢7) yields

. . 2c
Wi (r7se7) = ey (E) + O (e»rp <3(€*)3>> '

i
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Even though it is possible to bound the distance in r;-direction by e“’* times some sufficiently
large constant, which only depends on €7, the higher order terms can depend on rf, such that
we write M; ., (rf,e}). By taking the partial derivative of W; ,, (r],e}) with respect to 7, the
exponential contraction in statement (b) follows immediately.

As the center manifold &% and the flow of system (4.2) are smooth, the image W;(R; N
W?) C X9 is a smooth surface. Furthermore, 91 is by definition orthogonal to the hyperplane
{p: = 0}. As the center manifold W? is invariant, ; (R; N W?) has the constant r;-coordinate
h,, (E), because €; = F in the exit set X", Thus, the surface W; (R; N M?) is transverse to the
hyperplane {p; = 0}. In R; N W2, the initial condition 67 attains all values in R/(sZ). Since
after the transition time 73 it holds

1 1

i
(e)2  E2

i

0:(77) =67 + waod s,
0; (77) attains for each initial condition (r},e7) all values in R/(sZ). Hence, it holds §; € R/(sZ)
in W; (R N W2). As el € [0,E] in R N WP, we finally deduce that p; = £et € [0, R] for
W (RN WY

For the last statement, we consider the image of the rectangle R; under the map M;. As
the evolution in the 6;-, p;- and e;-coordinate does not depend on the initial condition 7, the
additional expansion in the r;-coordinate of R; only influences the r;-coordinate of the image
J; (R;). Due to the exponential contraction in the r;-coordinate, which is stronger than a linear
contraction, the image ; (R;) is contained in the set

Wt = {00 i) € S0 by (B) - A< v < (B) + 8]

and the result follows. O

4.2. Dynamics in the Rescaling Chart

In chart Ko, we study the extension of the attracting Fenichel slow manifold S2 into the rescaled
regime. To that end, we transfer system (3.5) to the coordinates of chart K.

Lemma 4.12. In the rescaling chart, the blown-up vector field is given by

rh = pa(rs — 12),

0 = po,
" (45)
Y2 = —p2,
ph = 0.
Proof. From Lemma [3.8] we know, that the blowup in chart K9 is given by
(r,0,y,) = (par2, 02, P3yo, p2).
Inserting this formula into system ({3.5)), we obtain
g=0 = ph=0 = ph=0,
r=r?—y = (par2)' = p3(r3 — y2) = 15 =pa(r3 — yo),
0 =¢ = 0, =po = 0, = po,
y =—¢’ = (p3y2) = —n3 = yh=—pa 0

Now we can desingularize the blown-up vector field (4.5) by dividing the right hand side by
the common factor ps, as explained in Section . As pl, = 0, this transformation is a linear
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time rescaling by the constant factor ps, which does by Theorem not change the orbits of
the solution curves. We denote the new time scale by t2 and have the relationship

P2 dt = dtQ.

As po is constant, it additionally holds to = pot. The desingularized flow in chart Ko is then
given by

ry =15 — Y2,
0y =1,
/ , (4.6)
Yo = — i,
py = 0.
We want to remark, that as € = po, the above transformation is just a rescaling of the

coordinates r, 6 and y. Therefore Ky is also called the rescaling chart. System (4.6) can be
solved eagily for the three coordinates 02, y2 and ps.

Lemma 4.13. Starting from initial conditions 62(0) = 65, y2(0) = y5 and p2(0) = p5, the
solution of system ({.6) in the last three coordinates is for ta € R>q given by

92(t2) = 9; +to maod s,

y2(t2) = yp — t,

p2(t2) = pj-
Proof. The solutions are obtained by direct integration and well-defined for t5 € Rx>o. O

As p, = 0 and the 6s-coordinate decouples in system (4.6)), the most interesting dynamics

happens in the ro-ys plane. The resulting ODE system is a Riccati equation, whose solution can

be written in terms of special functions. The next proposition collects the results of [20], which
are needed for our analysis.

Proposition 4.14 [20]. The Riccati equation

(4.7)

has the following properties:

(a) Every orbit has has a horizontal asymptote yo = y,, such that as yo approaches y, from
above, it holds ro — co. The value of y, depends on the initial conditions.

(b) There is a unique orbit v2, which can be described as (r2, hy,(r2)) and which approaches
asymptotically the left branch of the parabola r3 —yo = 0 for o — —oco. The orbit o has a
horizontal asymptote yo = —Qg < 0, such that ro — 0o as yo approaches —y from above.
The constant g is the smallest positive zero of

3 3
- 222 ny 2z2
u_§ 3 d“j 3 )

where J_1 and J: are Bessel functions of the first kind.
3 3

(¢) The function hy,(r2) has the asymptotic expansions

By (12) = 15 + 2172 +0 (%) as rg — —00,
2

hy, (12) = = + 7:—2 +0 <7j3> as rg — 00.
2
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(d) All orbits to the right of vo approach backwards asymptotically the right branch of the
parabola 13 — y2 = 0.

(e) All orbits to the left of v2 have backwards asymptotically a horizontal asymptote yo = yj,
such that as yo approaches y, from below, it holds ro — —oo. The value of y; depends on
the initial condition. For a fized orbit it holds y; > y,.

Remark 4.15. Considering again the dynamics including the coordinates py and 6s, the special
orbit 2 of Proposition is defined to be a three-dimensional surface in R x R/(sZ) x R x R
with pa € R and 02 € R/(s7Z).

The dynamics of the Riccati equation is visualized in Figure In Proposition
the asymptotic expansion of the function hy,(r2) for ro — oo is given. In our analysis, we also
need the asymptotic expansion of the function h,,(y2) as y2 — —€o, which is determined in the
following Lemma.

Lemma 4.16. The inverse hy,(y2) of the function hy,(r2) defined in Proposition has the
eTpansion

4
i

Y2 + Qo + O ((y2 + Q0)3)

It determines the ry-coordinate of a point on the special surface o dependent on ils yo-
coordinate. After the coordinate shift ys — yo + Qo, the function hy,(y2) = hy,(y2 + Qo) has the
eTpansion

hTz (y2) - as Yya — —QS_.

4
~ i

R, I
2<y2) ya+ O (y%)

Proof. By Proposition [£.14][(c)], the function hy,(r2) has the expansion

as ya — 0.

By, (12) = —Q + ;—2 +0 (7:3> as rg — 00,
2

and hy, (r2) = —Qo for ro — oco. Substituting up = ;—2, we obtain the expansion
hy,(u2) = —Qo +uz + O (ug) as ug — 0.

By the Inverse Function Theorem the function hy,(ug) is invertible in a neighborhood of
ug = 0, as
hy(u2) =1+0 (u3) = h,(0)=1#0.

Hence, also the function hy, (r2) is invertible for 7o — oo. The function

4
i

Y2 + Qo + O ((y2 + Q0)3)

h7’2 (yQ) =
is for yo — —Qo the unique inverse of hy, (r2) for ro — oo, as

By (hiy (y2)) = =0 + 32 + Q0 + O ((y + Q0)?) + O ((y2 +Q+0((y+ 90)3))3)
=ys+ 0 ((y2 +0)%) + O ((y2 + Q0)*)

becomes the identity function for yo = —€p. .
Applying the coordinate shift yo — y2 + Qo, the function h,,(y2) = hy,(y2 + Qo) has the
expansion
i.
y2+ O (43)
and the result follows. O

ey (y2) = as yy — 0%,
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Figure 4.4.: The solutions of the Riccati equation (4.7)), the entry set X" and the exit set 33" of chart K in the
r2-y2 plane are visualized.

The special surface v plays an important role in our analysis, as it contains the attracting
center manifold W2 of chart K;, written in the coordinates of chart K.

Proposition 4.17. The unique branch of the three-dimensional center manifold M in {e; > 0}
in chart K; is part of the surface vo in chart K. Written in the coordinates of chart Ko, W7}
corresponds to the part of va, for which ro € (—00, ca] for some constant ca > 0.

Proof. By Proposition and Remark 72 has in the coordinates 79 and yo the expansion

B s 1 1
= ) P = — —00.
(r2,y2) <7“2 7”2+2 +(9( )) as 1o
T9 Ty

Additionally it holds 6, € R/(sZ) and py € R. By Lemma[3.9] this transfers in the coordinates
of chart X; to

g 1 IN\ 2 [, 1 1\ 2
iyel) = o O A ) o O v i ’
(ri,e1) (7“2 (7"2 + 5 + (ré)) <r2 + 5 + <r§>> ) as 7o 00

with 6; € R/(sZ) and p; € R. Expanding these terms in their Laurent series at ro = —oo, we
obtain the series expansion

1 1 1
rie)=(—-i+-—=+00%, —+—+0(r;" as ro — —00.
(» ) < A 4Tg (2) o 4T§ (2) 2

We observe, that e; — 07 < 75 — —00 and hence the series expansion of r; accords with the
graph function

hr, (1) = —1 — 125? + 0(e%) as g; — 0T

describing the r;-coordinate of the center manifold W? defined in Proposition [£.4 Thus, in
the limit ro — —o0, 1{27 (v2) converges to the cylinder S%, introduced in the analysis of the
dynamics in chart K;. By looking at the partial derivative in the ro-direction of each component
of the expansion above, we observe, that the convergence to the cylinder S? is tangent to the
center-direction (0,0,0,1) of M as ro — —oo. This and the fact, that the center manifold &7
in {&; > 0} is unique, imply the claim. O
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To analyze the flow in chart Ko, we introduce the space
Dy == {(r2,02,y2,p2) ERXR/(sZ) x Rx R :0 < py < ER},

where E and R are the same constants used in the entry chart. The flow in chart K; is mapped
from X" to X9U. The following lemma transfers 9" to the coordinates of chart K.

Lemma 4.18. The exit set 29 of chart K; maps under the coordinate transformation ;o given
in Lemma to the entry set

i

By = {(7"2,92,,@2#2) €Dy yo = E2}
Furthermore, the image ki2 (M; (R: N W 2)) C B is a smooth surface transverse to the hyper-

plane {p2 = 0} of the form

i

SNy, = {(7“27927yzaﬂ2) €X't 2= hn, <E2> } ‘

The exit set W L% which is a superset of the image ¥; (R;) maps to the entry set

pin . in . i P2 i P2
M"ZZ M {(7"2,92,927;02) € Eé . h7'2 (W) - EQRB S T2 S h?“z <.E2> + EQRB} .

Proof. ¥9" is defined as

E?ut = {(T;,@;,py,&y) Epy L&y :E}
={(r1,0:,p1,61) ERXR/(sZ) x RxR: 0< p; <R, e; = E}.

Therefore we obtain under the coordinate transformation ;o of Lemma |3.9

ro = 7";537_7 = 19 €R,

0y = 0; = 0Oy ¢€ R/(SZ)>
Y2 = €72 = yp=F72
p2:p757:p7E = OSPQSER

The image ; (R; N W?) has by Proposition the additional constraint
ri = hy, (E)

and the exit set WP has the additional constraint

hes (B) = 228 <70 <y, (B) + 228

By Proposition the unique branch of the center manifold &? in {¢; > 0} corresponds to
a part of the surface v in chart K9. Consequently, the constraint r; = h,, (F) transfers in chart

KQ to
i
T2 = hy, <E2> )

where h,,(y2) is the ro-coordinate of a point on the special surface y2 dependent on its yo-
coordinate. Its expansion is given by Lemma [4.16] Due to the relationships p2 = p; E and
ro = % in X9, the additional constraint in the r;-coordinate of W becomes in chart Ko

hry (y2) — Ep;RB <1y < hey(y2) + EIOT2RB O
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As we restricted our analysis to a neighborhood of the attracting center manifold 4?, the
important dynamics in chart K; takes place for r;-values close to —i. By Proposition and
Proposition the r;-coordinate of M; (R;) C WUt C ¥9% ig non-positive for F, R and 3
small enough. As by Lemma it holds r; < 0 < 7o < 0 for points on X2 we consider in
chart Ko only initial points with a non-positive rs-coordinate. Based on Lemma we use
the entry set

Sy =X N{ry <0} = {(7“2,927?;2,/?2) €Dy: 19<0, yo = ];2}
in chart Ko.

In the yo-19 plane, the dynamics is given by the solution of the Riccati equation . As
the center manifold &7 in chart X; corresponds by Proposition to the surface o in chart
Ko, we are interested in the dynamics of points in a neighborhood of 2. Therefore, we define in
chart Ko the transition map W for initial points in ilzn, ending in the exit set

ngt = {(T2,92,y2702) €Dy: ro = ]‘E}’

which is orthogonal to the special surface 5.
Lemma 4.19. The transition map Mz : ié” — N9U 45 well-defined.

Proof. By Proposition every orbit converges to a horizontal asymptote {y2 = const.}

as ro — 0o. As initial points on ilzn have a negative ro-coordinate, each orbit will transverse the
set 129" which is orthogonal to the ry-axis. O

The following proposition gives the concrete form of the transition map M for starting points

on the special surface vo. It approximates also the transition map for points on i;n, which lie in
a neighborhood of 2. In the overall analysis we are interested in tracking R; N W?. Hence, the
following proposition additionally gives a description of the image k;o(M; (R; N & ?)) and the set

#in under the map My : i;ﬂ — 29" which is visualized in Figure .
out
Z:2

72

o (k12111 (R1)))

P2

Figure 4.5.: Geometry of the dynamics in chart K5 in the coordinates r2, p2 and y2.
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Proposition 4.20. Let
¢ = <7’q, 92, E2 s p2> S i;n N Y2

with rq < 0 uniquely defined by the property, that ¢ € fén N ~vy. Then the transition map
s : i;ﬂ — 9% has the following properties:

Ws(g) = <E 05+ — E2 — hy, <E> wod s, hy, <E> ,pZ) ,

where hy, <5> =—Q+n+0mn3) asn—0F.

(a) It holds

(b) Each neighborhood of ¢ is mapped diffeomorphically onto a neighborhood of Ma(¢). This
implies, that the transition map Mo :fén — X8Y has for a point (7“;, 05, #,pg) € i;n with
A, =15 — 14 the form

o <r§,¢9§, E2’p;> = <E,9§ + e s <E> + O(A,,) mod s, hy, <E> + O(Am),/ﬁ) .

(c) Wo(kio(ld; (R; N ME))) C X% is a smooth surface transverse to the hyperplane {p2 = 0}
of the form

S5 Ny = {(7’27927?42,/?2) €5 yp = hy, (é) } .

Furthermore, the image Mo(ri12(; (R;))) C X9% is contained in the exit set

out .__ out . i » P2 i P2
M'Q = {(7’2,9273127/)2) € 22 . hy2 (E) KEQRﬁ < Y2 < hyg (E) +KE2Rﬁ}

Proof. As all points in 33" have the ro-coordinate TE, the first coordinate of Ma(¢) is E By
Proposition “ the yo-coordinate of Wa(¢) is hy, (%), where

i

by, (U) = —Qo+1+ 01 asn — 0.

Using Lemma we can determlne the transition time 7% = 75(¢) of the map Wy for the
point ¢ € E . It holds

i

hy2 <E> = yQ(TQ) = yQ(O) =T = ﬁ —Th = Ty = ﬁ — hy2 (E) .

Using again Lemma (.13 we can determine the fo-coordinate after the transition time 75:

4

N ] i
QQ(TQ) = 92(0) + T =05+ ozl - hy2 <E> wmaod s.

As ph, =0, it holds p2(72) = p2(0) = p5 and the explicit formula for My (¢) follows.
By Theorem the flow map M2(¢) is a diffeomorphism, such that each neighborhood of ¢
is mapped diffeomorphically onto a neighborhood of W2(¢). Taking as an initial point

é:: <r2792aE27p2) 121’1’

the image under the map s has by definition the ro-coordinate ‘E and p5 stays fixed. As the 6o-
and the pp-coordinate decouple, only the distance A,, :=rj — 7, in the ro-coordinate influences

54



the deviation in the ys-coordinate of My (¢) and Wa(¢). As Mo is a diffeomorphism, it holds for
the ys-coordinate

5
i

W (0) = Wa(0) + O (B = s () + O

Using Lemma the transition time 75(¢) is

i i i

e () + OB = 3 =70 = Ta0) = gz~ () + O(A)

and the fa-coordinate after the transition time 75(¢) is

02(7%(¢)) = 05 + ﬁ — hy, <‘E> +O(A,,) mod s
and the result of statement (b) follows.

For statement (c) we track R; N & ?. By Lemma we have that k;2(M; (R; N W2)) C ii;
is a smooth surface transverse to the hyperplane {p2 = 0} of the form

i i i
EIQHH’YQ = {(T27027y27p2) €Dy 13 = h7‘2 <.E2> y Y2 = E2}

as hp, (ﬁ) < 0. We now apply the transition map W2 of part (a) and obtain

i

Wo(kio(: (R N WH)) =25 Ny = {(7"2,92,y27p2) €Dy: 1y = ‘E’ Y2 = hy, (E)}

In Wo(kio(M; (R N ME))), 62 attains all values in R/(sZ), as the map Wy increases each initial
position 05 € R/(sZ) by the constant term ﬁ — hy, ().
The image ki12(M; (R;)) is by Lemma a subset of the entry set

- - 1 P2 i P2
o= {(Tg,@z,y27/)2) ey hy <EQ> B ETRﬁ <712 < ha <E2> + EQRB}

We now apply the transition map M3 of part (b) with A,, =
lo(ki2(M;(R;))) is contained in the exit set

#75 and obtain, that the image

it = {(r2’92,y2ap2) €Tt hy, (l‘?> N K;EpT2R/8 < y2 < hy, (l‘?> +KEp22Rﬁ}

for some constant X > 0. O

4.3. Dynamics in the Exit Chart

In chart K3, we analyze the departure of the attracting Fenichel slow manifold S2 from the
non-hyperbolic circle S§. The following lemma transfers system (3.5)) into the coordinates of the
exit chart.

Lemma 4.21. In chart K3, the blown-up vector field is given by

Py = p3(1 = ys3),

03 = pses,

RS : (48)
y3 = —2p3ys(l — y3) — pses,
ey = —p3es(l — y3).
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Proof. From Lemma |3.8] we know that the blowup in chart K3 is given by

(Ta ‘97 Y, 5) = (p37 037 P%Z/i’n ,0353)-

Inserting this formula into system (3.5)), we obtain

=1y = py=p3(1 —ys3) = py=p3(1 —y3),

0 =¢ = 05 = pses = 05 = pses,

y =& = (p3ys) = —pies =y = —2psys(l —y3) — psed,

=0 = (p3e3) =0 = &h = —p3es3(l —y3). O

The polynomial vector field of system (4.8)) has in each component the common factor ps, thus
we can desingularize the above vector field by dividing the right hand side of system (4.8)) by ps,
as explained Section 2.4l We denote the new time scale by ¢3 and have the relationship

pP3 dt = dtg.

Hence, the desingularized flow in chart K3 is given by

ps = p3(1 —ya),
9, = &3,
, , , (4.9)
yz = —2y3(1 — y3) — €3,
8% = —53(7. —_ yd)

To analyze this system, we define the rectangular box
D3 = {(p3,03,93,63) ERXR/(SZ) x RxR: 0< p3 < R, 0<e3 < FE},

where FE and R are the same positive constants used in charts K; and K. The hyperplanes
{ps = 0} and {e3 = 0} are invariant in system (4.9). As 05 is constant in the hyperplane {e5 = 0},
the ys-axis defined by {ps = 0,65 = 0,e3 = 0} is also invariant under the flow of system (4.9).
The desingularized system contains the plane of equilibria

{(p3,63,y3,63) € D3 : y3 =1, e3 =0}

and the circle of equilibria

c:={(p3,03,y3,63) €D3: p3 =0, y3 =0, e3 = 0}.

Lemma 4.22. The circle ¢ of fized points ¢ in system (4.9) is hyperbolic in the p3-, y3- and
es-direction and non-hyperbolic in the Os-direction with the following eigenvalues:

(a) \i =1 with eigenvector (1,0,0,0) corresponding to the flow in the hyperplane {e3 = 0}.
(b) Ao =0 with eigenvector (0,1,0,0) corresponding to the circle ¢ of equilibria.

(c) A3 = —2 with eigenvector (0,0,1,0) corresponding to the flow on the ys-azis.

(d) A\ = —1 with eigenvector (0,0,0,1) corresponding to the flow in the hyperplane {ps = 0}.

