TuTl

TECHNISCHE UNIVERSITAT MUNCHEN

DEPARTMENT OF MATHEMATICS

DIRECTED PERCOLATION:
A MATHEMATICAL FRAMEWORK

Bachelor’s Thesis
by

Sara-Viola Kuntz

Supervisor: Prof. Dr. Christian Kiihn
Advisor: Dr. Maximilian Engel
Submission Date: 28" of August, 2019



I assure the single handed composition of this bachelor’s thesis only supported by declared
resources.

Garching, 28" of August, 2019

il



Abstract

This bachelor thesis illuminates the spreading process called directed percolation as well as
related models. In the first Chapter, application fields of models introduced in this bachelor
thesis are presented. The second Chapter is about the geometrically defined models ordinary and
oriented bond percolation. The percolation probability is defined and the critical phenomenon is
analysed. As oriented bond percolation in two dimensions is equivalent to directed percolation in
1+ 1 dimensions, the results of the second Chapter provide a basis for the dynamic percolation
processes of the third Chapter and some results follow immediately. The third Chapter deals
with three dynamic percolation processes: the 141 dimensional Domany-Kinzel automaton, d+1
dimensional directed percolation and the d+ 1 dimensional contact process. Directed percolation
is a discrete time process and the contact process is a continuous time adaption of it. They all
have the same critical behaviour and belong therefore to the same universality class. In the
fourth Chapter, first the scaling theory to analyse the critical behaviour of spreading processes
is introduced and afterwards the critical exponents of the directed percolation universality class
are approximated numerically and with mean-field theory. The last Chapter gives an outlook on
percolation models used in fluid dynamics.

Zusammenfassung

In dieser Bachelorarbeit werden der Ausbreitungsprozess der gerichteten Perkolation, sowie ver-
wandte Modelle beleuchtet. Das erste Kapitel stellt Anwendungsgebiete der in dieser Arbeit
betrachteten Modelle dar. Die geometrisch definierten Modelle der gewthnlichen Kantenperko-
lation und der orientierten Kantenperkolation werden im zweiten Kapitel vorgestellt, ihre Perko-
lationswahrscheinlichkeit definiert and das kritische Verhalten analysiert. Da zweidimensionale,
orientierte Kantenperkolation dquivalent zu gerichteter Perkolation in 1 + 1 Dimensionen ist,
bilden die Ergebnisse des zweiten Kapitels eine gute Grundlage fiir die dynamischen Perkola-
tionsmodelle des dritten Kapitels und einige Resultate kdnnen sofort ibernommen werden. Das
dritte Kapitel behandelt die folgenden drei dynamischen Perkolationsprozesse: Den zelluldren
Automaten von Domany und Kinzel in 1+ 1 Dimensionen, d 4+ 1 dimensionale gerichtete Perko-
lation, sowie den d + 1 dimensionalen Kontaktprozess. Gerichtete Perkolation ist ein Prozess
mit einer diskreten Zeitkomponente, der Kontaktprozess ist eine Adaption in kontinuierlicher
Zeit hiervon. Die aufgezdhlten Modelle haben das gleiche kritische Verhalten und gehdren somit
zur gleichen Universalitdtsklasse. Um diese zu bestimmen, wird im vierten Kapitel die hier-
fiir notwendige Skalierungstheorie eingefiihrt, sowie die kritischen Exponenten numerisch und
mit Hilfe der Molekularfeldtheorie angenihert. Das letzte Kapitel gibt einen Ausblick auf die
Anwendung von Perkolationsprozessen in der Stromungsdynamik.
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1. Modelling of Spreading Processes

In physics and biology, growth and decay of populations or particles is often modelled by spread-
ing processes. One mathematical class of models including all these properties is dynamic per-
colation, which describes the time evolution of particles located on vertices, also called sites of a
lattice. These particles can either be active or inactive and, depending on their state, they can
stochastically interact with their neighbours. All dynamic percolation models are built up with
the same reaction diffusion scheme: particles can produce offspring, self-destruct, merge with
other particles or diffuse [15]. Models with these properties are for example the Domany-Kinzel
cellular automaton, the contact processes and directed percolation, which is the main model of
this thesis. They are introduced in Chapter 3 and further analysis is done in Chapter 4.