Proof. The linearization of system (4.9 at the circle of fixed points ¢ is given by

I—ys 0 —ps 0 10 0 0
, 0 0 0 1 \ 00 0 1
J (pdu 035 Ys, 53) = 0 0 4y3 — 92 _352 = < (C) - 0 0 -2 0

0 0 e —l+ys 00 0 -
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J () is an upper triangular matrix, consequently it has the eigenvalues \; =1, Ay =0, A3 = —2
and A\, = —1.

The eigenvector to A; = 1 is (1,0,0,0) and corresponds to the flow in the hyperplane {e3 = 0}:
taking an initial condition on ¢ + pu(i,0,0,0), || small in system only leads to changes in
the ps-coordinate. The flow is therefore part of the invariant hyperplane {e3 = 0}.

The eigenvector to Ay = 0 is (0,1,0,0) and corresponds to the circle of fixed points ¢: taking
an initial condition on ¢ + p(0,1,0,0), |u| small in system only changes the angle 03. The
new initial condition is again a fixed point on the circle c.

The eigenvector to A3 = —2is (0,0,1,0) and corresponds to the flow on the ys-axis: taking
an initial condition on ¢ + p(0,0,1,0), |x| small in system only leads to changes in the
ys-coordinate. Thus, the flow stays on the ys-axis

The eigenvector to A, = —1 is (0,0,0,7) and corresponds to the flow in the hyperplane
{ps = 0}: taking an initial condition on ¢ + ©(0,0,0,7), || small in system leads to
changes in the 6s-, y3- and e3-coordinate. As the ps-component is not influenced, the flow is part
of the invariant hyperplane {p3 = 0}. O

The following lemma connects the special surface v of chart Ko with the circle of fixed points

c of system

Lemma 4.23. The part of the special surface o lying in the hyperplane {p2 = 0}, converges in
the coordinates of chart K3 in the hyperplane {p3 = 0} to the circle ¢ as r9 — oo, where it is
tangent to the vector (0,0,0,1).

Proof. By Proposition and Remark [4.15] 42 has in the hyperplane {ps = 0} the expansion

(12,02, p2,€2) = (T2,92,90+L+O<‘3> »0> as ry — 00,
(] ry
where 6, € R/(sZ). Applying now the coordinate transformation ko3 of Lemma [3.9] we obtain
for the expansion of 5 in the coordinates of chart K3

Q1 I\ i

(/737937%753) = <07937_2+3+O<5> 7) as ro — 00,
3 T’Q s T2

where 03 € R/(sZ). In the limit ro — 0o, 72 N {p2 = 0} converges to the circle of fixed points c.

Taking partial derivatives with respect to r2 in the expansion above, we deduce that y5N{p2 = 0}

is tangent to (0,0,0,1) in the limit 79 — oo. O]

We aim to analyze the evolution of the center manifold &7, introduced in the analysis in
chart K;, under the flow of the blown-up vector field. In chart Ko, M7 corresponds to the
special surface o for ro € (—o0, co] with some constant ¢ > 0. By Lemma , y2 N {p2 = 0}
converges in chart K3 to the circle of fixed points ¢. This implies, that parts of the blown-up
center manifold W7 come close to the circle of equilibria c. Thus, in the following we will analyze
system close to the circle c.

For that purpose we use the fact, that the system in ps, ys and e3 decouples from the 60s-
coordinate in system . Thus it is sufficient, to first analyze the dynamics in the coordinates
p3, y3 and e3. By Lemma.22] these three coordinates corresponds to the hyperbolic directions of
the linearization at the circle of fixed points c¢. The Hartman-Grobman Theorem guarantees
the existence of a continuous transformation between the flow and the linearisation of system
. To make statements about the expansion of the flow, we need at least a C* coordinate
transformation between system and its linearisation. For the hyperbolic eigenvalues of the
linearization at the circle c it holds Ay = A\; + A3. The phenomenon, that one eigenvalue is the
sum of two other eigenvalues is called resonance. Due to the resonance in system tandard
results on the existence of local C* linearizations such as the Belitskii Theorem [A.10| do not
apply. Hence, we analyze system directly in the following.
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First, we transfer the outgoing set Zg‘“ as well as the images of R; N &7 and R; under the
transitions maps }; and My from chart K9 to chart Kg.

Lemma 4.24. The exit set ¥ of chart Ko maps under the coordinale transformation ka3 given
in Lemma to the entry set

Eén = {(pg,ag,yg,&),) S Dg E3 = E} .

Furthermore, the image ka3(X5"NY2) = kog(Ma(ki2(M: (R; N MF)))) C B8 is a smooth surface
transverse to the hyperplane {ps = 0} of the form

i

Ka3(E5" N ) = {(P3,93,y3,€3) €Y. y3 = E%hy, <E> } )

The exit set WU which is a superset of the image Mo (ri12(4; (R;))), maps in chart K3 to the
entry set

an . in . 12 [ . P3EB 2 i _psEp
m'?’m — {(7“2792,1/2,,02) € Z:Z’,n B hr2 <E2> - K R < Y3 < F hr2 <E2> + K 7

for some constant K > 0.

Proof. 5" is defined as

oo = {(T2,92,y27P2) €Dy: rg= ‘E}
= {(rg, 09,92, p2) ERXR/(SZ) x Rx R : 19 = E 0<ps < RE}.

With the coordinate transformation ko3 given in Lemma [3.9] we obtain:

p3 = para = 0<p3 <R,
93 = 92 = 03 c R/(SZ),
Ys = y27”2_2 = 1y €R,
€3 = 7‘2_7 = e3=F.

The image X3" Nye = Wa(ki2(Md; (R; N&?))) has by Proposition the additional constraint

Y2 = hy2 (E)
and the exit set WU has the additional constraint
1 L P2 I )
for some constant £ > 0. By Lemma [3.9] the first constraint transfers to

Yo = E2hy2 <E>

where the function hy, (r2) is defined in Proposition Due to the relationship ps = Epg, the
additional constraint in the ys-coordinate of Wé’“t becomes in chart K3

i N Epg, 1 . Ep3
2 — ) —Kk=EEp<ys < E? — —_
Ehy2(E> K’R,B_yg_EhyQ(E)—i-KR

for some constant X > 0. ]
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Based on the last Lemma, we use in chart K3 the entry set
il:in = {(/3379&93,53) S DS Y3 € [_Va V]? £3 = E}

with some positive constant v < 1. For E and S sufficiently small, it holds that W?i)n C §13n7 such

that it is sufficient to consider only initial conditions in the entry set ign in chart Ks.
Additionally, we define the exit set

S = {(p3,03,y3,23) € D3 : p3 = R, y3 € [-v,v]}

with the same positive constant v < 1 as in the entry set il‘n To prove Main Theorem (1}, it is
important to notice, that the exit set 3" in chart K3 is part of the exit set A2 in the original
coordinates.

Lemma 4.25. The exil set 3% of chart K3 is a subset of the exit set A" in the original
coordinates.

Proof. We recall, that the exit set A% is defined by
AR = {(r,0,y,e) €Dy: r=R, e < ER}.
The coordinate transformation for chart K3 is given by Lemma [3.8
(’I”, 65 Y, 8) = (p37 937 ngd’ pded)

We deduce that r = R < p3 = R. From this equality also the equivalence of the inequalities
e < ER & e3 < E follows. The constraint y3 € [—v,v] transfers to y € [—R?*v, R?v] and
0 € R/(sZ) < 05 € R/(sZ). Thus, X" written in the original coordinates is a subset of the exit
set Aout, O

The geometry in chart K3 is shown in the coordinates ps, y3 and e3 in Figure[£.6] Furthermore,
the transition map in the exit chart is visualized, which will be determined in the following.

€Ag R23(H2(%12(H1(R1)>))

Y3 —

14
»out P3

=y

Figure 4.6.: Geometry of the dynamics in chart A3 near the circle of equilibria c in the coordinates ps, y3 and e3.
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We denote by M3 the transition map from fgn to X3, To obtain a formula for i3, we simplify
the desingularized system (4.9) with a second positive transformation of time by dividing the
right hand side through 7 —y3. Due to the restriction y3 € [~v,v] in X3 with 0 < v < 1 it holds
ys # 1 and the positive transformation of time is possible. We denote the new time scale by 3
and have the relationship

(7 — yg) dtg = dfg

Hence, the system we consider in the following is given by

P = p3,

€3

/

93: P )
L —Ys3

, (4.10)
;o €3
y3 - _2y3 - 3 o

A

gy = —e3.

The following proposition gives the concrete form of the transition map 3 : iio,n N{p3 >0} —
9" for positive values of the initial condition pf.

Proposition 4.26. The flow of system (4.10) has the following properties:

(a) For E > 0 sufficiently small, the transition map LES i;nﬂ {p3 > 0} — 9% is well-defined
and has for an initial condition (p§,05,y%, E) € X5 N {ps > 0} the form

* * * * * * p*
US(IO37 937y37E) = (Rv h93(p3)7 hys(p?n y3)7 R3E>
with i} .
hoy(p3) =605 + E — EB 0 ((p§)3 » (;)) wod s
R P3
and )
* % * p* *\3 1 I
hys (p3,y3) = (43 — ES) (E?) +0 <(P3)3““ <*>> .
v J

(b) The solutions in the p3- and e3-coordinate with initial conditions p3(0) = p} and €3(0) = €3
are given by

p3(ts) = pse's,  e3(f3) = ehe™ '3,

for ts > 0.

Proof. We consider an initial condition (p3, 03, y3, E) € ilgn N{ps > 0}, which gets mapped after
the time 73 to a point (R, 00,Y0,€0) in the hyperplane {p3 = R} by the solution (ps, 03, ys, e3)(t3)
of the system . We will now work out 8,, y,, €, and the transition time 73 as functions of
the initial condition (p3, 65, y3, E) and the value R of the ps-coordinate. Furthermore, we show
that (R, 05, Yo, c0) € 5", such that the transition map is well-defined.

First, we consider the vector field obtained from system by neglecting all higher order
terms in O(esys) in the O3- and in the y3- equation:

Pg = pP3,
9/ = &3,
’ , (4.11)
Yz = —2y3 — €3,
€5 = —e3,

60



The solution of system (4.11)) with initial condition (p3, 65, y3, E) is given by

p3(ts) = p3e’?,

O3(t3) = 03 + E — Ee™™,

y3(*3) — (yg _ E3)€_2t3 —|—E3€ 3t3’
83(~3) = Eeﬂ%,

where we consider 65 as a variable in R during this proof. The requirement p3(73) = p:”;eﬁ =R
leads to the transition time
&, (R
L3 =N — 1,
P3

which is finite, as p3 > 0. It follows, that
— 0 (T) — 6 P3
90—93(1,3) —93+E—ER

— (M) = (3 — B () + B3 (2
€p = 53(?3) = E%’
Now, we aim to obtain a solution of system (4.10)), which solves the 63- and ys-equations
including the higher order terms. The equations for p3 and e3 are the same as in system (4.11)),
therefore we already determined their solutions. Plugging them into the 63 and y3 equations of

system (4.10) leads to

Ee*’g?’
95) = 1 Y
L= Y3
E36—3f3
Yz = —2y3 — —

L—=Y3 '

As g, = E%, the condition 0 < g, < F in £3" is fulfilled. By definition, we considered a
final point with pz-coordinate R and it holds 6, € R/(sZ). In X%, the initial y3-component is
restricted to yi € [—v,v]. As for E sufficiently small it holds

yé|y3:—y > 0 and yé|y3:y < O,

such that the interval [—v, V] is invariant under the flow in the ys-component. Hence, the tran-
sition map M3 is well-defined.
To solve the ODE for y3, we introduce a new variable z, depending on t3 by setting

y3(f3) = (3 — E° + z(f3))e 2 + E%e™7'3.
Differentiating the ansatz for y3(f3) and using p3 = p§et~3 leads to the following ODE in z,:

oo wEeT™™ By

I —ys (1 —y3)p3

with the initial condition z,(0) = 0.
By assumption, we consider a smooth solution (p3,03,y3,3)(t3), which exists at least until
the transition time 73 > 0. As z, is continuously differentiable, the right hand side of the ODE

for z, is continuous and therefore bounded for t3 € [0, %3] Hence, a constant £, > 0 exists, such

that
ys B3

(I —y3)ps3

2| = 5 |— < p3ky for &5 € [0,73].
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It follows, that

12 (05)] < /0 S ldE < iy for Ty € 0,73,

such that z,(3) € O(p4ts). Using the formula for the transition time 7% leads to

(70 = 07 = O (s (p)) .
3

Changing the variables back to y3 results in

ys(7s) = (45 — B+ 2,(7y))e 2 4 B

-t (§) oo ().

Similarly, we can now estimate the evolution in #5. To that end, we introduce a new variable
29 depending on t3 by setting

O3(F3) = 05 + E — Be™™ + z5(%3).
Differentiating the ansatz for 03(3) and using p3 = p3et3 leads to the following ODE in zy:

o yEe™™ _ ysEps
T T -y (L —ys)ps

with the initial condition z9(0) = 0. As ys(t3) € O ((p})?) for i3 € [0,73], it follows zp €
O ((p5)?), because the remaining factors are continuous and therefore bounded for ¢3 € [0, 73].
Integrating leads to

W) €0(0) = aeo(wn (L)),

3

-

n (%). Changing the variables back to 3 results in

05(73) = 05+ E — BT 4 25(Ty)
:@+E—E%+OQ@Pm<

)

and the result follows. O

b‘u
W *

As the systems (4.8), (4.9) and (4.10) only differ by a positive transformation of time, their
orbits are the same. The result of Proposition [.26] ] only depends on the initial condition in

ign and not on the transition time. Thus, Proposition [4.2 n holds as well for the systems (4.8)

and ([4.9).

Remark 4.27. Allowing for infinite transition times, the map M3 has a natural smooth extension
to the hyperplane {ps = 0}, such that we consider from now on the extended map W3 : f;n — B9

By Lemma we know that

ko3 (W (k12 (W1 (R: N M7)))) = kaa(B5™ Ny2) = {(03793,%,53) € XY ¢ y3 = E%hy, (1:5> }

In order to determine the exact value of hy, (E)? the following lemma relates the solution of
the flow of chart K3 to the special surface o of chart K.
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Lemma 4.28. For the function hy, defined in Proposition it holds

hy, <jE> = —Q+E.

Proof. Suppose (0,05, 3, E) € ro3(33" N~y2) with 05 € R/(sZ) and yi = E%hy, (E) Consider
the y3- and e3-component of the desingularized system (4.10) in chart K3, namely
3
€
yé = —2y3 — - g )
— Y3

I8

/
63 — _53,

on the time scale 3. We can also obtain this system from the Riccati equation

€3 1 _ 2 - r_
TR ET=Ty Y= 5 - 5 = &= —1L+ts,
€3 €3 &3
y/ 6/ ]
3 3 _ .1 _ r_ 2
S 23 =Yp=—1 = yY3=2y3 — €3,
€3 €3

and desingularizing afterwards by multiplying the right hand side by f—‘q’yg We introduce now

the variable €3 := sg and obtain the system
€3
yé = _293 - 3 )
L=Y3

&y = —3&s.

As no resonance occurs in the two-dimensional system above, a C' coordinate transformation
y3 — y3; between the system above and its linearization near the fixed point (y3,&3) = (0,0)
exists by Belitskii’s Theorem The linearized ODE is given by

/ ~
Y = —2Y31 — s,

£y = —3€3.
The coordinate €3 is not changed, as the ODE in €3 is already linear. It holds
ys = y31 + O (53y3,83) = ys1 + O (e3y3,€5)

as before the linearization it holds

€3 - -
Y3 = —2ys — —— = —2y3 — £3 4+ O (E3y3)
I — y3
and after the linearization

Yz = Y3 + O (831, E3y3,6383) = —2y3; — E3+ O (83y3,,63) -

For an initial condition £3(0) # 0, we can parameterize the solution of the linearized system
in terms of £3. If the variable e3 has the initial condition £3(0) = E, then the variable &3 has the
initial condition £3(0) = E®. The solution in &3 respectively 3 is given by

53(53) = E3673£3 = 83(%3) = Eeigg.
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In y3,, the solution with initial condition y3;(0) = y3 is given by

o E3) 672{3 + E36*3£3’

W *

ys(t3) = (y

2
= y37l(§3) = (y§ — E3) E725§’ + €3,
= ysi(e3) = (v5 — E°) E7%c5 + €3,

Rearranging and taking the limit 3 — 0 leads to

-

(yE),k o E3) E*Q — 1 yh — ES) E*Q

™
o -,
LB
—~
W %

(y3.(c3) — €3) €57

18

™
w
(en)

-

ys(e3) + O (e3ys,€5) — €3) e5”

1E

™
w
o

2

-

1 ¥

ys(es)ez

0

Applying the coordinate transformation ko3 of Lemma results in

- y2(r2)
les)es® = 20213 = ()
2

Using now the expansion of the Riccati equation of Proposition yields

s 3\ pe? _ 5 ~2 _ . I I o LAY
(yS E )E gé§0y3(53)€3 T;m yg(’l“g) T;_‘)i‘ﬂ |: Qo—l- o +O <7"3>:| Qo.

—00 o0 9

Inserting y5 = E%hy, (‘E) leads to the result

(vi = E°) B = hy, <E> ~E=-. O

Finally, we can combine the last lemma with Proposition to obtain a description of
the image Ug(:‘igg(ngﬁg(F; (R; N N‘a))))) - Egut.

Proposition 4.29. The image M3(ro3(M2(ki2(M: (R N W1))))) C B is a smooth surface
transverse to the hyperplane {e3 = 0} of the form

{(P3, 03,y3,63) c ng Y3 = —9063 + 0O (82770(83))} .
Proof. By Lemma we know, that roz(Ma2(ki2(M; (R; N W?)))) C U is a smooth surface

transverse to the hyperplane {p3 = 0} of the form

kos(Mo(kio(M: (R N WT)))) = {(p3,93,y3,63) € Eisn D y3 = E2hy2 <]‘EJ>}
= {(P3,93>y3753) € Egn L Ys = _S20E12 + ES} ,

where Lemma is used in the second line. Applying now the transition map M3 of Proposition

[4.26][(a)] leads to
3(ko3(Ma(kio(M: (R N MT)))))

*\ 2 7 *
= {(P3,93,y3,53) eXg: Yz = —%@EQ + O ((03)37“‘ <*>> , €3 = pSE}a
R J2 R

where p3 is the initial ps-coordinate in fgn with 0 < p5 < R. In W3(koz(Ma(ki2(M: (R NWE))))),
05 attains all values in R/(sZ), as the map W3 increases each initial condition 65 by some additive
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constant term for each initial condition p3. In W3(ko3(Ma(ki2(M; (RN ?))))) it holds e3 = %E.
Hence 0 < e3 < F, such that

13 (kg (Mo (ko (M (R N W2)))))
N {(p3,93,y3753) eXgh: y3 = —9053 +0 (5§7m (é“)) } )
3

which is a smooth surface transverse to the hyperplane {3 = 0}. The result follows now with
the observation, that In (z7") = —In(z) for 2 € Rx. O

4.4. Proof of Main Theorem [1

In this section, we combine the results obtained in the charts XK;, Ko and K3 to prove Main
Theorem [I] In Section the existence of an attracting slow manifold S was shown by
Fenichel’s Theorems. To keep track of SZ, we defined for small constants E, R, and /3 the entry
section

AM = {(r,0,y)eD: re Jin oy = RQ}
with the interval

rin—{reRyy: -1+ 7| <8}

and the exit section
A" = {(r,0,y) €D: r = R}.

The transition map for the flow of all trajectories close to the attracting slow manifold S? is
denoted by 7 : A — A°U_In the three charts we studied the extended system

=12y,

o'=e (4.12)
/*—63, ’

g =0.

The attracting slow manifold S? is obtained as a section ¢ = const. of the attracting center-
manifold ¥? of system (4.12)). The existence of this attracting center manifold & was shown
in Section By Lemma [4.6] the entry set of the extended system

Al = {(r,0,y,e) €Dy: 1€ 1oy =R < ER}

with the interval . .
"= {TERZ,U: ‘—7 +E) Sﬂ}

transfers in chart K; to the rectangle

Ry = {(ri,0;,pie;) € | =1+

< B}
By Lemma the exit set of the extended system
A% = {(r,0,y,e) €EDy: r =R, e < ER}

transferred to chart K3 is a superset of the exit set X3". We denote by A the vector field
corresponding to the extended system with the transition map 7. : Al — A Ag
system is the normal form of the fast-slow LC fold extended by the equation ¢’ = 0,
the vector field as well as the transition maps m : A® — A and 7. : A" — A% of hoth
systems are the same in the first three components. As the vector field Af vanishes at the fold
limit cycle (0,6*,0,0), 6* € R/(sZ), a desingularized vector field A induced by the blowup
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transformation exists. This is analyzed in different charts by the transition map % : ¥i* — ngut,
which is defined as

UIZUgOHg;;OVQOK,;QOU;.

The geometry of the blown-up vector field A is shown in Figure To analyze the attracting
center manifold ¥?, we will study M (R; N W?) and then use appropriate blow-down transfor-
mations to obtain results about 7.(A" N &?). Going back to the normal form of the fast-slow
LC fold (3-10)), this allows us to prove Main Theorem [l| about the image m(A" N S2). We show
the existence of a constant g = EFR > 0, such that Main Theorem [I| holds for all ¢ < ey. Hence,
we can assume in the following, that the constants E, R and § are sufficiently small for all
statements made in the charts X;, K9 and K3.

To prove part (a), we consider the set R; N M7 in chart K;. By Proposition .29 [(a)] it
follows, that M(R; N W?) = M3(ka3(Ma(ki2o(M; (R; N M{))))) is a smooth surface transverse to
the hyperplane {e3 = 0} of the form

{(p3,05,y3,¢3) € B§™ ¢ ys = —Qoe3 + O (5 1m(e3)) } -

We apply now the blow-down transformation of Lemma [3.8] given by € = e3p3 = e3R and
y = pay2 = R%y in 2$" and obtain

hy(e) = —Qoe® + O (¥ 1n(e))

for the y-component of m.(A" N &?) in the exit set A%, As W (R; N M?) is transverse to the
hyperplane {e3 = 0}, m.(Al" N &?) is transverse to the hyperplane {¢ = 0}, such that we can
restrict the result to a section € = const. to obtain the assertion for the image (A" N S2) in
Main Theorem [I| The constant €y is specified by Proposition

As the 6-coordinate decouples in system , we can track the evolution in 6 separately.
The ODE 0" = ¢ with initial condition 0(0) = * € R/(sZ) has the solution

O(t) =0" +et mod s.

If we consider 6 as a variable with values in R, we can determine the transition time of the
map 7 : A™ — A% with help of the evolution in the f-coordinate.

Figure 4.7.: Geometry of the dynamics of the blown-up vector field £ .
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In chart K, the initial condition 6(0) = 0* € R/(sZ) transfers to the initial condition 6; (0) =
0* € R/(sZ). By Proposition {4.11} the evolution of the #;-coordinate is given by

1 1
i i

()2 B2

W9, (07,67) =07 + wod s,

i

where €% is the initial condition in &; in ¥i". By Lemma , it holds € = e} R, as p! = R in Xi",
such that we obtain for 94 € »9ut:

Transferred to chart Ko, it holds O := k;9(09") = 09", As we track points on the center
manifold %?, which lie in chart K9 on the special surface 7, it holds by Proposition

oo 1 . R? 1
egutEQQ —|—ﬁ—hy2 <E>:0 +€72—hy2 <E> mods,

which is by Lemma equivalent to
RQ
05" = 60"+ — 4+ Qo — E  mod s.
€

Transferred to chart K, it holds 0 := ko3(631%) = 03", Applying now the transition map 3

in chart K3 leads by Proposition to

05" =0 + E — EZ 1o ((p§)3 » <‘*>)
R P

ze*+52+90—E’i§+0 (p5)2 1w - wod s.
€2 R Jo

By Proposition , it holds e3 = E% in ¥3", such that

R2
031 =07+ = +Q — 3+ O (cfin(es)  wod s,

because In (y;_7) = —In(zx) for z € Ryo. With the blow-down transformation € = e3p3 = e3R in
¥9U it follows
* R2 € 31
ho,(e) = 0" + =) + Qo — 7 + O (e°In(e))  mod s.

As we did not simplify the occurring terms for § modulo s, the transition time for the map 7
is given by
ho,(e) —60*  R® Qo 1 9,
and part (a) of Main Theorem (1| follows.
To prove assertion (b), we use Proposition and infer that ; (R;) is a wedge-like region

around M; (R; N W?) of width O <e»rp (3(370)3» for some negative constant ¢ > —2. As the

coordinate transformations k;o and ko3 as well as the transition map Mo are diffeomorphisms
restricted to the sections X9, ¥ and 39" respectively, it follows that

ri3 (M2 (r12(M1 (R ))))
is again a wedge-like region of width O (ex/p (ﬁ)) for some negative constant ¢ > —2 around

ex
1

ko3 (Mo (ki2(M: (R N WT)))).

67



The exponential contraction in the r;-coordinate in chart K; transfers to an exponential con-
traction in the rs-coordinate in 212“. The map Mo transfers the exponential contraction to the
yo-coordinate in X9, which results in an exponential contraction in the ys-coordinate in Egn,
and consequently also in an exponential contraction in the ys-coordinate in 3. Hence, 1 (R;)

is a wedge-like region around M (R; N W?) of width O (e»r.p (3(?70)3» for some negative constant

¢ > —2. Applying now the blow-down transformation € = p;e; = Re; for points starting on it
results in the exponential contraction property for the y-component of the map 7. Consequently,
the expansion of the function hy(e) is valid for the y-coordinate of all points in m(A™). O
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Chapter 5
Analysis of the Discrete Fast-Slow Fold

In this chapter, we analyze the Poincaré return map of the fast-slow fold of limit cycles with
normal form . These results can then be transferred to the discrete fast-slow fold singularity
with the normal form . The embedding of the discrete system in the higher dimensional
ODE system is defined in Section [3.I] We replicate the structure of the analysis of the continuous
case and use many of the results obtained in Chapter [

Section starts with the analysis of the dynamics in the entry chart. In Section expo-
nential contraction in the r-coordinate is observed in the rescaling chart. In contrast to that, the
exponential contraction in the continuous case was observed in the y-coordinate. This difference
relies on the discrete time scale of the Poincaré return map. In Section [5.3] Main Theorem [2] a
local theorem for the normal form of the discrete fast-slow fold singularity is proven. It
characterizes the dynamics visible in chart £; and K9 and maps the flow from the entry section
A% to an e-dependent exit set A%ut.

In the exit chart, we characterize the loss of well-definedness of the Poincaré return map, which
was already indicated by Lemma These results allow us to prove Main Theorem [3] which
transfers the findings to the blown-down vector field.

5.1. Dynamics in the Entry Chart
The blown-up vector field in chart K; is by Lemma [{.1] given by

/ 1 2 i 3
vy =pi(l —ri) + 5pieir,

2
9; = pici,
; 5.1)
L 2.3 (
= —— «E«’
pA 2pl i
/ i 4
E1 = = 78«’
i 2p i

on the time scale t.
To analyze the normal form of the discrete fast-slow fold singularity (3.11]) in the entry chart,
we explicitly calculate the Poincaré return map. The Poincaré section in chart K; is defined as

P, ={(r1,01,p1,e1) € Dip: 0; =0},
where
D p = {(T:,H;,p;;,sy) ERxR/(SZ)xRxR: 0<p; <R, 0<¢&; < E(I —SEQ)—%},

as 6 = 0; by the coordinate transformation of Lemma [3.9] Applying the coordinate transforma-
tion does not change the dynamics in the 0;-coordinate, such that the Poincaré section P; is hit
by the flow of system (5.1)), if 6; (¢) = 0 maod s. Considering 6; as a coordinate with values in R,
P; is hit for the n-th time if 6; () = ns with n € N>;.
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In Section 4.1} we simplified system (5.1)) and analyzed the desingularized system

1
ry=r; — 1+ 55?7“;‘,
9{ =¢&i1,
H 5.2)
/ - 3 (
g = — = ]81’
Pi 2P 1
/ i 4
g1 = 7517
i 2 i
on the time scale t; defined by
pPi dt = dt; .

We consider initial conditions on the Poincaré section, which are part of the entry set
21‘1?7; = (T;,H},p;,éx) S D]7'P 2 0; =0, pr = R, e; < E} = 22“(1{0; = 0}
To study the attracting slow manifold 4, we introduce the rectangle
Rip={(r1,01,p1,61) €SPp 1 | =1+ 15| < B} = R N{0; =0}

with the constant 3, which defines the interval /™ of the entry set A?’lp in the original coordinates.
We choose the constants F, R and 8 in such a way, that Ziffp NW}CRip.

Lemma 5.1. The rectangle R; p in chart K; corresponds to the entry set AZLP in the original
coordinates.

Proof. We recall, that the entry set Ai;}p is defined by
ASP = {(T,H,y,é) eEDy: rel™ §=0y=R? c< E,R}

with . ,
1= {reRenys |1+ | <8},
which corresponds to the entry set Ai.n with the additional constraint 6 = 0.
By Lemma , the rectangle R; in chart X; corresponds to the entry set A in the original

coordinates. Consequently, the rectangle R; p = R; N {#; = 0} in chart K; corresponds to the
entry set Al'p = A" N {0 = 0} in the original coordinates. O

The following Lemma transfers the condition 6; (t) = ns with n € N>; for the n-th hit of
the Poincaré section P; from the time scale ¢ to the time scale ¢;, such that we can calculate
the number of returns to P; as well as the corresponding transition times in the desingularized

system (5.2)).

For that purpose, a special notation of rounding down brackets is introduced.

Definition 5.2. The brackets |-|. are defined as

(2], = r—1 ifxel,
T e ifreR\Z

such that it holds |x|. € Z and |z |« < x for all x € R.

Lemma 5.3. For E < s~ 2, the flow of the system (5.2)) with initial condition (7,0, R,e7) € E?’fP
hits the Poincaré section P;

times. The n-th return time Tp, (n) withn € N, I <n < &;(e7) to the Poincaré section P;, is
given by
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Proof. We desingularized the flow in the entry chart by applying a non-linear, positive trans-
formation of time by dividing the right hand side of system by p;. The desingularized
system has the same solution curves, passed through on the new time scale ¢;. Theorem
provides a formula for the solution curves of system ([5.1)) on the time scale t, if the solution
curves in the desingularized system on the time scale t; are known.

Using the notion of Theorem the function B : J — R is defined by

teo
B t;) = — = dt,
( ) /0 pi (E)

where p; (t;) is the solution of the p;-component of the desingularized flow (5.2) and J C R is
the interval of definition with 0 € J. With the explicit solution for p;(¢;) given by Lemma

we obtain
5 AN B —%d, 1 3 g\
t) = _ 2% Fe 1= (1= 23
= Rg;<<<€;«>3 2) R < (&7) >

fort; € J = [O, ﬁ) Even though B(t;) is well-defined for ¢; = ﬁ, we exclude this point

from the interval J to have well-defined solutions in all coordinates of system (5.2)), see Lemma
Furthermore, by Theorem |A.8, B is invertible on its range X = B(J) = |0, m) Its
inverse B~' : £ — J is given by

B! (t) =

eI (1 — (- R(e}k)gt)%> .

If v(t;) solves the desingularized system (5.2), then (t) == v(B7*(t)) solves the singular
system (5.1)). Hence, it holds t; = B~ (¢).

When considering 6; as a variable in R, the Poincaré section P; is hit for the n-th time if
0;(t) = ns with n € N>; for the time scale ¢. Thus, we need to solve the evolution in the
0;-coordinate in the singular system . By Lemma it holds € = p;e; and € = 0 in system
, such that the product p;e; is constant in chart K;. Consequently, it holds in system (5.1)

9( = pig; = Rt?:«k
due to the initial condition p;(0)e; (0) = Rej. Integrating leads to
0:(t) = Reit maod s

for t € K. Combining this result with the condition 6; () = ns with n € N>; leads to
ns
Res

i

tp,(n) =

for the n-th return time to the Poincaré section P; on the time scale t. From this relation we
can determine the maximal number of returns &'; (¢7) to P;:

1 Re* Re* 7 7 i
te kK =0, ——— = = “tp, < ! = = W(EeH=|—].
© [’R(er>3> Pl e R =) L(e:)?L

i i

For E < s~2 and each e¥ € (0, E], the flow returns at least once to the Poincaré section P;, as

(i) = s(e¥)? = sE? 2 1.

4

By changing the time scale from ¢ to t; = B~'(t), we obtain for the n-th return time 7'p, (n)
to P; in system ({5.2)

Tp, (n) = B~ (tp (n)) = B~ (;‘j) _ 2 ( —( —ns(e}")z)%). 0

i
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Remark 5.4. By assuming E to be small enough, it holds for a fized constant s that £ < 5775,
such that returns to the Poincaré section P; are observed in the entry chart.

Given the return time 7p, (n) of Lemma we can determine for each initial condition in
R; p C X" the concrete form of the n-th Poincaré return map of system ([5.2)).

Lemma 5.5. The n-th Poincaré return map PP : E?’fp — R xR/(sZ) x R x R of system (j5.2)
has the following properties:

(a) For fized ¢ > —2 and constants E, R and B sufficiently small, the image of a point
(rf,0,R,e7) € Ri p under the map P is the point

P (7,0, R,ef) = (PP, (7, 0),0, R(1 = ms(e])?)3,e1(1 = ms(e1)?) 7).

with

Pl (,20) = oy (2106 = 1)) 2) 4.0 (s (7)),

7
i

where the function hy, is defined in Proposition[{.4 It holds

ey (550 = ns(e)?)75) = —1 = (1) + O (n(<)?)

(b) PP is an exponential contraction in the r;-coordinate with respect to the initial condition

oPP .
)
or; £}

7, 1.e.
for some negative constant ¢ > —2.

Proof. By Lemma [5.3] the n-th return time to the Poincaré section P; is

Tp (n) = 3(;)3 (7‘ — (1= ns(sf)2)g> .

Inserting 7'p, (n) into the solutions for the flow in the &;- and the p;-coordinate given in Lemma
A3 leads to

4

pi (T () = Bei ((5;)3 B ;)3(52*)3 <“ - (7‘ - ”3(5*)2)§>>3 =R (7‘ — ns(a*)2)5 )

As PP (rf,0, R,e¥) is a point on the Poincaré section P;, its 6;-coordinate is zero. For the
r;-coordinate we infer from Proposition 4.11] that

PIL,. (rf,e1) = hr, (&1 (T, (n)) + O (exp (<7, ()

where the function h,, is defined in Proposition and ¢ > —2 is some constant. The point
hr, (€: (T, (n))) on the center manifold &2 only depends on the e;-coordinate &; (7p, (n)),
whereas the remainder term R(r},e7) = O (exp (¢7p,(n))) can depend on the initial condition
r¥. Inserting the transition time 7'p, (n) leads to

no(A x (1 2\~ L 2c HON
Pl (20) = i (5566 = ms(e0)?)4) 4 0 (own (5255 (5 = G = st ) )
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L L0+ 0 () + O () (40 (n(e)))

+0 <e>:p (C:*S +0 (n267‘))>

(€2 + 0 (n(e3)?) + O <ex/p (C:5>> :

3
i

As only the remainder term R(rf,e¥) = O (exp (Tp,(n)))) = O (e»:;p <CE”S)) depends on r7,

it holds
oPr

1,r; cns
ot © (e»:'p < e* >> ’

such that there is exponential contraction in the r;-component of the map PJ* with respect to
the initial condition r} for a negative constant ¢ > —2. O

In Figure the image of the rectangle R; p under the first Poincaré return map P; is shown.
The ;-component of P} is monotonically increasing in the initial condition ¢} € (0, E], such that
the e;-coordinate of P;T’(R; 77:) is bounded by E(i — sE?)~z from above. From below, the ;-
coordinate of P} (R; p) is bounded by zero. By Lemma it holds yo = ;2 for the coordinate
transformation ;9. For €; — 0% it holds yo — oo. To define a suitable exit box in chart K7,
we need to bound the e;-coordinate of the rectangle R; p under the transition map in the entry
chart from below by a positive constant. This is achieved by defining the number n of iterates
of the Poincaré return map dependent on the initial condition e € (0, E]. In the following we

show, that a number of iterates n; (¢7) exists, such that P} (5?)(217“73) is a subset of the exit set
E??f; = {(T‘;,Qy,py,&) € D}k’p 10, =0, E<¢g; < E(Z — SEQ)_%} .

Given the number n; (e}) of iterates of the Poincaré return map, we define the transition map
W7 .3, — %2% in the entry chart to be ¥ = P;” (€5,

i

out
20 P

Figure 5.1.: Image of the rectangle R; under the first Poincaré return map P; in the coordinates p;, 7; and &;
for 6; = 0.
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Lemma 5.6. Let the number n;(}) of returns of a point (r},0, R,e}) € X% to the Poincaré
section P; be defined as

* 7 7 Bl
mE) = e e T

Then n;(e7) € N>; is the unique number such that
E <& (Tp (ni(e))) < E(1 — sE?) 2.
Hence 4T (Emp) C Z‘”% and the map WX = P}" () 4 well-defined.
Proof. Recall, that in Remark we assumed S@ > 1. The number n; (¢F) is well-defined, i.e.
it is less or equal to the maximal number of returns &; (¢¥) = {‘J :

s(e7)?

I8

L1 . i i i ) ] |
e €2 D= | ) P S R = = D)

1 1 1 i 1
g7 (e = | i< | = = ().
it e £ 2 mlE) L(aif)z sE2J+ < L(a?)? ‘J*‘ L@?)QJ (&)
(e7)

Inserting the definition of n; (%) in the ;-component of the Poincaré return map P;"
in Lemma [5.5] yields

& (Tp (3 (1)) = ( _ QS(E)Q - SEQJ +7,) s(g;fﬂ)_; .

As (1 — :1:)_5 is strictly increasing for « € [0,1), it holds

given

1 1 2 1
e1(Tp, (ni(e7))) < ef <7, — ( ' 7 T LB2 + 1) S(ET)2> =F (7, — SEZ) 2

as well as

i i

es (e > & (1 = (e - 533 ) 600 g

such that F < ¢;(7p, (ni(e7))) < E(I — 3E2)_7§. n;(ef) is the only natural number with this
property, as €; (Tp, (n; (e

i
*
3
i

))) is strictly increasing in n; (¢¥) and

as well as

i i

er 7 (s(ef) = ) <. (1 = (e - 53 ) 607 i

To show W7 (Elnp) C 20“72, it remains to verify the restrictions of the 6;- and the p;-

coordinate. Clearly it holds §; = 0 in W/ (E%;), as M7 is a Poincaré return map. The

pi-component of 47 (Emp) is by Lemma |5.5| given by

0< R(I — i (5)s(eH)?)2 < R,

i i

as 0 < ny(ef) < M (e¥) < —%. Hence, W7 (Z%;) C X% and the transition map 47 is

= s(e7)?

well-defined. O
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In Figure , the map W7 is visualized in the £;-p; plane. Dependent on the initial &;-

coordinate €7 in X35, a different number of iterates n;(e}) is carried out to obtain an image
k)

point with e;-coordinate in the interval [E, E(i — sE2)J§] The initial conditions in 1‘“7) with
the same number of iterates n;(¢}) are visualized in the same color. They divide the entry
set Elfjp in the €;-p; plane in half-open intervals, in which the same number of iterates of the
Poincaré return map are applied to the initial conditions. Their respective images in EO% are
represented by the same color.

€1
2y — L
E(1—sE%) 2
E
> 0]
R
Figure 5.2.: The transition map K7 in the £;-p; plane for §; = 0. The image of interval is shown in the same

color as the interval itself.

The three-dimensional exit set Z?“f; is visualized in Figure in the coordinates 7;, p; and
g; for §; = 0. Compared to the three-dimensional exit set 39" of the analysis in Section
the €;-coordinate is not restricted to the value E, but 6; is restricted to the value zero. Hence,
%" N {0; = 0} is a face of X9%.

/‘7‘
4
)

1

P1

Figure 5.3.: The transition map M! in the coordinates p:, r: and &; for §; = 0.
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In the following proposition we collect all important properties of the transition map 47 in
the entry chart.

Proposition 5.7. The transition map W : Ef’}p — Zf’}% of system (5.2) has the following
properties:

(a) For fized ¢ > —2 and constants E, R and [ sufficiently small, the image of a point p =
(r1,0, R,e7) € R; p under the map V?) 18 the point

W (0, R, e7) = <]7fm (r¥,€7),0, EE;

d H(1— (1 =61 (0)sE?)2, B(I — (1 — 6 (a;%))sE2)’2> :

with

It holds that
; 2
WP, (5 0) = he, (BG —6:(e)sE?)3) +0 (o <3<>3>)

s a smooth function with respect to the initial condition ri, where the function h,, is defined
n Proposition |4.4]
(b) W7 is an exponential contraction in the r;-coordinate with respect to ¥, i.e.
o) i

ro . 2c
ot ‘O<e“p<3<s?>3>>

for some negative constant ¢ > —2.