There are various deployments in different application fields, which can be modelled with
dynamic percolation processes. In the following, three of them will be presented:

Firstly, when modelling a disease, we represent infected individuals as active and healthy
individuals as inactive sites. Infected individuals can pass the disease to their neighbours or cure
themselves, with given respective rates. The main question of such a process is whether it is
possible to eradicate the disease depending on given probabilities. If all individuals are cured, it
is not possible to get infected again, since the system is modelled without external pathogens. If
the infection probability is above a critical value, there will be a balance of infected and cured
individuals and on average the fraction of infected individuals will stay constant [15].

Secondly, it is possible to model the oxidation of carbon monoxide, whose chemical equation
is given by CO 4+ O — CO3. A gas composed of carbon monoxide CO and oxygen molecules Og
is brought onto a catalytic material, which is represented by the square lattice Z?. Each vertex
of the lattice can be empty or filled by a CO molecule or an O atom. With given rates, CO
molecules can occupy empty sites, Os molecules can split into O atoms and fill neighbouring
sites, and neighbouring CO molecules and O atoms can recombine to form CO2 molecules, which
dissolve from the lattice and leave two empty sites. The process ends in an absorbing or in a
fluctuating steady state. In the former case, all vertices are filled either only with CO molecules or
only with O atoms, such that no reaction is possible. In the latter case, the average concentration
of gases stays constant [I5].

Finally, dynamic percolation processes can be used to model turbulence of flows in a pipe.
The fluid mechanical behaviour is strongly simplified, nevertheless good results are obtained [I],
[24]. In Chapter 5 a one- as well as a three-dimensional percolation model of fluid dynamics will
be presented.

Initially, percolation systems were not defined to model the time evolution of spreading pro-
cesses. Rather, they are applied geometrically to analyse the connectivity of particles in arbitrary
media [I8]. In Chapter 2, ordinary and oriented bond percolation models are introduced, anal-
ysed and shortly connected to an ordinary site percolation model.

An example for bond percolation is the analysis of water channel arrangement in porous rocks.
The passageways of the rocks are modelled by edges between vertices of a lattice, which are
open or closed with a given probability. Considering a rock under the influence of gravity,
the passageways are modelled by directed edges, such that the water can only spread through
channels directed towards Earth’s centre. The major interest of this percolation model is the
situation of open edges building an infinite cluster, such that the water can pass arbitrarily far
and the rock gets drenched [15].

There are many similarities between dynamic percolation processes and oriented bond perco-
lation. In Chapter 3, the equivalence of directed percolation in 1 4+ 1 dimensions and oriented
bond percolation in two dimensions is shown.



2. Bond Percolation on Z¢

In the literature various models for spreading processes exist, whose applications were already
mentioned in Chapter 1. Percolation models simplify the behaviour of objects like particles, as
they are considered to be located on vertices or move along edges of discrete, regular lattices.
Additionally, the particles are restricted to two different states: active or inactive. Even if it is
not complicated to define percolation models, they have a non-trivial dynamical behaviour and
can help to understand more complicated models describing real-life phenomena [§], [15].

There are mainly three different types of percolation models: firstly, the model of different
states of edges of the lattice (bond percolation), secondly the model of different states of vertices
of the lattice (site percolation) and lastly, the model of interaction of vertices with their near-
est neighbours depending on their states (dynamic percolation). Therefore an additional time
component is added to model the growth and decay of particle clusters and analyse stationary
states and survival probabilities, see Chapter 3 and 4. In the geometrically defined bond perco-
lation models, ordinary or directed edges are open or closed with a given probability. The main
question is to find the critical probability, such that an infinite cluster of open edges exists [15].

In this Section, firstly, the concepts of ordinary and oriented bond percolation are introduced
and shortly connected to an ordinary site percolation model. Then, two properties called perco-
lation probability and critical probability are defined and the critical phenomenon is analysed.
This is achieved by joining and expanding the definitions and results given in [8] and [18] for
ordinary bond percolation and applying them to oriented bond percolation. The probabilistic
definitions, lemmas and theorems used in this Chapter can be found in Appendix A.

2.1. Definition of Ordinary and Oriented Bond Percolation on Z¢

Ordinary and oriented bond percolation are usually defined on d-dimensional square lattices
whose vertices are Z¢ with d € N := {1,2,3,...}. For two vertices x = (x1,22,...,2q), Yy =
(Y1, Y2, -, yq) € Z* we denote the graph theoretic distance by 6(z,y) = Z?Zl |z, — vl Tt
describes the least number of steps to be taken to get from x to y. The edges related to the
vertices Z% are given by

di={e={x,y} :x,y € Z2 N S(z,y) = 1},
B = fe=(z,y):xyeZing; <y Vie{l,..d} No(z,y) =1}, (2.1)

where {z,y} denotes an undirected edge between = and y and (x,y) a directed edge from z to y.
Since most oriented models require a prescribed direction because of influences like gravity, the
common definition of oriented bond percolation only considers edges directed from a vertex z
towards a vertex y, where each component of y is larger or equal to the corresponding component
of . For oriented bond percolation without a prescribed direction of the edges, fewer results
are known and they are more difficult to prove [9] The hypercublc lattices considered here are
L = (Z4, Ed) for ordinary bond percolation and L¢ := (z4, Ed) for oriented bond percolation.
Figure shows the lattice of ordinary bond percolation in two dimensions, Figure
the north- east’ lattice of oriented bond percolation in two dimensions.

For a probabilistic deﬁmtlon of ordlnary or oriented bond percolation we con81der the proba-
bility spaces (2, F, Pp) (Q 7P p) with sample spaces € = [[.cga{0, 1} or O == [[.cza10,1}
and o-algebras F or VA generated by the finite-dimensional cylinder sets of events which
can occur in the percolation processes respectlvely The related probablhty measures are defined
as product measures of Bernoulli-distributions P := [], cga Ber, or IP’p = [[.cga Berp with the
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Figure 2.1.: Excerpt of realisations of ordinary and oriented bond percolation. Solid lines represent open edges
and the dotted lines closed edges.

corresponding expectation operators Fj, and Ep. Every vector w € Q or @ € 3 is called a
configuration of the corresponding percolation model. The values 0 and 1 of the components of
these vectors have the following interpretation: each edge is supposed to be open (existing) with
probability p € [0, 1] or otherwise closed (not existing) and each are independent from the other
edges. To model this, we consider a vector of independent and Bernoulli distributed random
variables on (2, F,P,) and (ﬁ, 7, ﬁp) respectively:

XP=(XP:ecEY:Q—{0,1}, XP=(X*:ecE%:Q {01}, (2.2)

where X2 denotes the projection to the component with index e € E¢ and )_513 the projection to
the component with index e € E<. This means P(X{=1)=1-P(XZ =0)=pforalec R4
and P(X? = 1) = 1 —P(X? = 0) = p for all e € E. The sets of open edges are for a given
probability p € [0,1] and a given configuration w or &J defined as

Elw) = {e € EY: XP(w) =1}, E4D)={ecE’: XI(T)=1}. (2.3)

The sets of closed edges are consequently given by Ed\Eg(w) and Ed\Eg(w). By regarding
only the remaining subgraphs (Z¢, E(w)) and (Zd, Eg(w)), which arise from removing the closed
edges, a realisation of ordinary or oriented bond percolation is obtained, see Figure [2.1]

In contrast to ordinary bond percolation, in ordinary site percolation vertices are open or
exist with probability p € [0,1] and are closed otherwise. The following results for ordinary
bond percolation are often similar to the ones for ordinary site percolation, but the values of
the critical probabilities differ. Most arguments from bond percolation models can be applied
or modified to different lattice models. Given an ordinary bond percolation model, an ordinary
site percolation model is obtained by replacing every open (closed) edge e by an active (inactive)
vertex € on a new lattice and by joining each two new vertices ¢/ and f’ by a new open edge
if and only if the two corresponding edges e and f on the old lattice are adjacent. This edge
between ¢’ and f’ is open if and only if both vertices are active, see Figure [12], [15].