(c) The image T (R; p N W) is a union of smooth curves contained in the two-dimensional
set
E‘«O% N N;a = {(?";,9;,,07,67) c E?% 1y = hr; (67)}.

Furthermore, the image W1 (R; p) is a union of smooth surfaces contained in the three-
dimensional set

W= {5, 0,pr.50) € D% s by () = TB < i <y (6) + B8

Proof. The 0;-component of W7 (p) is zero, as W7 is a Poincaré return map. To determine the
p:- and the e;-component of 47 (p), we define

7 1
! i

— - i d1,.
s(ef)?  sE ot

. i 1 .
n;(e7) = W_sﬁ +1i

of the map W7 = P" ) in the formula for Pi(p) given in Lemma , we obtain

P * 4 i i 1 *\2 é
E9S (e) =R <‘~ - <L(€*)2 - SEQJJF‘) s(e7) )

] 1 3
— ] _ — 4] =5 (e )2
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and

For the r;-coordinate we infer from Proposition |4.11] that

*

67, (€)= PV €)= hyy (21 (T (0 (€0))) + O (exp (T (n3 (1))

i

where the function h,, is defined in Proposition and ¢ > —2 is some negative constant. The
point Ay, (€;(7p, (n;(g7)))) on the center manifold 4?2 only depends on the g;-coordinate given
by €; (7Tp, (n:(€7))), whereas the remainder term R(r},e7) = O (exp (¢7p, (ni(e7)))) can depend
on r;. The function .Vﬁr: (rf,e¥) is a smooth function with respect to rf, as the transition time

does not depend on the initial r;-coordinate. From the calculation of Uﬁs _(€7), we deduce that

&1 (T, (s (1)) = (1 — (1 — 8(c1))sE) 2.

WP, (rief) = hy, (E(l — (1 =6 (e)sE2) ") + O (e»rp <3<§C)3 (7 — (1 —n (57)5(5;)2)2)»

i

= hy, (G~ G = 8:(D)sE*) ) 40 <e»:p (3(;5)3» .

As only the remainder term R(r},ef) = O (exp (¢Tp, (ni(e7))))) = O (e»:p <3(§§)3)> depends

i

on r; and the function Vﬁr (rf,et) is smooth with respect to rf, it holds

a]z,?r, 2c
o = © (" <3<5;>3>> ’

such that there is exponential contraction in the r;-component of the map W7 with respect to
the initial condition r} for a negative constant ¢ > —2.

As the center manifold W? is invariant, 47 (R; » N W?) has the r;-coordinate h,, (¢;) with
E<e <E(- SE2)7I§, because £ < ¢; < E(I — SEQ)JE in the exit set X9%. R; p N W7 is a
one-dimensional object, hence M7 (R; pN &%) is a one-dimensional subset of the two-dimensional
set

E?%ON‘?‘: {(’F;,G;,p;,&;) 62?%17’7 :hrr(é‘y)}.

Due to the £3-dependent number of iterates, the image 7 (R; N4 ?) is disconnected. This can
be observed in the transition map in statement (a) by the piece-wise continuous function 6; (7).
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As the center manifold &? and the flow of system are smooth, the image M7 (R; pN W?) C
E?j% is a piece-wise smooth curve.

For the last statement, we consider the image of the rectangle R; p under the map WP, As
the evolution in the 6;-, p;- and €;-coordinate do not depend on the initial condition 7}, the
additional expansion in the r;-coordinate of R; p only influences the 7;-coordinate of the image
" (R; p). Due to the exponential contraction in the 7;-coordinate, which is stronger than a
linear contraction, W7 (R; p) is a two-dimensional, non-connected, piece-wise smooth subset of
the set

‘;59: < hy, (e1) +

WS = {(7“:79:&:,67)62?%ihr;(e?r)— pRﬁ} 0

Remark 5.8. The formula for the transition map W; given in Proposition and for the
transition map 4T given in Proposz'tion only differ by the additional term (i —d; (7)) € (0,1].
This leads to an expansion in the €;-coordinate in the discrete case, but the 0;-coordinate is
restricted to zero. The exponential contraction property in the r;-coordinate is the same in the
continuous and the discrete case.

5.2. Dynamics in the Rescaling Chart
The blown-up vector field in chart £ is by Lemma, given by

rh = pa(r3 — 12),

0, = o,

2= (5.3)
Yo = —pP2,
py =0,

on the time scale t.
To analyze the normal form of the discrete fast-slow fold singularity in the rescaling chart, we
explicitly calculate the Poincaré return map. The Poincaré section in chart K is defined as

Py = {(r2,02,y2,p2) € Dyp:by = 0},

where
'ng) = {(7“2,92,3/2,,02) eR x R/(SZ) XRxR: 0<py < ER},

as 6 = 63 by the coordinate transformation of Lemma [3.9] Applying the coordinate transforma-
tion does not change the dynamics in the 0s-coordinate, such that the Poincaré section Ps is hit
by the flow of system (5.3), if 62(¢) = 0 maod s. Considering 65 as a coordinate with values in R,
P, is hit for the n-th time if 65(t) = ns with n € N>;.

In Section [£.2 we simplified system (5.3) and analyzed the desingularized system

/o2
g =Ty — Y2,

0y =1,
/ | (5.4)
Yo = — i,
py =0,
on the time scale to defined by
P2 dt = dtQ.

As po is constant in chart Ko, it additionally holds 2 = pof. In the rescaling chart, we consider
initial conditions in the exit set l%."ﬁl;;t C Z?% transferred to chart K.

Lemma 5.9. The exit set 20“73 of chart K; maps under the coordinate transformation ki2 given
in Lemma to the entry set

4
I8

. 1
Yy = {(7”2,927312702) €Dap: =0, 72 S <y2 < EQ}
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in chart Ko. Furthermore, the image K12 (V‘P(R; » N W) is a union of smooth curves contained
in the two-dimensional set

ngp Nye = {(r2,02,y2,p2) € 23,173 t 1o = hyy(y2)} -
The exit set lﬁ'ﬁ%, which is a superset of the image W (R; p) maps to the entry set

P2
E?R

‘”21,7%7 = {(T% 02,2, p2) € 23,173 b by (y2) —

where the function hy,(y2) is defined in Lemmal[{.16

P2
B<ra < hny(y) + 578}

Proof. The exit set X22% in chart K; is given by
E?% Z:{(T‘y,a;,p;,é‘;) S 'Dywpt 0; =0, E<eg < E(T —SE2)_I§}
:{(T;,Q;,p;,{:‘;) ERXR/(SZ) xRxR: 6; =0, 0<p <R, E<g SEU —SEQ)_%}.

Therefore we obtain under the coordinate transformation x;9 of Lemma [3.9

ry=rie;’ = ek,
o = 0; = 0y =0,

L 1 1
Y2 =& = ﬁ_SSyQSﬁJ
P2 = pi€1 = 0<p2<FER.

It holds y2 > 0 as we assume E < 52 by Remark The image W7 (R; p N W?#) is contained
in a set with the additional constraint

TA = hr; (61);
and the exit set W,O%t has the additional constraint
hei(e0) = BB < i < hy(e) + 28

By Proposition the unique branch of the center manifold &2 in {¢; > 0} corresponds to
a part of the special surface 2 in chart 9. Hence, the constraint r; = h,, (¢;) transfers in chart
K’Q to
Ty = h’?“z (92)7
where h,,(y2) is the ro-coordinate of a point on the special surface y2 dependent on its yo-

coordinate. Due to the relationships p; = p2y25 and ro = 7‘7577 = r;y%, the additional constraint
in the r;-coordinate of Wﬁ% becomes in chart Ko

hrz (yQ) - %/B <ry < hrz (y2) + % .

R R
With yo < ﬁ, we obtain
p2 P2
hey (y2) = o ph S 72 < P (42) + o
and the result follows. O

In Figure , the entry sets Ei;’lp and WQiflp are visualized in the 79-, y2- and pa-coordinates
for 65 = 0.

The following lemma transfers the condition 65(t) = ns with n € N>; for the n-th hit of the
Poincaré section P from the time scale ¢ to the time scale t9. Then we can calculate the number
of returns to P, as well as the corresponding transition times in the desingularized system (5.4))

for points in iznp, which lie on the special surface vs.
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T2

P2

Figure 5.4.: Geometry of the dynamics in chart K3 in the coordinates 72, p2 and y2 for 62 = 0.

Lemma 5.10. For E%(2s — ) < 1, the flow of the system (5.4) with specified initial condition
(r3,0,93,p3) € X% N2 hits the Poincaré section P

o Yy + 9 ’
Mo (yl) = {250J >

4

times. The n-th return time Tp,(n) with n € N, 1. <n < ¥5(y3) to the Poincaré section Ps, is
given by
Tp,(n) = ns.

Proof. We desingularized the flow in the rescaling chart by applying the linear time rescaling
to = pot with constant py by dividing the right hand side of system by p2. The desingularized
system has the same solution curves, passed through on the new time scale 5.

When considering 6 as a variable in R, the Poincaré section Ps is hit for the n-th time, if
02(t) = ns with n € N>; on the time scale t. Thus, we need to solve the evolution in the
f2-coordinate in the singular system . In system it holds 04 = py with initial condition
02(0) = 0. Integration leads to

O2(t) = pat mod s

for t € R>, as pg is constant. Combining this result with the condition 6(t) = ns with n € N>;
leads to
tr,(n) = =
2 p2

for the n-th return time to the Poincaré section P, on the time scale ¢.
By changing the time scale from ¢ to to = pat, we obtain for the n-th return time 7’p,(n) to
P, in system ((5.4)

Tp,(n) = pa— = ns.
P2

To determine the number of returns to the Poincaré section Ps, we solve the dynamics in the
yo-component in the desingularized system (5.4)):

Yy = —1 = ya(t2) = y5 — to.
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By Proposition [4.14] the orbit 5 approaches backwards asymptotically the horizontal asymp-
tote yo = —Qp from above as ro — oo. Consequently ya(t2) > —Qp and

ta = y5 — y2(t) < w3 + Qo.

For the maximal number of returns to the Poincaré section P, we therefore obtain

) 3+ 9 o y + 9
Tp,(n) =mns < y; + Qo = n< %2 . 0 = s (y3) = {yQSOJ .
Due to the restriction y; > E‘12 —sin Egjp and the assumption E?(2s — Q) < 1, it holds
o Y5 + o PR 10 )
a = > — 14+ —=| >1. O
2(y2) \\ s J*_ \‘3E2 o s *_ ‘

Remark 5.11. By assuming E to be small enough, it holds for a fized constant s, that E*(2s —

Qo) < 1, such that for each initial condition in 25”73 N2, returns to the Poincaré section Py are

observed in the rescaling chart. The condition is also fulfilled for s < %,

upcoming condition on s in Lemma[5.15

which 1s implied by an

Given the return time 7’p,(n) of Lemma we can determine the concrete form of the n-th
Poincaré return map of system (5.4)).

Lemma 5.12. Let .
¢ = (rg,0,y3 p3) € X5 N2
with yg € [ﬁ — s, ﬁ] and rg < 0 uniquely defined by the property, that ¢ € 23”’7) N ye. It holds
rg = r2(yq), where the function hy,(y2) is defined in Lemmal{.16 Then the n-th Poincaré return
map Py : 35 — R x R/(sZ) x R x R of system (5.4) has for n < &(yg) and E sufficiently
small the following properties:
(a) It holds
,Pg(a) = (hrz (y(i - ns)7 0,y — ns, P;) )
where the function h,, is defined in Lemma[4.16,

(b) Each neighborhood of ¢ is mapped diffeomorphically onto a neighborhood of P§(¢). This
means, that the transition map Py : Eé% — R x R/(sZ) x R x R has for a point

(r3,0,y4, p3) € ngp with A, =15 — s the form
P3 (12, 0,44, p3) = (hry(yq = n5) + O(Ar,), 0,95 — ns, p3)
as Ay, — 0.

4
i

(¢) For the entry set W2i7”p it holds for n < &5 (4 — s) and B sufficiently small:

p23
E2R

Py (WQM%J) C {(?”2,927.@27/)2) e Py (E%"P) © Py (y2) — K o

<y < hyys) + K 22 }

for some constant K > 0.

Proof. By Lemma [5.10 the n-th return time to the Poincaré section P, is 7'p,(n) = ns. Inserting
this time into the solution for the yo-flow given by Lemma leads to

y2(Tpy(n)) = yg — ns.

As the image under the map F%D is part of the Poincaré section Ps, the f2-component is zero. In
chart K, the dynamics in the pg-component is determined by pf, = 0, therefore pa(7p,(n)) = pi.
By Proposition [4.14] the special surface 7 is invariant and therefore the ro-component of Py (¢)
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is given by hy,(ys — ns), where the function h,,(y2) is the inverse of the function hy,(r2), whose
expansions are given by Proposition

For statement (b) we observe, that the f2- and the pa-coordinate decouple from the dynamics
in the ro- and yp-component. Hence, the §2-component of P3 (73,0, v, p5) is again zero and the
p2-component is p5. The flow in the ys-coordinate only depends on the initial condition and the
transition time, such that it holds again, that the ys-component is y; —ns. By Theorem the
flow map Ff is a diffeomorphism, such that each neighborhood of ¢ is mapped diffeomorphically
on a neighborhood of ¥} (¢). For A,, small enough, the n-th Poincaré return map W5 with
n < &f5(yg) is also well-defined for the initial condition (73,0, y4, p3), as the dynamics in the
Riccati equation only depends on ro and ys. Due to the diffeomorphic structure it then holds

Py (r3:0,5g, 2) = hry (Y5 — n5) + O(Ap,),

where hy, (y; — ns) is the ro-coordinate of the point on the surface v2 with the y-coordinate y;.
For statement (c) we apply the map of statement (b) to all points of the entry set Wénp,

which restricts the r9-coordinate to have at most the distance g to the special surface o in ro-

direction. For 8 sufficiently small, the n-th iterate of the Poincaré return map exists for all points
in WQIHP, such that P (W,7) is well-defined. Due to the diffeomorphic structure of statement

(b), a constant X > 0 exists, such that it holds for the r3-coordinate of Py (W mp>

P2 P2
hoy (y2) — KETRﬁ <1y < hey(y2) —FKEZRﬂ

for all y;-values in P (W3 ). O

In Figure the entry set W IP as well as its first few Poincaré return maps are shown in

the yo — 79 plane for po = ER. For ps = ER, the set W ’» has in the ro-direction its maximal
expansion.

Y2

Q

; ¢
Ca, é_

Figure 5.5.: Visualization of the Poincaré return maps P5 in chart K5 in the coordinates ro and y2 for p» = ER
and 62 = 0.
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To define a suitable exit set in Chart Ko, we aim to map all points of the entry set H.'Qinp
into the half-space {ro > 0}. The following Lemma guarantees the existence of a number
na(y3) € N>; of iterates of the Poincaré return map, such that the rp-coordinates of all points

in P;Q(yg) (W;%) is positive. We show, that for s sufficiently small, P;Q(yg) (Wi%) is a subset
of the exit set defined by

395 = {(r2,02,y2,p2) €EDap: 12>0, 6 =0, —Qp+ s <y < —Q + 2s} .

Given the number na(y3) of iterates of the Poincaré return map in chart Ko, we define the

transition map 4% : thfp — Zg% in the rescaling chart to be W} = P,? w3,

For the following Lemma we need to further restrict the constant s. To that end, we
introduce the constant ¥g > 0, which is defined to be the negative of the ys-axis intercept of the
special orbit s of the Riccati equation. By Proposition it holds

—Qo < —¥g = hy,(0) <0,

where (g is the yo-value of the horizontal asymptote of the special orbit «5. The constant ¥
and the exit set X9 are visualized in Figure

Lemma 5.13. Let the number na(y3) of returns of a point (r3,0,y5, p5) € W%?P to the Poincaré

section Py be defined as
* 5 - S + Q 1
n2(ys) = Vh p OJ >

for E sufficiently small. Then for s < @ and 3 sufficiently small, it holds 4} (WQZ"p) C ES%,
hence the transition map M} = P§2(y;) : N'Qig; — Eg% is well-defined.

Proof. The number of returns na(y3) to the Poincaré section P, is by Lemma well-defined
for all initial conditions (r3,0,y3, p5) € WQiflp N~s, as

y%‘—erQoJ: {yé‘HloJ < {ySJrQoJ _

—
S S

) = |

and

yﬁ—s—i—QoJZ {@_23+90J21
s s

mlp) = |

for. E sufficiently small. The distance in ro-direction to the special surface o is for points in
W, smaller or equal than
g B
E2R E
Hence, by choosing 8 small enough, the na(y;)-th return to the Poincaré section P is well-
defined for all points in W'y7.

We aim to show W} (W;?P) - Eg“f; By Lemma [5.13} the 02-coordinate of points under the

map M} is zero and the pp-coordinate stays constant. Hence, the fa- and po-restrictions are the
same in W7} (Wénp) and X3Y. It remains to show —Qop+s < y2 < —Qp+2s and 72 > 0 in

Wy (Wénp). To show these estimates we introduce

ys — s+ Qo
S

d2(y3) = wmod 1.
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For the first condition we now estimate

* * % * y*_S+QO
RS

ys — s+ Qo
=y§—<2 -

_ 52<y;>) :
Q4 (1 4 Ba()s.

As 62(y3) € 10,1), it holds —Qg + 5 < yo < —Qq + 2s for all initial conditions in W5 (W;ﬁ},).

By the restriction s < @, it follows that
Yo < —Qo + 25 < —Wy.

We deduce from Proposition , that the ro-coordinate of W} (13,0, y%, p5) is positive, as the
yo-coordinate of the considered point on the special surface v, is smaller than —¥q, which is the
yo-axis intercept of the special orbit v in the Riccati equation.

By Lemma the distance in ro-direction to the special surface v for the image of a point
(r3,0,y5,p%) € W5 under the map W7 is at most

. P2 .
KB <K—.
E? Rﬁ - F

Hence, by choosing 3 sufficiently small, the distance in ro-direction is small enough, such that

all points in U;’ <W2if‘7>> have a positive ro-coordinate. O

Remark 5.14. To be able to map points under the transition map WY, we need to assume
5 < %, which is a condition independent of the constant E. Hence, in the analysis of the
normal form of the discrete fast-slow fold singularity we need to assume that E is sufficiently
small and that s < %

In the following proposition we collect all important properties of the transition map W% in
the rescaling chart.

Proposition 5.15. Let

¢ = (rq 0,y p3) € WQZ?D M7y2
with y € [ﬁ — s, ﬁ] and rgz < 0 uniquely defined by the property, that ¢ € H.'Qifzp Ny It
holds rg = r2(yg), where the function hy,(y2) is defined in Lemmal{. 16, Then the transition map
Wy WQijlp — Eg% of system has for s < QOEPO, and constants . and B sufficiently small
the following properties:

(a) It holds

W7(0) = (s (1 + 02(00))s) 0, — 0 + (T + 62(yq))s, 03 )

with
Y5 — s+ Qo

da(ys) = wmod 1

and

-

i

- 0t
y2 + O (y3) o

717‘2 (y2) =

(b) Each neighborhood of ¢ is mapped diffeomorphically onto a neighborhood of W5 (). This

means, that the transition map 4} : W%fzp — Eg% has for a point (r3,0,y4,p3) € ngzp

with Ay, =135 —rg the form

W5 (5,0, p5) = (Fra (1 + 82(99))s) + O(Ar2), 0, = + (7 + Ga(y)s, p3

as A, — 0.
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(c) The image W} (k1o (M7 (Rip N W) is a union of smooth curves contained in the two-
dimensional set

58% Ny2 = {(r2, 02,2, p2) € T9% : 72 = hyy(y2) } -

Furthermore, the image ]i'g (FL}Q (F?(R; 7)))) s a union of smooth surfaces contained the
three-dimensional set

ﬂ'?o,?]gt = {(r27927y27p2) S 2273 hrg(yQ) ), i S o S hrz(yQ) —i—jf pgﬁ }

for some constant £ > 0.

Proof. Statement (a) and statement (b) follow from Lemma with the number of iterates
na2(ys) defined in Lemma as

* y* _S+QO 1
mlp) = | 225 2

for E sufficiently small. The 65- and pa-coordinate do not depend on na(y;), hence we only need
to explicitly calculate the ro- and yo-component of the transition map V%’ For that purpose we
use the constant .

So(t) = 250 Lt

S

Inserting now the number of iterates na(y;) into the formula for the n-th Poincaré return map
P3', we obtain

yg — s+
ot - [

=y~ <yq — Z+ D 52(2/@)) s
= —Q + (I +02(yg))s
and
47, (yg) = hr (yq - {yq — SS+ QOJ *8)
= hy (=00 + (1 + 62(y7))5)
= hry (1 +02(yg))s) ,
where

4
i

— 7 av — O+,
yo + O (y3) e

I~7’7‘2 (y2) =

by Lemma [4.16]

For statement (c) we use, that by Proposition WP (R; » N W?) is a union of smooth
curves contained in X9 N W7, Consequently, ;o (WP (R; » N W) is by Proposition W
a union of smooth curves contained in 2121?7; N72. As W} is a diffeomorphism, the image
WY (ki (MT (R:p N W?))) is a union of smooth curves contained in ¥9% N ye.

Analogously we obtain for the image W5 (ki2 (W] (R:p))), that by Proposition WP (R p)
is a union of smooth surfaces contained in the three-dimensional set W 0‘“. By Lemma it
holds that r:2 (M7 (R; p)) is a union of smooth surfaces contained in W;fp. By statement (b),
the image W72 (ki2 (M7 (R:p))) is contained in ¥94% and its ro-coordinate can be bounded by

p23

- P23
hr2 (y2) - K EQR S T2 S h'TQ (y2) K

E?R
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for some constant £ > 0. Hence, 4} (mg (U?(R; 7)))) is a union of smooth surfaces contained
the three-dimensional set

WS = {(7”2,92,2/2792) € X85 ¢ hry(y2) — K% <1y < hpy(y2) + K’gﬁé}

for some constant X > 0. O

Remark 5.16. By Proposition [@ the initial expansion in the ro-coordinate in the entry
set WQ"’% leads to an expansion in the ry-coordinate in the exit set W'Zo’%t, as for each return of
the Poincaré return map, the ya-component decreases by the same amount. In contrast to that,
for the normal form of the continuous fast-slow fold singularity Proposition @] implies, that
the initial expansion in the ro-coordinate in the entry set W™ transfers to an expansion in the
ya-coordinate in the exit set X9U. Due to different, not discretized transition times, it is possible

to define in the continuous case an exit set L9 with constant ro-coordinate.

5.3. Proof of Main Theorem

In this section, we combine the results obtained in the charts £; and K9 to prove Main Theorem
2l In Section 3.2 the existence of an attracting slow manifold S? was shown by Fenichel’s
Theorems. In the entry and rescaling chart we studied the extended system

=1y,

0 =e, (5.5)
y =&, '
g =0.

The attracting slow manifold S2 is obtained as a section € = const. of the attracting center-
manifold ¥ ® of system ([5.5). The existence of this attracting center manifold % was shown in
Section By Lemma [5.1] the entry set of the extended system

b ={(r0,y,e) €Dy: r€I™ 0=0, y=R?, ¢ < ER}

with the interval . .
Jin {7“ c RZ—U : ’—7‘ + E

<8}

transfers in chart £; to the rectangle
Rip={(r1,0:,pie1) € Ei;rjp -1 47| < B

We denote by A the vector field corresponding to the extended system ([5.5)) with the transition
map ¢ : AN, — A% As system (5.5) is the normal form of the fast-slow LC fold (3.10)

extended by the equation €’ = 0, the vector field as well as the transition maps 7'°¢ : Aif; — AR
and 7lo¢ : Aierjp — Ag% of both systems are the same in the first three components. As the
vector field A( vanishes at (0,60*,0,0), 0* € R/(sZ), a desingularized vector field Af induced by
the blowup transformation exists. This is analyzed in different charts by the transition map

Jloc : in, — 19U which is defined as
FIOC = U;D O Kjg© U?D

To analyze the attracting center manifold #? under the Poincaré return map, we will study
W°¢(R; p N M?) and then use appropriate blow-down transformations to obtain results about
W(IEOC(A?P N ). Restricting the results to the first three coordinates, this allows us to prove

Main Theorem [2| about the transition map m'°¢(Al N 52).
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To prove part (a), we consider the set W (R; p N &?). By Proposition we have that
WP (RipN WP C 20“72 is a union of smooth curves contained in the two-dimensional set

E?%ﬂ N;a: {(7"7;,97,,07,57) S E?}%ZT}; :hh(&)}

with |

Dependent on the initial condition €%, the transition map W7 for a point (rf,0, R, &) €
R; p N W2 is by Proposition given by

R i 1
WP07,0, ) = (WD, 17,600, 0, e (= (= BE)SER)E Bl = 6 = Si(ef)sE) 5 )

with

and

1 2
W 0760 =y (BG - (esr?)5) 4 0 (oo (5255 ) ).

With the coordinate change ;2 given in Lemma [3.9] we obtain by Lemma [5.9] that the image
Ki2 (U?(R; PN a)) is a union of smooth curves contained in the two-dimensional set

Bp Nz = {(r2,02,52,p2) € S5'p 1 12 = hry(y2) }

with
i.
E?
To characterize the union of smooth curves, we apply the same coordinate transformation to
the map W7 (17,0, R, e}) resulting in

. 1
2P 5:{("”2,927%7/)2)6732,79: t =0, SSQQSEz}'

i i

2 (7070 8.20)) = (s (g = (0= 8:ED)s) 0, = (= 1) B )

Applying now the transition map W%, the image W} (/1;2 (V?( R pN L‘/f‘))) is by Proposition
.15 a union of smooth curves contained in the two-dimensional set

ou

9% Nv2 = {(r2, 02,52, p2) € T3 : 12 = hy(y2) }
with
39% = {(r2,02,y2,p2) € Dap: 12> 0, 2 =0, —Qg + 5 < yp < = + 25},

where the constant W is specified in Proposition [4.14][(b)]
By Lemma it holds r = ery, y = €%yo and pa = . As the ys-component is bounded in
Eguf; and h,, is a continuous function decreasing in rz, the ry-coordinate has the upper bound

ro < A = hp,(—Qo+s) = fLTQ (s)

in Zg“f) N 72 by Lemma It follows, that 28“72 N 72 is a subset of the exit set Ag% in the

original coordinates with the constant A = h,,(s).
For a point (rg,0,yg, p5) € Ki2 (U?(TT,O, R, E}k)), the transition map W} has by Proposition
.15l the form

W7 (13,0, 03) = (Fra (3 + 02(00))3) 0, ~Q0 + (1 + 02(vq))s. 5
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with

5 — Q
Salyy) = 250 od
s
and ,
~ i
hry (y2) = as yp — 0.

Consequently it holds

W} (ki2(W7 (r},0, R,€7)))

- <h (: + 6 (E2 (14 (s?))s> s> L0, - + (7 + 6 <E2 — (i (e;*))s> s) : Re;*> .

We can simplify this expression using

H A (7 —51(61(())8—84—90
SRS Qi » (5*))3) £ ‘
rzh

510¢(e¥) = 4y (

Il
DO
_l’_

Il
@ | =
~
o
Ol s
e
+
2
o
~_
B
o
a

and obtain
W (ki2(d7 (17,0, R,€7))) = (EW ((1 4 0"¢)s),0, -0 + (1 +6°°) s, Rg;‘) :

The number of iterates in the entry and rescaling chart are given by Lemma [5.6| and Lemma
and yield together

* * * i i 5 y*—s—l—QO
let) = s (o) 4 nal3) = | e — o [+ + |22

where y5 = £z — (1 — 0;(¢7))s in K127 (r},0, R, 7). It follows

- i _7%_ . 3 éz—(T.—(sy(ET))S—S-l-Qo_ 77,_1_ o
=R P 0 (e)+1+ . 09 [5 (1 —d1(e7))s
i 1
_ - e o 610(2 > 9
s(@ﬂ2+ Q ‘

Using the relationships ¢ = Re}, r = ery and y = 2y, given in Lemma assertion (a) of
Main Theorem [ follows.

To proof statement (b), we use that by Proposition the map W7 is an exponential con-
traction in the r;-coordinate with respect to the initial condition 77, i.e.

5]7-?“ 2c
o+ O(“p(aﬁﬁ>>

for some negative constant ¢ > —2. The coordinate transformation x;2 and the transition map
47 are diffeomorphisms restricted to the sets Z?%, Yyp and Eg‘% respectively, which keep the
exponential contraction in the r;- respectively ro-coordinate. Hence, the map

¢ =47 (k12047 (Ri p)))
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is an exponential contraction in the ro-coordinate with respect to the initial condition r¥. Ap-
plying now the blow-down transformation ¢ = Re} for points starting on Xi"5 yields the result.

In assertion (c), we specify the necessary condition for the constant s, that s < % for the
analysis in chart K5. The constant ¥ depends like the constant €29 on the solution of the Riccati
equation, whose properties are stated in Proposition [4.14] O

5.4. Dynamics in the Exit Chart

The blown-up vector field in chart K3 is by Lemma [.21] given by

sy = p3(1 —y3),

05 = pses,

P , (5.6)
ys = —2p3y3(1l — y3) — p3es,
ey = —pses(l — ya),

on the time scale t.
To analyze the normal form of the discrete fast-slow fold singularity in the exit chart, we
explicitly calculate the Poincaré return map. The Poincaré section in chart K3 is defined as

where

'D3773 = {(pg,@g,y3,z€3) ERXR/(SZ) xR xR: p3 >0, y3 <0, €3>0},

as 6 = 03 by the coordinate transformation of Lemma [3.9] Applying the coordinate transforma-
tion does not change the dynamics in the 03-coordinate, such that the Poincaré section Pj is hit
by the flow of system (5.6]), if 65(¢) = 0 mod s. Considering 63 as a coordinate with values in R,
Ps is hit for the n-th time if 63(t) = ns with n € N>;.

In Section we simplified system and analyzed the desingularized system

pé = P3,

€3

/

03: P )
. — Y3

&3 (5.7)
yé = —293 — 5

Lo

/
€3 = —¢&3,

on the time scale f3 defined by
p3(l —y3) dt = dts.

In chart K3, we consider initial conditions in WQO% C Eg% transferred to the exit chart.

Lemma 5.17. The exit set Eg‘% of chart Ko maps under the coordinate transformation Koz given
in Lemma[3.9 to the entry set

in chart Ko. Furthermore, the image ro3(M5 (k;2(MT (R; p 0 W 1)) is for E sufficiently small
a union of smooth curves contained in the three-dimensional set

—Qp+s
(hry (=20 + 25))

Wip= {(03,937?;3,83) €XPp: p3 < R, 5 < ys < E(—Qo + 25),

E<ea< — - L
=8> hm(—Qo+2s)}
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The erit set Wﬁ%‘}, which is a superset of the image W} (k;2(MT (R; p))), maps for E and f3
sufficiently small to the entry set

a’é% = {(p3793ay3)53) S Z:Z{l’p L pP3 S R+KRIB,

—Qo + s < ys < —Qy + 2s
" >YWB = o
(hry (—Q0 + 25) — K R)? (4 + K RB)

TR S
=+ KRB hyy(—Q0 + 2s) — KRS
where the function hy,(y2) is defined in Lemmal[{.16
Proof. The exit set Eguf, in chart K5 is given by
9% = {(r2,02,y2,p2) € Dap: 72> 0, 02 =0, —Qp+ 5 < yo < —Qp + 25},

where yo < —Qp+2s < 0 and po < ER. Under the coordinate transformation x;2 of Lemma [3.9
we obtain:

pP3 = pPareo = p3=>0,
03 = 69 = 03=0,
Y3 = yary > = y3 <0,
€3 = 7“2_7 = e3> 0.

The image W} (ki2(MF (R; p N M?))) is by Proposition contained in X% N3, which
has with respect to Zg“}; the additional constraint

ro = h?‘z (yz) > 0.

As the function h,, is monotonically decreasing in y9, the constraints for the superset Zg‘% Ny
of W} (kio(MT (R; p N W?))) become in chart Ks:

p3 = par2 =  0<p3 < ERhpy(—Q0 + 5),
03 = 0 = 63=0,

_ —Qo+ s —Qo + 2s
ys = 1yary” = 0 0

(s (=20 + 2502 = = Ty (=0 + )2

4

I8 i

ea =15 = —  <g<—
T hea(—Q0 +5) = 0 By (—Q + 25)

where we denote the resulting set by W}f‘p
As yo < 0, it also holds y3 < 0. The exit set WQO% has the additional constraint

» P2 P2
oo (v2) = K Foh < m2 < oy ly2) + K g

for some constant X > 0, which simplifies with ps < ER to

. B . B
hr2(y2) _KE <ry < hr2(y2) +KE.

For § sufficiently small, the ro-coordinate is positive. Consequently, the constraints of the exit
set Wf% become in chart K3:

p3 = par2 = 0<p3 < ERhy,(—Qo+5)+ KRS,
03 = 0 = 03 GR/(SZ),

_ —Qo+ s —Qo + 2s
ys = yory = 0 s <y < 0

(hyr (—Q0 + 25) — K RS) (hey (—Q0 + 5) + £ RB)?’

i i

63:T5‘ =

<egg < ‘ .
By (—o +8) - KRB = 2= hy(—Qo + 25) — K RS
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For 8 sufficiently small, the ys-coordinate of /123(\!"207‘%) is negative and the es-coordinate is
positive, hence /4;23(1\,"207‘71;) is contained in Ds.

By Proposition the special orbit o of the Riccati equation lies to the left of the parabola
yo = r3, such that r5, > 0 for points on 7. Consequently, the solution of the r-component
hr,(y2) is strictly decreasing in y2. For E sufficiently small it holds E' < s, such that

1
=
where the last equality follows from Lemma M:28] With these inequalities, the expressions for

hm(—Qo + 25) < hm(—Qo + S) < hrg(_QO + E)

Ws'p and Wit simplify and the result is obtained. O

In Figure the entry sets H_'lanp and H,'é?P are visualized in the ps-, y3- and e3-coordinate
for 83 = 0.

The following lemma transfers the condition 65(t) = ns with n € N>; for the n-th hit of the
Poincaré section Ps from the time scale t to the time scale £3. Then we can estimate the number
of returns to P3 as well as the corresponding transition times in the desingularized system (5.7))
for points in X'

Lemma 5.18. For E sufficiently small, the flow of the system (5.7) with initial condition
(3,0,y3,€3) € W3's hits the Poincaré section Py at most &3(e3) times, where
*

{%J < @f5(e3) < r—?’J < 00
S S %

with some constant 0 < Cy, < 1. The n-th return time 7Tp,(n) with n € N, n < ¥3(e7) to the
Poincaré section P53 can be estimated by

Y3

L\

Figure 5.6.: Geometry of the dynamics in chart A3 in the coordinates ps, y3 and €3 for 63 = 0.
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Proof. We desingularized the flow in the exit chart by applying a non-linear, positive transfor-
mation of time by dividing the right hand side of system by p3(i —ys). The desingularized
system has the same solution curves, passed through on the new time scale f3. Theorem
provides a formula for the solution curves of system ([5.6)) on the time scale t, if the solution
curves in the desingularized system on the time scale t3 are known.

Using the notion of Theorem the function B : J — R is defined by

4
i —

B(is ) d,

~ Ej
ym [

o p3(t)(1 —ys(f)
where p3(#3) is the solution of the p3-component and ys(#3) is the solution of the y3-component
of the desingularized flow (5.7) and J C R is an interval with 0 € J.

For an initial condition in W%, it holds by Lemma that the initial condition y3 can be
bounded by

—cyy <y3 <0

with a positive constants cy,. By Proposition it holds for the dynamics in the e3-
coordinate )
e3 = ehe ™ < &}

for t3 > 0. The initial condition &% is bounded from above by some constant by Lemma
Hence, we can choose ¢y, large enough, such that

> 0.

/ €3
—_ =2 - >2 —
Ysho=—euy = 265 = 70 = 20 — T
As additionally y5|y,—0 < 0, the interval (—cy,,0) is invariant under the flow of ys. It follows,

that a positive constant Cy, := +‘70y < 1 exists, such that
3

1
Cyy < ———=— < 1.
T —ys(ts)
With the explicit solution for p3(f3) given by Proposition we can estimate

1 1

B(t3) < BY(t3) = /053 i = - (7, - €_£3>

piet P3

and

~ _ s 1 _ -
Bli) > B =Gy [ de= 0 (1)
0 P3€ P3
for 13 € [0,00). As the function B(f3) is continuous and for #3 > 0 bounded from below by the
continuous function B'(f3) and from above by the continuous function BY(f3), which exist both
for all £3 € [0,00), also B(f3) has to exist for all {3 € [0,00). Consequently J = [0,00) is the
interval of definition for B(f3), B"(f3) and B'(f3). By Theorem [A.8 B is invertible on its range
K = B(J). It holds
C 1
[o, y?’) =B'(J)c K C B'(J) = [0,‘*> .
P3 P3
The inverse of B"(t3) is given by (B")~" : [0 : ) = J,

7p§

and the inverse of B!(f3) is given by (B')~" : [0, Cy3> — J,

(BHYy ' (t) = | ———
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As Bl(t3) < B(t3) < B"(t3) for all £3 € J, it holds
(BY7'(t) > B (t) > (BY)'(t) forallte K.

If (f3) solves the desingularized system (5.7), then J(t) := ~v(B~'(t)) solves the singular
system (5.6). Hence, it holds #3 = B7(¢).

When considering 63 as a variable in R, the Poincaré section Ps is hit for the n-th time if
05(t) = ns with n € N>; for the time scale ¢t. Thus, we need to solve the evolution in the
Os-coordinate in the singular system (5.6). By Lemma it holds € = p3e3 and & = 0 in the
normal form of the fast-slow LC fold , such that the product pses is constant in chart K.
Thus, it holds in system (5.6)

05 = pses = p3es
due to the initial condition p3(0)e3(0) = pies. Integrating leads to

05(t) = p3ezt mwod s

for t € K. Combining this result with the condition 03(t) = ns with n € N>; leads to

ns

tp,(n) =
mi(n) P3ES

for the n-th return time to the Poincaré section P3 on the time scale ¢. From this relation we
can determine an upper bound for the maximal number of returns &3(p3,€5) to P3

) 1 ek xeh 1 ek ek
te K C {0,') = n:pdsdtp3(n)<M‘—:—5 = M3(phel) < L;J :
*

P3 s py s

4

which is finite, as s is constant and the €3 is bounded for initial conditions in Wénp. Furthermore,
we can determine a lower bound for the maximal number of returns &f3(p3, %) to Ps:

X 3k * *
te K D [O, Cgf’) = Wy (ph,el) > @C—?f’ _ Cyse3 > LcyzgsJ_
P3 s p3 s s

By changing the time scale from ¢ to 3 = B~ (t), we obtain a lower bound for the n-th return
time 7'p,(n) to P3 in system (5.7)

, . [ ns . [ ns i €3
Tp,(n) =B " (tp,(n :B‘<**>2 B“‘<**>:7m — :770(*3 >
(n) = B (1, () )= 7 (2 = ST

as well as an upper bound for the n-th return time 7’p,(n) to the Poincaré section Ps3:

B *
TPS(”)S(‘B) ( *€*>_‘m ] _ _ns =iw gk _ns | a
P33 T Ty 37 Ty

Using the result from the last Lemma, that there exist for each initial condition in ngflp only
finitely many returns to the Poincaré section Ps, we show in the following, that the embedding of
the normal form of the discrete fast-slow fold singularity in the continuous system ((3.10))
loses its well-definedness in chart K3.

Proposition 5.19. No constant p, > 0 exists, such that it is possible to map all points of
W5 (kio(dT (R p N W) N {p3 > 0} under Poincaré return maps into the half-space {p3 > po}-

Proof. By Lemma, [5.18] the number of returns to the Poincaré section Pj is for each fixed s > 0
finite in chart K'3. As the ps-coordinate decouples in system (5.7), the number of returns to the
Poincaré section P3 is independent of the initial ps3-coordinate p3. Hence, the transition time
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73 (y3,€5) > 0 needed to hit the last time the Poincaré section P3 only depends on y; and 3. In
the time interval (73 (y3,¢€%), 00) no returns to Ps are observed.

In W5 (kio(MT (R; p N M3))) N {ps > 0}, it holds 0 < pj < R for E sufficiently small. The
condition, p5 > 0 is tight, as in chart K; the initial condition €7 is defined to attain values
arbitrary close to zero. By Proposition , it holds in chart K;, that p%u = %51*(7. — (1 -

8:(e7))sE?)"2, such that p"* attains values arbitrary close to zero. This transfers in chart Ko
to the condition, that pif = p9ute%Ut attains values arbitrary close to zero, as 9% = E(I — (1 —
8:(e7))sE?) ™2 is finite by Proposition In chart K it holds py = 0, hence P = pit. In
chart K3, this transfers to the condition, that pf' = p3*'r3"" attains values arbitrary close to
zero, as 13" is by Proposition bounded for points in W5 (ki2(MT (R; p)). Hence, the lower
boundary zero for the ps-coordinate in W} (rk;2(MT (R; p N W?))) N {p3 > 0} is tight and we can
choose arbitrary small initial conditions p3 in chart K3.
Choosing for fixed y3 and €3 an initial condition 0 < p3 < poe T3 W3:3) yields

P3(T5 (43,23)) = P35 WD) < poe T WS D TEWi) —

where the solution in the ps-coordinate is given by Proposition [(b)] Hence, points in
W5 (kio(dT (R p N W*))) N {p3 > 0} exist, which are never mapped by Poincaré return maps
into the half-space {p3 > po}. O

Remark 5.20. Proposition shows, that the embedding of the normal form of the discrete
fast-slow fold singularity defined in Section loses its well-definedness in chart Ks. This is
to be expected, as the solution of system blows up in finite time and the evolution of the
0s-coordinate is directly proportional to the transition time, see Lemma[3.2

5.5. Proof of Main Theorem [3

In this section, we use the results obtained in chart K3 to prove Main Theorem In Section
the existence of an attracting slow manifold S? was shown by Fenichel’s Theorems. In the
charts £;, K9 and K3, we studied the extended system

=1y,

0 =e, (5.8)
y =&, '
g =0.

The attracting slow manifold S? is obtained as a section € = const. of the attracting center-
manifold ¥® of system ([5.8). The existence of this attracting center manifold % was shown in
Section By Lemma [5.1] the entry set of the extended system

np = {(r,0,y.2) €Dy: reI™ 9=0, y=R’ c< ER}

with the interval . .
M= {r ER>_,: ’—7‘ +E’ < 5}

transfers in chart K; to the rectangle
Rup = {(7’7,9;,/}787) c l‘rjp : ‘ —1 +T;’ < 5}

We denote by Af the vector field corresponding to the extended system . As system is
the normal form of the fast-slow LC fold extended by the equation ¢/ = 0, the vector fields
of both systems are the same in the first three components. As the vector field Af vanishes at
(0,0%,0,0), * € R/(sZ), a desingularized vector field A induced by the blowup transformation
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exists. This is analyzed in different charts by the transition map W : Ei,np — Egnp, which is
defined by
¥ = K923 OU?OH;Q OV;P

To analyze the attracting center manifold & ? under the Poincaré return map, we will study
W (R; » N W?). By Lemma the image W (R; p N W) = kos(W5 (k24T (R; p N WH)))) is
for E sufficiently small a union of smooth curves contained in the three-dimensional set

—Qo+ s
s (20 1 25))

{(03,937%753) € Z%I?'P :pP3 S ,R, ( ) S Y3 S EQ(_QO + 25))

E<ega< — - L
== hr2(—90+2s)}

Our goal is to prove a statement for all values ¢ € (0, ¢] for some constant €9 > 0. In chart K7,
this implies, that the initial condition e attains values arbitrary close to zero, as ¢ = Re. In
the proof of Proposition this transfers to the condition, that the initial condition pj3 attains
values arbitrary close to zero. With this information, we showed in Lemmal[5.19] that no constant
po > 0 exists, such that it is possible to map all points of W5 (k;2(MT (R; p N W#))) N {p3 > 0}
under Poincaré return maps into the half-space {ps > p,}.

Using the blow-down transformation of Lemma [3.8] we obtain, that no constants Ry > 0,
S > 0 and gy > 0 exist, such that the point 2 := S N A} can for each € € (0, 0] be mapped
under Poincaré return maps into the half-space

{(r,0,y) e RxR/(sZ) xR: r> Ry, y € R}.

This characterizes the break down of the fold embedding proposed in Section [3.1] O
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Chapter 6
Outlook, Extensions and Limitations

In this chapter, we briefly describe in Section the motivation for this thesis, what we have
achieved and what is left open for future work. Afterwards, in Section we discuss how
different choices of the rotation velocity in the normal form of the fast-slow fold of limit cycles
effect the utility of our methods. This includes the choice of a fast and a non-constant
rotation velocity. In Section the idea of the dual limit £, s — 0 is introduced, which adapts
the embedding with the goal to observe more iterates in the exit chart. Section explains, how
the method of this master’s thesis can be transferred to the fast-slow flip singularity. Finally, in
Section an alternate approach to apply the blowup method to fast-slow maps is presented.

6.1. Outlook

The original motivation for this thesis has been, to try to apply the blowup method to singularities
of fast-slow maps. Despite the fact that fast-slow maps are often used in applications, they are
less studied in the literature. One possible reason could be, that by a direct application of the
blowup method to maps, the usual desingularization step via time resclaing introduced in Section
is not possible.

In this master’s thesis we studied a normal form of the discrete fast-slow fold singularity, which
is obtained by adding a slow parameter drift to the one-dimensional discrete fold bifurcation. To
evade the problems which arise by applying the blowup methods directly to maps, we proposed
a local embedding of the normal form of the discrete fold singularity in Section into a
higher dimensional three time scale ODE system with one additional rotational coordinate.
System defines a normal form of the fast-slow fold of limit cycles with parameter drift —d
and rotation velocity €. In Section we determined a particular, constant rotation velocity,
for which it is possible to desingularize the ODE system. The choice § = &3 obtained for system
is only possible in a three timescale setting.

To study the normal form of the fast-slow LC fold , we built upon previous work by
Krupa and Szmolyan for the continuous fast-slow fold singularity with the blowup method [17].
In Chapter d] we carried out the analysis in three charts, resulting in Main Theorem [I], which is
stated in Section and proven in Section [£.4] We tracked the trajectories in a neighborhood
of the singular limit cycle, analyzed how Fenichel’s attracting slow manifold extends in the non-
hyperbolic regime and showed an exponential contraction property of the transition map towards
the slow manifold. Furthermore, the evolution of the rotational coordinate is determined and
the transition time is calculated. Main Theorem [1| extends the results obtained by Krupa and
Szmolyan by examining the dynamics of the fast-slow fold of limit cycles.

In Chapter , the Poincaré return map of the normal form of the fast-slow LC fold is
calculated to track iterates of the normal form of the discrete fast-slow fold singularity (3.11)). In
the entry and rescaling chart, the embedding is well-defined and a local theorem for a e-dependent
neighborhood of the singularity is obtained. Main Theorem [2] for the Poincaré return map is
stated in Section and proven in Section 5.3] A direct consequence is Main Corollary [2] for
the discrete fast-slow fold singularity (3.11)), which is presented in Section Main Corollary
determines a number of iterates dependent on € mapping an initial condition on the attracting
Fenichel slow manifold into a e-dependent neighborhood of the fold point. Due to the finite time
blowup of the solution curves of the normal form of the continuous fast-slow fold singularity
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(3.2), our proposed embedding loses its well-definedness in the exit chart. In Section , Main
Theorem [3]is proven, which characterized the break down of the fold embedding with a constant
rotation velocity.

This work not only answered, but also raised a lot of questions. In the following, we briefly
discuss some possible future research directions. The ideas presented in Sections and
adjust the embedding of the normal form of the discrete fast-slow fold singularity with the goal
to track all iterates of the discrete system. In Section we propose how to apply the approach
of this master’s thesis to the fast-slow flip singularity, which is again a two-dimensional fast-slow
system with a generic bifurcation in the one-dimensional fast limiting map for € = 0. Finally in
Section we discuss, how to apply the blowup method directly to maps.

6.2. Different Rotation Velocities

In order to find a globally well-defined embedding for the discrete fast-slow fold singularity, it
could be worth to keep the normal form of the fast-slow LC fold , but to adapt the rotation
velocity. It is natural to consider a faster rotation velocity, such that the ‘last return’ of the
Poincaré map is outside a neighborhood of the fold point. In this master’s thesis we proposed to
choose the rotation velocity e for a slow parameter drift —e3. It turns out, that in our setting it
is not possible with the methods used to resolve the fold singularity for a fast rotation velocity on
the O(1) timescale of the dynamics in r. Furthermore, the particular ratio between the rotation
velocity and the parameter drift is necessary to desingularize the normal form of the fast-slow
LC fold after applying the quasi-homogeneous blowup transformation.

It’s also possible that the finite time blow-up of the map could be controlled globally by
suitable higher order terms, corresponding to a variable (non-constant) rotation velocity. An
open question is to find a non-constant rotation velocity, which defines a globally well-defined
embedding and for which it is possible to desingularize the fold singularity.

Appendix [B further discusses the choice of the rotation velocity.

6.3. The Dual Limit ¢,s — 0

Besides the choice of the rotation velocity, we also have freedom to choose the constant s defining
the embedding in Section In the new coordinate system, the rotational coordinate 6 can
assume values in R/(sZ). During our analysis we assumed the parameter s to be fixed and
positive.

An idea to overcome the issue of the finite time blowup of the solution curves is to adapt
the parameter s. A decrease of the parameter s is an alternative of an increase of the rotation
velocity. Our goal is to observe more iterates in the exit chart by choosing s dependent on e. In
Appendix [C] the effects of the choice

s=¢e"§

with n € N>; and a constant s € Ry are sketched.

6.4. Extension to the Fast-Slow Flip Singularity

Our initial motivation to apply the blowup method to maps was to study the fast-slow flip
singularity, which is based on the one-dimensional flip bifurcation. Besides the discrete fold
bifurcation, the flip bifurcation is one of the simplest possible bifurcation occurring in one-
dimensional maps. The flip bifurcation leads to period two orbits and has no direct continuous
analogue asg it is the case for the discrete and the continuous fold bifurcation. Hence, there is no
pre-existing analysis of a continuous time system similar to that of Krupa and Szmolyan for the
fold singularity, upon which an analysis can be directly extended.
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In Appendix [D] the normal form of the flip bifurcation and its fast-slow variant is introduced.
In principle it should be possible to analyze the normal form of the fast-slow flip singularity with
the same methods used for the discrete fast-slow fold singularity. We propose an embedding of
the normal form of the fast-slow flip singularity in a three timescale system of ordinary differ-
ential equations. Due to the period two orbits of the flip bifurcation, two additional rotational
coordinates are needed for the embedding. It is possible to choose particular rotation velocities
to obtain a quasi-homogeneous vector field, such that we expect a resolution of the fast-slow flip
singularity via the blowup method.

6.5. Alternate Approaches for Fast-Slow Maps

In this master’s thesis we did not apply the blowup method directly to fast-slow maps. Due to
the discrete time scale, no desingularization step via time rescaling analogous to the continuous
case is possible. It is still an open question how to adapt the blowup method to be applicable to
fast-slow maps.

In Appendix [E] the blowup transformation in spherical coordinates is applied to the normal
forms of the fast-slow fold and the fast-slow flip singularity. A desingularization step not based on
a time rescaling is presented. In the two considered cases this coordinate transformation results
in non-trivial dynamics on the sphere. Nevertheless, all obtained fixed points on the sphere are
still non-hyperbolic.

98



Appendix A
Background of Ordinary Differential Equations

In this chapter, some mathematical background about ordinary differential equations is provided,
which is used in the main part of this master’s thesis. First, in Section three elementary
theorems of differential calculus are stated. In Section [A.2] the definitions of conjugacy and
equivalence of maps and flows follow, categorizing similar behavior of different systems. Section
covers two manipulations of ODE systems, namely coordinate transformations and time
rescaling, which lead to conjugated or equivalent systems. Then we introduce in Section
the Hartmann-Grobmann and the Belitskii Theorem, characterizing the relationship between
an ODE system and its linearization. Finally, in Section [A.5] the Center Manifold Theorem is
stated and fibers and foliations are introduced.

A.1. Elementary Theorems of Differential Calculus

First, a foundational theorem from the theory of ordinary differential equations is presented,
which guarantees the existence and uniqueness of solutions, as well as smooth dependence on
initial conditions.

Theorem A.1 []. Let 7 : R? — R? be a CF wector field in an open region & C RY. Consider
the ODE
o =F(x), z==xz()eR? z(0)=mx (A1)

for an initial conditions xo € RY. Then a unique C*-map
(ta Z'()) = SOt(l'())

exists, which satisfies for each xo € O the initial condition po(xo) = xo, and a mazimal interval
J = (—ti,t2) with t; 2 = t; 2(x0) > 0 exists, such that for all t € J it holds x(t) = ¢i(xo) and

the ODE (A.1) is fulfilled.
The flow map py fulfills s 0 o = sy for all s,t € J, such that the inverse of p; is p_;.

Thus, for fited t € R, @, is a local diffeomorphism from its input onto its image.

The following Implicit Function Theorem gives a criterion, when an implicit function, for
example a system of equations, can be locally be described as a graph of another function.

Theorem A.2 (Implicit Function Theorem) [I0]. Let 8; C R¥, 85 C R™ be open and consider
the continuously differentiable mapping

F:0; x0—=R", (z,y) = F(z,y).

Let (a,b) € 87 x U2 with F(a,b) =0 and suppose that the m x m-matriz

oF i Oy
Oy OFy .. OFn
0y; OYm

is invertible at the point (a,b).
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Then there exists an open neighborhood V; C O; of a, a neighborhood Vo C 82 of b and a
continuously differentiable mapping g : Vi — Vo C R™ with g(a) = b, such that

F(xz,g(x)) =0 forallz € V;.
If (x,y) € Vi x Vy is a point with F(xz,y) = 0, then it follows y = g(x).
The Inverse Function Theorem is a direct consequence of the Implicit Function Theorem and
characterizes under which conditions a function locally has an inverse.

Theorem A.3 (Inverse Function Theorem) [10]. Let & C R™ be open, f: 8 — R" a continu-
ously differentiable function, a € & and b = f(a). Suppose that the Jacobian Matriz Df(a) is
invertible. Then there exists an open neighborhood 8o C O of a and an open neighborhood Vy of
b, such that the function f : Oy — Vg is bijective and its inverse

g=f"":Vo—= 0o
18 continuously differentiable. Furthermore it holds

Dg(b) = (Df(a))~".

A.2. Conjugacy and Equivalence

By analyzing maps and flows, it is often helpful to consider easier systems, which locally behave
similarly as the original system. Mathematically, this is expressed by the term conjugacy, which
we first define for maps.

Definition A.4 [12]. Two C"-maps
fiRTSRY g RT 5 RY

are called (locally) topologically C* conjugate for k < r if (locally) a C* diffeomorphism h : R —
R? egists, such that
hof=goh.

Now we consider an ODE system
' = F(z)
for 2 € R? with a vector field ¥ : R? — R%. The solution curve z(t) of this ODE system with
initial condition z(0) = o € RY is given by the flow map ¢! (x9). With help of the flow map,
conjugacy is also defined for flows. As we have in the continuous setting an additional time
parameter in the flow map, we also define the term equivalence of vector fields for the case, that
the time parametrization of the ODE systems is not preserved.

Definition A.5 [12]. Two C" vector fields
F:RY - RY G:RY— R?

are called (locally) topologically CF-equivalent for k < r, if (locally) a C* diffeomorphism h :
RY — RY exists, which maps the orbits ©f (xo) of ' to the orbits ©§ (x0) of G and the direction
of time is preserved. If additionally the time parametrization is preserved, the vector fields are
called (locally) topologically C* conjugate.

This definition implies that for (locally) topologically C* equivalent C™ vector fields # and G,

a strongly monotonically increasing function 8 : R>g — Rx>o with 3(0) = 0 exists, such that for
any zo € R? it holds

BE (20)) = 9S0) (h(x0)). (4.2)

F and @ are (locally) topologically C* conjugate, if 3(t) =t for all t > 0. It follows, that two
C" vector field are (locally) topologically C* conjugate if and only if their flow maps ¢ (z¢) and
¢ (xg) are (locally) topologically C* conjugate.
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A.3. Coordinate Transformations and Time Rescaling

In this section, we discuss structural properties of ODE systems under coordinate transformations
and time rescaling. These two methods are common ways to manipulate an ordinary differential
equation to obtain a system, where we expect similar qualitative behavior. In the case of a
coordinate transformations, we obtain a topologically conjugated system and in the case of time
rescaling a topologically equivalent system, especially an orbitally equivalent system.

First, we consider an ODE system for € R% and apply a coordinate transformation

y = h(x),

where h : R? — R? is a diffeomorphism. The following proposition shows, that the flow map
of a given ODE system is topologically conjugate to the flow map of this ODE system under a
coordinate transformation.

Proposition A.6 [19]. Consider two C" wvector fields
F:RY — RY G:R? - R?
and the flow maps ©f and ¢ generated by the ODE systems
' =F(z), xeR and Y =Qay), yeR

Suppose that the ODE system in y is (locally) obtained from the ODE system in x by a (local)
coordinate transformation y = h(z) for some CF diffeomorphism h : R? — R Then the flow
maps ©f and ©§ are (locally) topologically C* conjugate, which implies that the vector fields F
and @G are (locally) topologically C* conjugate. Furthermore it holds

F(x) = (Dh) ™ (2)G (A (). (A3)
Proof. Differentiating the definition of the coordinate transformation, we obtain
y = h(z) = y = Dh(x)x'.
Inserting this relationship into the ODE system yields
DA(x) P (x) = Dh(z)a’ =y = G(y) = G(h(x))

and equation (A.3)) follows. The flow maps o} and ¢f are (locally) topologically C* conjugate
as for arbitrary initial conditions z(0) = 2o € R? and y(0) = yo € R? it holds

h(ef (z0)) = h(x(t)) = y(t) = ©f (yo) = ¢} (h(x0)). m

Now we consider an ODE system

dz
— = F(x
5 =@
under time rescaling, that means we introduce a new time
i dx
= t = — = a
= = ) ()

with a smooth positive scalar function p : R? — (0,00). In general, the time parametrization
is not preserved, thus we cannot achieve topological conjugacy, but we obtain a special case of
topological equivalence. As the orbits do not change under a time rescaling, but are only passed
in a different speed, the systems are equivalent: equation is fulfilled with the identity
function h(x) = z.
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Definition A.7 [19]. Two ODE systems
¥ = F(x) and ' = p(x)F ()

for x € RY with a vector field F' : RY — R and a smooth positive scalar function i : R — (0, 00)
are called orbitally equivalent.

For orbitally equivalent systems, equation (A.2)) simplifies with the diffeomorphism A chosen
as the identity function to

¢f (20) = () (x0)-
The following theorem shows, how an ODE system behaves under time rescaling and gives the

relationship between the function p and 8. If we know the solution of the original ODE system,
we have a formula to calculate the solution of the rescaled system and vice versa.

Theorem A.8 [4]. Let 7 : R4 — R? be a smooth vector field, pu: R — (0,00) a smooth positive
scalar function and © € RY. Then the orbits of the solution curves of the ODE systems

2 = F(x) (A4)
and
' = p(x)F(z) (A.5)

are the same. The multiplication of the right hand side of the ODE system (A.4) with a smooth,
positive function p corresponds to a (possibly non-linear) rescaling of time.
Let J C R be an interval with 0 € J and suppose y(t) solves the ODE system (A.4)). Then the

function B : J — R defined by
t
= [ ——ds
/0 1(v(s))

is invertible on its range K C R with inverse B~ : K — J and the rescaled solution

solves the ODE system (A5) for t € K. Hence, we can introduce the time scale 3(t) = B~ (t)
for system (A.5)).

Proof. As the function

is continuous and positive on J, B is strongly monotonically increasing and therefore invertible
on its range. Thus

—
i

BBt =t = (B N)=y = u(v(B~(t)))

(B~ (1))
for ¢ € K. The rescaled solution 7(t) := v(B~"(t)) solves for t € £ the ODE system (A.5) as

VBT W)F(y (BT (#)))
F0))F (@)

Hence, the time scale of the rescaled system is 3(t) = B~ (t). O

(
(
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A.4. Hartman-Grobman and Belitski Theorem

Systems near hyperbolic equilibria can locally be analyzed by considering the linearization.
The following Hartman-Grobman Theorem characterizes this phenomenon for general diffeo-
morphisms, which can be maps or flow maps induced by flows.

Theorem A.9 (Hartman-Grobman Theorem) [12]. Let F : R® — R™ be a C diffeomorphism
with a hyperbolic fived point x*. Then a homeomorphism h defined in some neighborhood 8 of
x* exists, such that h(F(z)) = DF(x*)h(x) for all x € O, such that the diffeomorphism is locally
topologically conjugate to its linearization at x*.

The homeomorphism h in the Hartman-Grobman Theorem does not need to be differentiable.
Sometimes it is desired to have a C* coordinate transformation to make asymptotic statements
in an ODE system. The existence of such a coordinate transformation is guaranteed, if certain
conditions on the eigenvalues hold:

Theorem A.10 (Belitskii Theorem) [3, [[4]. Let F : R® — R" be a C? wvector field with a
hyperbolic equilibrium point x*. Denote the eigenvalues of DF (z*) by Aj, j = 1,...,n repeated
with multiplicity and order them by increasing real part, such that

Redi <ReX<---<ReA <0< ReApy; <+ < Re A1 < Re Ay,

If it holds
Re \j # Re \j, + Re \j,

foreachicl,...nand all 1 < j; <k < jo <n, then a local C" coordinate transformation exists
that transforms locally near x* the ODE into its linearization.

In case it holds
Re A\; = Re Aj; +Re A},

forsome¢ €1,...,nand I < j; <k < jo <n, then we say a resonance occurs.

A.5. Invariant Manifold Theory

In multi-scale dynamics, center manifolds frequently play an important role, as the fast dy-
namics is often attracted to some center manifold, on which the slow dynamics evolves. The
following theorem guarantees the existence of such a center manifold near a partially hyperbolic
equilibrium. In the directions of the hyperbolic eigenvalues, stable and unstable manifolds exist.

Theorem A.11 (Center Manifold Theorem) [12]. Let ' : R™ — R™ be a C" vector field vanishing
at the origin, i.e. F(0) = 0, and denote its linearization at the origin by J = Df(0). Then the
spectrum of J subdivides in three parts o, 0. and o, with

<0 if A € o,
Re A< =0 if A € og,
>0 if X € ay.

Denote the (generalized) eigenspaces of os, 0. and oy by E*, E¢ and E*, respectively. Then
C" stable and unstable invariant manifolds W° and W' tangent to E° and E* at the origin and a
CT™=" center manifold W ¢ tangent to E° at the origin exist. The manifolds W*, W and W ¢ are
all invariant for the flow of the vector field ¥'. The stable and the unstable manifold are unique,
but the center manifold does not need to be unique.

The following theorem introduces the concept of fibers and foliations. These are often used to
characterize the dynamics near partially hyperbolic equilibria.
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Theorem A.12 [I8]. Let & be a C" wvector field on R? and consider the ODE ' = # (x),
x € R Furthermore, let M be a normally hyperbolic attracting invariant manifold under the

flow ¢ induced by the vector field #. Then for each p € M a manifold F*(p) exists, called the
stable fiber, such that

(a) F° = Upew F°(p) = Wi (W), where W (M) is the stable manifold of W .
(b) F*(p) is positively invariant, i.e. ¢(F*(p)) C F*(¢¢(p)) for allt >0 and p € M .
(c) F*(p) is tangent to N at p, where N denotes the stable part of the normal bundle at p.

(d) There exists constants Cs, cs > 0, such that if ¢ € F*(p), then
lpe(p) — de(q)]| < Cse™t  for all t > 0.
(e) For ¢ € F*(p) and ¢’ € F*(p') it holds

[9(p) — ¢:(¢)|]
p(p) — o (¢")]|

< Cse” %t forallt>0 unlessp="1.

(f) Frp)NF*(p') = 0 unless p='.
(9) F*(p) is C" with respect to the base point p.

In case of a normally hyperbolic repelling invariant manifold M, for each p € M a manifold
FU, called the unstable fiber, exists, such that the same conclusions (a) — (g) hold by replacing
the stable objects by the corresponding unstable objects and reversing the direction of time. This
means, that the unstable fiber is negatively invariant, i.e. ¢p_(F*(p)) C F*(p—¢(p)) for allt >0
andp € M.

The sets {(p, F*) :p € W} or {(p,F") : p € W} are called fiber bundles over M. The union
of the fibers F* or F* are called asymptotic rate foliations, as they foliate the stable manifold
W (M) or the unstable manifold W ().

" loc loc
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Appendix B

Discussion about the Rotation Velocity

The general system we considered for the embedding of the discrete fast-slow fold singularity is

given by
=" —y,
0 =e,
y/ = _5a

with two parameters 0 < § < e < 1.

As already mentioned in Remark the assumption 0 < § < € is necessary to observe in the
(partial) singular limit 6 = 0, € # 0 a fold bifurcation of limit cycles, which has a slow parameter
drift in the full system. For 0 < ¢ < § < 1, the system above has in the (partial) singular limit
€ =0, d # 0 on the slow time scale §t a constant parameter drift in y without rotation. It is
not useful to consider super slow rotation, as the problem then basically reduces to the planar
continuous-time fold dynamics. On the other hand, it is possible to define the embedding with
a fast rotation in O(1). However, in Section we explain, why it is not possible to achieve a
desingularization of the fold point in that way.

In Section we decided to work with the parameter drift § = 2 to have a quasi-homogeneous
vector field. In Section we sketch the effects of another ratio between the rotation velocity
and the parameter drift.

Furthermore, it is not necessary to chose a constant rotation velocity. In Section we
impose conditions on the rotation velocity and the parameter drift of the normal form of the
fast-slow LC fold, such that the resulting parameter drift of the Poincaré return map is constant.
We need this condition to re-obtain the normal form of the discrete fast-slow fold bifurcation.

B.1. Fast Rotation Velocity

By introducing a rotational coordinate, it is natural to consider a fast rotation velocity in O(1).
Then it is easy to interpret the system and define a Poincaré return map. The normal form of
the fast-slow LC fold takes in this case up to a rescaling of variables the form

7”/:7”2—?/,
9 =1,

/

Yy = —¢,

with one parameter 0 < ¢ < 1. Consequently, r and 6 are fast variables and y is the only slow
variable. As no equilibrium in 6 exists, there is no two-dimensional critical manifold. As the
rotational coordinate decouples, we can introduce the manifold
So = {(r.0,y) € Ro_, x R/(sZ) x R: y =12},
which is invariant in the singular limit € = 0. Fenichel theory is also not directly applicable, but
we can infer the existence of a slow manifold from the existence of the slow manifold in system
=1y,

/
Yy = —¢,
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complemented by the decoupled variable § € R/(sZ).

The problem of the fast rotation velocity is, that it is not possible to analyze the map obtained
via an embedding in a continuous-time system by the blowup method. The blowup transfor-
mation introduced in Section requires the underlying system to have an equilibrium at the
considered point, which is not possible for § € O(i). When applying the blowup transforma-
tion, no factor p appears in the ODE for 6 such as for example in Lemma {.I] such that a
desingularization via time resclaing is not possible.

B.2. Relationship between § and ¢

In Section we showed that the vector field of the normal form of the fast-slow LC fold is
only quasi-homogeneous for the choice § = 3. For § o« €%, a € R\ {3}, we show in the rescaling
chart, why a desingularization of the fold point is not possible. To have a quasi-homogeneous
vector field in the r-component and to not blow up the #-coordinate, we keep like in Proposition
the coefficients a; = 1, ao = 0 and a3 = 2. As we change the velocity of the parameter drift,
we keep the coeflicient a; € R flexible. With the blowup transformation

(r,0,y,e) = (para, 92,ﬂ§y27P34)a

we obtain in the rescaling chart:

=0 = (p3")' =0 = py=0,
=12y = (par2) = P33 — 1) = 1= pa(rs —p2),
0 =e = 0= p5* = 0y =pj’,

y = —° = (phye) = —pp™ = Yy =M

To desingularize the vector field, we aim to observe dynamics on the blown-up surface S* x S?
in all coordinates. In chart Ko, the blown-up surface corresponds to the invariant hyperplane
{p2 = 0}. To observe the Riccati dynamics in the ro- and ys-coordinate, we divide the right
hand side of the ODE system by ps and demand

aas —2=1 & a4(:§.
o

Hence, for a € (0,3) it holds a; > 1, such that after the desingularization step we obtain on
the time scale to = pot the equation § = pg“_x. Consequently 6" = 0 in the hyperplane {ps = 0},
such that the rotation velocity is too small to observe returns to the Poincaré section Ps.

On the other hand for o > 3 it holds a; < 1, such the transformation to the time scale to = pot
is not possible, as it would result in the hyperplane {p; = 0} to an infinite rotation velocity.
Introducing the time scale to = p3*t, leads independent of the choice of « to a trivial dynamics
in r9 in the hyperplane {p2 = 0}. Hence, the rotation velocity is in this case too fast, such that
the Poincaré return map does not capture the important dynamics.

B.3. Non-Constant Rotation Velocity

Our goal is to embed the normal form of the discrete fast-slow fold singularity with a constant
parameter drift in an ODE system with an additional rotational coordinate. In general, however,
we could consider a non-constant flow in either or both y and 6. We consider the system

=12y,

9/ = j@(rv Y, 5)7

y/ = _jy(ra Y, E))
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with two functions jp : R>_, x R/(sZ) x R — R and j, : RR>_, x R/(sZ) x R — R. When
considering 6 as a variable in R, the Poincaré section P is hit for the n-th time at the time 7'(n),
if

T(n)
/ jg(r,y,e) dt = ns.
0

This is equivalent to the condition, that

T(n+1)
/ jg(?‘,y,a) dt =s
T(n)

for all n € Nyg. To model a constant parameter drift, the decrease in y has to be the same in
each time interval, such that the following condition is equivalent to a constant parameter drift

iny
T(n+1) T(n+1)
/ —jy(r,y,e)dt:k-s:/ k- jo(r,y,e)dt
T(n) T(n)

for some constant R-g. The easiest possibility to fulfill this integral condition is to choose
—jy(T,y,E) =k- j@(Tpf%f:) for all t > 0.

To imitate the finite time blowup in the r-coordinate, and hence observe infinitely many returns
to the Poincaré section, we could choose

j@(T‘? Y, E) = 8(7"2 + 7)7

which is always positive. The problem is, that in this case we cannot find coefficients of the
blowup transformation, for which the resulting vector field is quasi-homogeneous. It is still an
open question to find an adequate rotation velocity for the blowup method, being always positive,
easy enough to carry out the analysis and with a solution for 6 blowing up in finite time.
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Appendix C
The Dual Limit €, s — 0

For the embedding and the analysis of the normal form of the discrete fast-slow fold singularity,
we assumed the constant s introduced in Section [3.1| to be fixed and positive. In this section, we
sketch what happens if we choose s to be e-dependent. We define

si=¢€'s

for some n € N>; and a small constant § € R5. In the following, we discuss in Section
different steps in the analysis from the embedding up to the rescaling chart. We assume, that the
embedding is well-defined in the limit €, s — 0. A proof or disproof of the validity of this is left
for future work. Under the assumption made, we adapt the analysis in the entry and rescaling
chart to obtain a comparable result to Main Theorem [2] In Section we show that for a
suitable choice of n, the number of returns to the Poincaré section increases in the exit chart,
but better estimates are needed to show weather it is possible to define a transition map in chart
K.

C.1. Validity of the Local Results

In the following, the local results until the analysis in chart Ko are adapted to the choice s = &"§
under the assumption, that the dual limit €, s — 0 is well-defined. This includes the embedding,
the analysis of the normal form of the continuous fast-slow LC fold and the analysis in
the entry and rescaling chart of the normal form of the discrete fast-slow fold singularity .

Section [3.1; Embedding as a Poincaré Return Map

As s depends on €, also the parametrization of the space R3 by
(r,0,y) € D :=R>_, x R/(¢"5Z) x R = R3, (C.1)

depends on . Hence, defines an e-family of parametrizations of R3.

The interpretation of the coordinate system only makes sense, if ¢ is fixed and positive. The
main theorems make assertions, which hold for each value of € smaller than ¢y separately, such
that it may be no restriction to choose for each value of ¢ a different parametrization of the
space R3. However, the analysis in the charts strongly depends on regular perturbation of
results obtained in the singular limit ¢ = 0. Hence, it has to be checked, whether the limiting
space, i.e. the parametrization for e = s = 0, is in some sense ‘nicely connected’ to the
e-family of parametrizations of R? for € > 0. In the following we assume, that the embedding is
well defined in the limit €, s — 0 and sketch the consequences of the assumption afterwards.

Assumption C.1. The e-family (C.1) of parametrizations of R3 is well defined in the limit
e,s — 0 and compatible with the analysis made in Chapter[]] and in Chapter |5

In the following we sketch how to adapt the analysis for the choice s = €5 under Assumption
We recall, that we consider the ODE system

=12y,
0 = e,

y/ = _57
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with 0 < § < € < 1. Due to the constant rotation velocity 6’ = ¢, the n-th return time to the
Poincaré section P is now given by

and the resulting parameter drift in y for the discrete system is
Ay=—6-Tp(l) = —6c" "5,

which is still constant and slow due to the assumption § < ¢ < 1 and n > 1. The proof of
Lemma is not influenced by the new choice of s, such that again only finitely many iterates
of the Poincaré map P are observed for the normal form of the fast-slow LC fold. The goal of
the choice s = €"§ is, that the last return is observed later, as the distance between Poincaré
returns decreases with e, such that a transition map can be well-defined in the exit chart.

The subsequent Sections and do not use any properties of the constant s. Thus, again
the slow parameter drift § = €3 is used and the system analyzed is extended by the equation
e =0.

Chapter 4 Analysis of the Fast-Slow LC Fold

In Chapter [ the constant s is only used to define the evolution in 6. All results obtained also
hold for s = "5 under Assumption To state the Lemmata and Propositions in the different
charts, we can transfer the constant s to the coordinate charts in chart X;, X9 and K3. By
Lemma [3.§ we obtain

.  onne
for K;: s=pfel's,
for Ko :  s=py3,

for K3: s=pyeys

All these terms are due to the constraint ¢’ = 0 constant in their corresponding charts, such
that the Euclidean division mod s is well-defined.

Section (5.1 Dynamics in the Entry Chart

In the analysis of the normal form of the discrete fast-slow fold singularity, the first occurrence
of the constant s in chart K; is in the definition of the set D; p. As we aim to cover all dynamics
of chart K; in a box D; p, we define

15;779::{(?”,,9,,,0‘, )ERXR/(SZ)xRxR: 0<p; <R, 0<¢e; <E( E2+"R”§)—%},

as in the entry set Aianp in the original coordinates it holds ¢ < FR, hence s < E"R"5. In

Remark we explained, that the condition E < s~'/2 necessary for Lemma is fulfilled for
FE sufficiently small. This is also the case for s = &"3, as

Esa = BHn/2pn/2z5

for E sufficiently small. As all points in the entry set Em have initial p;-coordinate R, the
constant ¢ transfers in the entry chart to ¢ = Re7, where e¥ € [0,E]. Hence, Lemma 5.4 E 4! for
the number of returns to the Poincaré section P; and the correspondlng return time hold by
replacing s by R"(¢¥)"5. Analogously, also Lemma [5.5) E 5 holds by inserting the new definition for
s. The exit set ZO‘“ has in the €;-coordinate a constraint depending on s. To have a rectangular
exit set, we enlarge the set by replacing s by its upper bound E™R"S and define

E?%B':{(n,e,,pu )EDip: 6 =0, E<e <E(I E“”R”E)‘%}-
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In that way, the transition map W7 : Eif’lp — io‘% of Lemma is well-defined by replacing s
by R"(7)"3, but n;(e7) is then not necessarily the unique number mapping an initial condition
with e;-coordinate €7 into the exit set E?“ﬁ. This property is not needed in the further analysis.

All important properties about the transition map 7 collected in Proposition also hold by
replacing s by R"(¢7)"3 and 9% by X9 under Assumption .

Section [5.2; Dynamics in the Rescaling Chart

In chart Ko, the constant po is constant and by the coordinate transformation of Lemma it
holds p5 = Re7. The entry set of the rescaling chart depends on s. To have a rectangular entry
set, we define

~ ~ 1 - i

Yo'p = Ki2 (Eouﬁ) = {(T2,92,y27P2) €Dayp: =0, oo E"R"s <y < EQ},
which follows by Lemma by replacing s by its upper bound E™R"3. In Remark we
explained, that the condition E?(2s — Qg) < 1, which is necessary for Lemma |5.10} is fulfilled
for E sufficiently small. This is also the case for s = €"s, as

E%(25 — Qo) < E*(2E"R"5 — Qo) < 1

for F sufficiently small. Hence, Lemma for the number of returns to the Poincaré section
P, and the corresponding return time hold by replacing s by (p5)"s = R"(¢¥)"5. Analogously,
also Lemma for the n-th return in the rescaling chart holds for the new choice of s. The
exit set 28‘172 has in the yo-coordinate a constraint depending on s. To have the same exit set for
all values of ¢, we define

2(2)“73 ={(r2,02,y2,p2) €EDap: r2>0, =0, —Qp+ 5 < yo < —Qp + 25}.

In Lemma, , we replace the number na(y3) of returns of a point (3,0, y3, p3) € W’Qiflp cy 12n7;
to the Poincaré section P> by

5 ys — 5+ Qg ,
s ) = | B

(p3)"s
and define 0
N * % y; — S+ 0 4
5 Yo, P = \‘*NJ m.Od iy
)= | s
such that

y* -5+ QO ~ ~ N * *\ T~
V55,0509 =5 — | ()75 = 00 54 Ba ) ()"
2
and the transition map ]75 maps into the exit set 28“72 In this case, we have the condition
5 < %. All important properties .about t}qe transition map V%J collected in~Proposition
also hold by replacing s by (p3)™s, £5'p by X', 399 by 2345 and d2(y3) by d2(y3, p3)-
To state a theorem analogously to Main Theorem [2| we need to calculate 8¢, which is analo-
gously to the proof of Main Theorem [2] given by
Sloc . ¥ L_ﬂ_i * n(_synz %\ — i Qo B I .
5°¢ == 09 <E2 (1 — 01 (7)) R™(e7) s,p2> S IEIT + s R wod 1

7
i

and the number of returns is given by

L L B+
) =| e - wrem | | R
_ 1 QO _ 1 _810022.

R(e1)2m5  Rr(eh)s  Rr(eh)n

i
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Transferred to the original coordinates, we obtain under Assumption [C.I]the following theorem,
which is similar to Main Theorem [2] The exit set is defined by

Apti={(r,0,y) ERXR/(sZ) x R: 0<r <efl, 0=0, e2(~Q+3) <y <eX(-Q +29) },

where A = hy(8). The function h, and the constant g are specified in the following theorem.

Theorem C.2. Under Assumption and the assumptions made in Section and § suf-
ficiently small and fized, s = €"s with n € N>;, a constant €9 > 0 ewists, such that for the
transition map T : AR — A%“t the following holds for all € € (0,e¢]:

(a)

(b)

(c)

Let 5'¢ pe defined as

i

Sloc i RQ ~ 4
) ::g 6—2+Qo+s waod 1.

Then the point x = SN A% on the attracting slow manifold maps under the transition

map 7°°, which is defined to be the f-th Poincaré return map P™ with

1 [ R2 1 ([ R?
= { (sztszwé)J:<%+Qo+§>—6’0622,
S 9 S 9

7(z) = P(x) = (chn (5 + 8"5),0, — Qe + (5 + 6°s)e?) € Ag,

i

to the point

as € — 0, where

4
i

- 0.
a+(9(a3) as o —

hr(a) =

The constant Qg is the smallest positive zero of

3 3
. 222 . 222
d—é 3 +o§ 3 ,

where J_1 and J: are Bessel functions of the first kind.
3 3

loc
r

C

of the transition map ¢ is a strong contraction with respect to the

orlec(r, ) 2cR?
290 oo 35

for some negative constant ¢ > —2 as € — 0.

The r-component
coordinate r, i.e.

The constant § is sufficiently small for this theorem, if it holds § < %. The constant

%o < Qg is defined as ¥g := —hy(0) > 0, where hy describes the y-component of the special

solution of the Riccati equation
7"2 - Y,
—1,

/
T =
/I
y_

which is further specified in Proposition and [20].

We observe, that the number of iterates 7 and the coordinates of #'°¢ slightly change. This is
due to the fact, that we cannot use the exit set

AP ={(r,0,y) eRxR/(sZ)xR: 0<r <ef, §=0, e2(—=Q + ) §y§52(—Q0—|—25)},

with # = h,(s), as in the limit ¢ — 0 it now also holds s — 0, such that # = h,(s) — oo for
s — 0. To apply the coordinate change ko3 to the exit chart, we aim to have a bounded exit set
in the rescaling chart.
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C.2. Extension to the Exit Chart

In this section, we observe how under Agsumption the number of returns to the Poincaré
section changes in the exit chart. To prove or disprove if it is possible to define a transition map
in the rescaling chart, better estimates for the occurring integrals are needed.

In chart &3 it holds by the coordinate transformation of Lemma [3.9] p5e3 = p5 = Re}. Similar
to Lemma, iﬂ, the exit set iguf) of the rescaling chart maps under the coordinate transformation
of Lemma [3.9 to the entry set

igfp = {(p3,03,y3,63) € D3p : 03 =0}

and the exit set lf'é)";;t, which is a superset of the image W} (k:2(M7 (R; p))) maps for E and 3
sufficiently small to an entry~s.et ﬁ'ér‘p As in Lemma , the flow in the exit chart with initial
condition (p3,03,v3,c3) € W,"5 hits the Poincaré section P3 for E sufficiently small at most
3(ch, ph) times, where

Cy3€§ CZ/S g * % €§ i
22| [Grel= B < |2 - |gregil.

with some constant 0 < C, < 1. It follows, that for n € N>;, the maximal number of returns to
the Poincaré section P3 is not independent of the initial condition p3. In the analysis in Section
it was not possible to define a transition map in chart K3 for initial conditions p3, which
are too small. As now the number of returns R~'3(E§, p5) converges to infinity for pi — 0, the
argument of Proposition is not applicable anymore. To find out, if a number of returns in
O ((p5)~™(e5)~™*") suffices to define a transition map in chart &3, better estimates for the n-th
return time than the ones given in Lemma [5.1§] are needed.
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Appendix D

Geometric Analysis of the Fast-Slow Flip
Singularity

In this chapter, we introduce the one-dimensional flip bifurcation and its induced fast-slow map.
Unlike the discrete fold bifurcation, no direct analogue of the flip bifurcation exists in the con-
tinuous case. In Section the normal form of the generic flip bifurcation is presented and
the normal form of the fast-slow flip singularity is defined. In Section an embedding of the
normal form of the fast-slow flip singularity in a higher dimensional ODE system is proposed,
which undergoes in the singular limit a flip bifurcation of limit cycles.

D.1. Flip Bifurcation

The flip bifurcation can occur in one-dimensional maps with one parameter. The following
proposition gives non-degeneracy conditions for a flip bifurcation and determines the two possible
normal forms.

Proposition D.1 [19]. Suppose, that the one-dimensional map

z = f(z,y)

with a smooth function f : R? — R has for the parameter y = 0 a non-hyperbolic fized point
at xg = 0 with multiplier p = f,(0,0) = —1. Assume that the following two non-degeneracy
conditions hold:

5 (fax(0,0))° + £ fraa (0,0) #0, f2(0,0) # 0.
Then the one-dimensional map is locally near (x,y) = (0,0) topologically equivalent to the map
z— —( +y)z+2®+ 0@z,

The higher order terms do locally not influence the dynamics, such that the considered system
1s locally near the origin topologically equivalent to the map

z— —(1 +y)x £ 2>

Analogously to the proof of Proposition the normal form is obtained through Taylor
expansions, coordinate shifts and the Implicit Function Theorem The + sign in front of y
is arbitrary, through the coordinate shift y — —y, the sign can be changed. In contrast to that,
the coordinate shift © — —x does not change the structure of the normal form. The sign in front
of the cubic term changes the fundamental behavior of the map. The map

v —(l+ye+a2® = fi(z,y) (D.1)
is called ‘supercritical’ or ‘soft’ flip bifurcation, whereas the map
e —(1+y)a —a® = fo(z,y) (D.2)

is called ‘subcritical’ or ‘sharp’ flip bifurcation.
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For the flip bifurcation, the linearization around a fixed point z* is given by
Oufla*, y*) = —(1 +y*) £3(2*)2

Independent of the value of y, the fixed point x* = 0 with multiplier 9, f(0,0) = —(1 4+ y*)
exists, which is locally near the origin stable for y* < 0, non-hyperbolic for y* = 0, and unstable
for y* > 0. In Figure the supercritical flip bifurcation and in Figure the subcritical
flip bifurcation is visualized by cobwebbing for different values of the parameter y. We observe,
that for y*, the non-hyperbolic fixed point «* = 0 is non-linearly stable for the supercritical flip
bifurcation and non-linearly unstable for the subcritical flip bifurcation. Locally near * = 0 no
other fixed points arise by varying the parameter y.

~ ~ ~

L A LA LA

s
153
8Y
8Y
[Nl
=t
8Y

y <0 y=10 y >0

Figure D.1.: One-dimensional supercritical flip bifurcation visualized by cobwebbing. The stable period two orbit
is shown in red.

~ ~ ~

LA L A LA

y <0 y=10 y >0

Figure D.2.: One-dimensional subcritical flip bifurcation visualized by cobwebbing. The unstable period two orbit
is shown in red.

For the supercritical flip bifurcation a period two orbit arises for y > 0 between the points
r; = /y and x2 = —,/y as

fl(\/zjv y) = _\/@ f7~(_\/:'jvy) = \/Zj

The period two orbit is stable, as
0u f(EVy*y ) =1 = (1 +y")+3y" [ =| -1 +2y" <1

for y* > 0 sufficiently small.
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For the subcritical flip bifurcation a period two orbit arises for y < 0 between the points

x; = +/—y and x93 = —/—y as
LWyy) ===y, f(=vyy)=V-y.

The period two orbit is unstable, as
Ou f(E/ =y y ) == (0 +y") =3(=y )| =] -1+ 2y > 1

for y* < 0 sufficiently large. The period two orbits are visualized in Figures and

As periodic orbits cannot exist in one-dimensional ordinary differential equations, no direct
one-dimensional continuous analogue for the flip bifurcation exists. It is interesting to consider
the dynamics version, the fast-slow flip singularity, which has for 0 < € < 1 one of the following
normal forms:

= —( +y)ztad

D.3
yr—yte. (D-3)

To the one-dimensional flip bifurcation a slow parameter drift is added. In [2], the fast-slow flip
singularity is analyzed analytically. The qualitatively different behavior of a positive or negative
parameter drift is characterized by asymptotic calculations. However, up to now there is no
treatment via geometric singular perturbation theory and blowup method.

D.2. Embedding as a Poincaré Return Map

To analyze the normal form of the fast-slow flip singularity geometrically, we aim to use the
blowup method. The goal is to find a higher dimensional ODE system exhibiting in the singular
limit € = 0 a flip bifurcation of limit cycles, such that the normal form of the fast-slow flip
bifurcation can be re-obtained as a Poincaré return map.

The embedding of the normal form of the discrete fast-slow fold bifurcation in Section
was achieved by introducing an additional coordinate 6. For a fixed value of the parameter y,
a fixed point of the map was transferred to a limit cycle in the x-6 plane (or r-6 plane in the
new coordinates). To embed the period two orbit of flip bifurcation, it is not sufficient to add
one rotational coordinate in the same way as in Section 3.1} as visualized in Figure for a
radial component r and an angular component 6, the constantly in the same direction rotating
flow hitting the section {6 = 0} first at r = r} and then at r = 7§ # r} cannot come back to
r = ri without crossing the invariant solution curves. Hence, no period two orbits can exit in

EEEEEEE TR L L PP PR EEE SEEPEETEEEY PEPEEE PR 2

Figure D.3.: For an embedding of the fast-slow flip singularity, at least two rotational coordinates are needed.
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the plane parameterized by r and 6. The embedding introduced in the following was first used
by Crawford and Omohundro to study the global flow of period-doubling flows [5]. The space
R* is parameterized by

(r,0,6,y) € Rs_y x R/(sZ) x R/(sZ) x R

with fixed parameters s,v € Rsg. The coordinates z = v + r and 0 can be interpreted as the
usual polar coordinates parameterizing the space R?. A point € R* in Euclidean coordinates
is given by

= (om0 () (oo () () (25) )

The coordinate system is visualized in Figure [D.4l If r and ¢ are constant and 6 is a variable
in [0, s), a limit cycle with radius v+ 7 cos (2?”@ occurs. The parameter shift z = r+ v is defined
in the radial component to have the flip point located at r = 0 to simplify the calculations. In
this coordinate system, we consider the ODE system

r = —yr + r3,
0 =e,

1 D4
¢/ =35 ( )
y = +£0,

with 0 < 0 < ¢ < 1. In the (partial) singular limit § = 0, € # 0, a flip bifurcation of limit cycles
occurs: for r = 0, an equilibrium occurs in the radial component, which is stable for y > 0,
non-hyperbolic for y = 0 and unstable for y > 0. In the supercritical case, where the cubic term
has a + sign in system (D.4)), for y > 0, the radial component has additionally the stable fixed
points r = 4, /y. However in the subcritical case, where the cubic term has a — sign in system
, for y < 0, the radial component has additionally the unstable fixed points r = 4,/y.
As the rotation velocity for 6 is twice the rotation velocity for ¢, in both cases a limit cycle of

X1 L2

Figure D.4.: Coordinate System for the embedding of the fast-slow flip singularity in the first three coordinates,
the coordinate x4 = y is not shown.
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period two arises. We call system (D.4) the fast-slow flip singularity of limit cycles. Defining the
Poincaré section as

P:={(r,0,¢,y) € Rs_, x R/(sZ) x R/(sZ) x R: § =0},

up to rescaling of the variables, the normal form of the fast-slow flip singularity is obtained
as the Poincaré return map.

System extended by the equation &’ = 0 can now be analyzed with the quasi-homogeneous
blowup transformation introduced in Section Due to the same arguments as for the discrete
fast-slow fold singularity, we propose to apply the blowup transformation only to the coordinates
r,y and £. To apply the quasi-homogeneous blowup transformation of Definition we aim
that the right hand side of system is a quasi-homogeneous vector field. We assume that §
can be expressed in terms of € as

§=¢e”

for some a > 1. The following proposition determines the value of «, which results in a quasi-
homogeneous vector field.

Proposition D.2. 1o be able to apply the quasi-homogeneous blowup transformation of Defini-
tion we need o = 2 in system (D.4) leading to the extended ODE system

r = —yr+ r3,
0 =e,
¢ = -e, (D.5)
2
y = +e?,
e =0,
which is quasi-homogeneous of degree 3 with coefficients a; = 1, asa = 0, a3 = 0, as, = 2 and

CL5:2,

Proof. To apply the quasi-homogeneous blowup transformation, we need system (D.4)) extended
by the equation ¢/ = 0 to be a quasi-homogeneous vector field of type (a;,as,as,as,as) with
a2 = 0, a3 = 0 and degree k + 1. Inserting Definition of quasi-homogeneity into system

(D.4) leads to

450 L ipa4+k€a’
0= PR,
This yields the following system of algebraic equations:
a; +a,=a; +k, 3a;=a;+k, as=k, aza=as+k.
We have some choices as the last constraint does not give any algebraic relation. Using these

equations we obtain the following value for a:

CL4+I€_%_

2.
as k

As all coefficients a;, ¢ € {i,...,5} should be natural numbers, we deduce from the relation
3a; = a; +k, that k = 2a; is an even number. To keep the system as easy as possible, we choose
k = 2 and obtain system (D.5)) with the coefficients

4
I

a; =1, ax=0, a3=2, as=2, as=2. [l
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To apply the quasi-homogeneous blowup transformation of Definition [2.19] we choose the
interval I = [0, P] with P > 0 and introduce the two manifolds

B=5?xRxR/(sZ) xR/(sZ) and By=5%x][0,P]xR/(sZ) x R/(sZ).
Based on Proposition [D.2] we define the blowup transformation
SO : BO _>D07 (,F)/g7§7p7 9’ ¢) H (r7 07 ¢7 y7 8) = (pf7 97 ¢7p2g7 p2§)7 (D'6>

with (7,9,&) € S? and Dy = R>_, x R/(sZ) x R/(sZ) x R x R>q. The remaining task is now to
analyze system (D.5]) in the different charts. This is left for future work.
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Appendix E
Blowup of Discrete Fast-Slow Singularities

In this chapter we introduce an alternate approach to apply the blowup method to maps. In
Section [E.1] the polar blowup in spherical coordinates is introduced and a desingularization step,
which does not rely on a time rescaling, is proposed. In Sections and the results received
with this method for the normal forms of the fast-slow fold and the fast-slow flip singularity are
stated. In both cases, non-trivial dynamics is obtained on the sphere, but all fixed points are
non-hyperbolic.

E.1. Blowup of Maps in Spherical Coordinates

When applying the quasi-homogeneous blowup transformation introduced in Section directly
to fast-slow maps, we cannot use the same desingularization step via time rescaling as for fast-
slow ordinary differential equations. This problem is based on the fact that the time scale is
discrete. An additional problem in our setting is, that the extended normal form of the discrete
fast-slow fold singularity

xb—>$+x2—y,
Yy—y—g,
ErrE,

with =,y € R, is not a quasi-homogeneous map, as in the ‘fast’ map the terms = and z? occur.
Another idea is to use the blowup transformation in spherical coordinates. To that purpose,
the space R? is parameterized by

(z7,29,23) = (rsinbcos ¢, rsinbsing,rcosb)

with the radial component r € R>q, an angle ¢ € [—m, ) describing the angular position in
the ;-9 plane and an angle 6 € [0, 7] parameterizing the zs-coordinate. For fast-slow maps
with a positive parameter €, the upper half of the sphere obtained for 6 € [0, %] is of major
interest. The spherical coordinates are visualized in Figure [E.I] The corresponding coordinate
transformation ¢ and its inverse =" are given by

@ :8? % [0,00) = R3, ©(0, ¢, 1) = (rsimfcos o, rsinbsing,rcosb),
@ "R = 8% x [0,00), 0 (z,y,€) = (arccos E,atamQ(y,x),r) ,
r
with the function
arctam ¥ if z >0,
sgn(y)5 if v =0,

atan2(y, r) = ’ _
arctam 2 + if x <0andy>0,

arctan £ — 7 if x <0 and y < 0.

For r = 0, the spherical coordinate transformation ¢ is not one-to-one, such that the origin is
blown-up to a sphere by the inverse p~". The following theorem proposes a transformation for
three-dimensional polynomial blown-up maps resulting in non-trivial dynamics on the sphere.
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Figure E.1.: Spherical coordinates parameterizing the space R>.

Theorem E.1. Let G : R? — R3 be a polynomial map in x, y and e with G(0) = 0. The
spherical blowup is defined as

G0,0,7) =9 " 0 Gop(8.,r) = (0,6,7), (E.1)

for r # 0 and for r = 0 by continuous extension of (E.1)), where ¢ is the transformation in
spherical coordinates. Consider for r # 0 the transformed map

o™ 0 2 G o0, ¢,7)]o
G(0,0,7) = | lp~" 0xGop(b,0,7)]s (E.2)
[p™" 0 Gop(8,¢,7)lr

and its continuous extension to r = 0. The subscripts 0, ¢ and r denote the corresponding
components of the map. Then for r > 0, the maps @ and G coincide.

Proof. By definition, the r-coordinates of @ and G coincide.
As @ is a polynomial map with G(0) = 0, each component of the map G o ¢(f,¢,7) : S% x
[0,00) — R3 has the factor 7, hence we can write the map @ as

{o 90(07 (ba T) =T ﬁ(ea (ba T)7
where X (0, ¢,r) is a polynomial map in cos 6, sin 6, cos ¢, sin ¢ and r. Consequently, the map
LGo(.6,r) = £ (0.6.7

evaluated at » = 0 is finite and well-defined.
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For 7 > 0, the f-coordinate of the maps G(0, ¢,7) and G(0, ¢,r) coincides, as

o [GO @(07(1)770)]6
(0, ¢, r)9 = arccos
V1G 000,61 +[G o 0(6,6.7)]3 + (G o 0(6,6,7)]2
= arccos Ir- 29, 6,7)lc
I 20,0002+ [r- 20,6, +[r - £(0,6,7))2
= arccos A0, ¢:7)le
VIO, 6,7)5 + (20 0.1)]3 + [0, 6,7)]2
_ [£G 0 0(8,6,7)]c
= arccos = - >
VEG 060,015 + (G 0 9(0, 6,13 + [2G 0 0(0, 6,712
= g(ea ¢7 T)Q

Analogously, also the #-coordinate of the maps (6, ¢,7) and G(6,¢,r) coincides for r > 0,
because

G(6,6.7)o = atan2([G o ¢(6,6.7)],. [G © @(8. 6.7)]:)
G(8.9.1)s = atan2([~G 0 (8, 6.7y, [-G 0 0(6.6.7)]:)
= atanQ([ﬁ'(ea ¢» T)]yv [ﬁ(ea d)a T)]I)

As we consider only the case r > 0, the map @ o p(0, ¢,r) has for all input values in each
component the same sign as the corresponding component of A (6, ¢,r). So the case distinction
of the atan2-function in the inverse of the spherical coordinate transformation is the same for
the maps @ and G. Furthermore, it holds

oo (S22 g (2RO _ i (810000

Gop(0,9,7) (120, 0,7)]s 1(0,9,7)]x
and
sgu([@o (0, ¢, 1)]y) =sgu(r- £(0,9,r),) = sgn(A(6,¢,7)y).
It follows, that Q(6,¢,7) = G(6,¢,r) for r > 0, such that the two maps coincide. O]

The disadvantage of the transformation of Theorem is, that on the blown-up sphere S? x
{r = 0} only dynamics of the linear terms of the map is observed due to the fact, that the non-
linear terms depend non-linearly on r in the spherical coordinate transformation. Considering the
surface S2 x {r = 0}, these terms become zero, whereas the linear terms are non-zero due to the
factor ‘; in the coordinate transformation (E.2f). By weighting terms as in the quasi-homogeneous
blowup transformation, it could be possible to find coordinate transformations which result for
quasi-homogeneous maps in topologically equivalent maps, which keep the non-linear terms on
the sphere. However, the discrete fast-slow fold and the fast-slow flip singularity are no quasi-
homogeneous systems, hence other manipulations than introducing weights are required. This is
left for future work.

Nevertheless, the dynamics on the sphere S? x {r = 0} is already nontrivial for the transfor-
mation of Theorem Due to the parametrization in spherical coordinates, it is also nonlinear.
In the following two Sections and the dynamics on S% x {r = 0} is sketched for the
normal forms of the discrete fast-slow fold and the discrete fast-slow flip singularity.
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E.2. Results for the Discrete Fast-Slow Fold

The normal form of the fast-slow fold singularity is given by

x»—>x+x2—y,
y—=yxe, (E.3)
Er>E,

where the direction of the parameter drift is not specified.
Applying the coordinate transformation of Theorem results in the map

sim 0 cos ¢ — sin O sinm ¢
Gl,p,r=0)=¢ "o sim 0 sin ¢ £ cos
cos 6

on the sphere S? x {r = 0}. By construction of the map G(6,#,r = 0), the blown-up sphere
S? x {r = 0} is invariant. In Figure the fixed points of the map G in 8 and ¢ are shown.

The two fixed points
=50 (=50,

are both non-hyperbolic in all three coordinates. The qualitative behavior of the discrete fast-
slow fold singularity (E.3) with negative parameter drift is sketched in Figure The Figure
for positive parameter drift is obtained by reflecting the Figure at the line {# = 7 }.

\
0 fix

¢ fix
4

_WO PP T 0

Figure E.2.: Qualitative behavior of the discrete fast-slow fold singularity (E.3]) with negative parameter drift on
the blown-up sphere S? x {r = 0}. The fixed points are abbreviated by ‘FP’.
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E.3. Results for the Fast-Slow Flip

The normal form of the discrete fast-slow flip singularity is given by

z— — (I +y)z+ a3
y—=yxe, (E.4)
€€,

where the direction of the parameter drift is not specified.
Applying the coordinate transformation of Theorem results in the map

—simfcos ¢
G0, 6,7 =0)=¢ "o |sinbsingEcosh
cos 0

on the sphere S? x {r = 0}. By construction of the map G(6,#,r = 0), the blown-up sphere
S? x {r = 0} is invariant. In Figure the fixed points of the map G in 8 and ¢ are shown.

The two fixed points . - T T
(=50=-3) (F=390-3).

are both non-hyperbolic in all three coordinates. For the fast-slow flip singularity, we consider

Y

A Period 2 Orbit

(

T

—T

0 FP 7T)9

Figure E.3.: Qualitative behavior of the fast-slow flip singularity (E.4) with negative parameter drift on the blown-
up sphere S? x {r = 0}. The fixed points are abbreviated by ‘FP’.
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additionally the blown-up map of the second iterate, which is given by

sin 6 cos ¢
G*(0,,7r =0) =@ "o | sinfsingE2cosh

cosf

The map G*(0, ¢,r = 0) has the circle of fixed points {# = Z}, which are period two orbits
in the map G(6,¢,r = 0). The qualitative behavior of the fast-slow flip singularity with
negative parameter drift is sketched in Figure The Figure for positive parameter drift is
obtained by reflecting the Figure at the line {# = T}.
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