Ordinary site percolation is more general, as there exist ordinary site percolation models,
which cannot be transformed into an ordinary bond percolation model, see Figure every
orange active vertex of the ordinary site percolation configuration has to be replaced by an open
grey edge of ordinary bond percolation. In the ordinary site percolation model the left and
right vertex are joined, but it is not possible that the left and the right edge of ordinary bond
percolation are adjacent.



a) Transformation from bond percolation in grey to site b) Site percolation configuration which cannot be ob-
g g
percolation in orange. tained from a bond percolation model.

Figure 2.2.: Bond percolation in grey and site percolation in orange. Solid lines represent open bonds and dotted
lines closed bonds; filled cycles represent active sites and hollow cycles inactive sites.

2.2. The Existence of an Infinite Open Cluster

To analyse an obtained realisation (Zd,Eg(w)) or (Zd, ﬁg(w)) of ordinary or oriented bond
percolation, we introduce the following notation for ordinary bond percolation: for x,y € Z¢
we write x <> y for an open path through x and y and then call x and y connected if there
exists a sequence m = (20, z',...,2"),n > 0 of points 20, 2!, ...,2" € Z¢ with {1 2%} € Eg
Vi € {1,..,n} and x = 2° and y = 2™. Analogously we write for oriented bond percolation
x — y if a sequence m = (20,21, ...,2™),n > 0 of points 2%, x', ..., 2" € Z¢ with <xi_1,xi> € ﬁg
Vi € {1,....,n} and 2 = 2° and y = 2™ exists. The open cluster or connected component of z is
defined as

Cp(x) ={y € 2% : x < y}, 6;,,(:1:) ={yeZ:z -y} (2.4)

For the origin we set C), :== Cp(0) and 6’} = ap(()). In the case of ordinary bond percolation
the operator < is an equivalence relation on Eg since it is reflexive (z <> z), symmetric (z <> y =
y <> =) and transitive (z <> y Ay <> 2z = x < z) Va,y,z € Eg. For oriented bond percolation
the operator — is reflexive and transitive, but symmetry is not fulfilled.

In the following, some probabilistic results of bond percolation are proved for ordinary bond
percolation similarly to [I8]. Since the proofs do not use that the edges are undirected, they
hold analogously for oriented bond percolation and can be obtained by replacing every variable
or set by the corresponding one from oriented bond percolation.

Lemma 2.1 [18]. Let x,y € Z%. Then the indicator functions

L, ifz <y, L, ofz—y,

]]-{:c<—>y}(w) = { l{m%y}(w) = {

0, otherwise. 0, otherwise,

—

as well as the cardinality of the open clusters |Cp(z)(w)| and \5p(x)(w)| are random variables
with respect to the probability spaces (Q, F,P,) and (Q,F,Pp), where w € Q and & € Q.

Proof. (Only for ordinary bond percolation). Since the lattice Z¢ is invariant under translation
we can suppose x = 0. For given y € Z% we define for n € N the functions

1, if there exists an open path of length <n
20 —={0,1}, fY(w):= from 0 to vy,

0, otherwise.

Every path of length < n is also an path of length < n + 1 and therefore f, is monotone:
fil(w) < fi (W) Vw € Q. As Ty (w) is 1if and only if there exists a path of arbitrary length
from 0 to y it holds L.,y (w) = lim f(w) = sup,ey fi (w) Yw € Q, where the last equation

n—oo

follows from the monotony of f in n. Since the supremum of measurable maps is measurable it
is sufficient to show that f,, is measurable for all y € Z9.

Let Qn = {x = (21,..,xq) € Z% : ||z|, = maxjeqz; < n} and Fe = {e = {z1,12} €
E? : 21,29 € @} be the set of edges between points of the cube @Q,. As every component X7



with e € E? of the random variable X? : Q — {0,1} (cf. equation (2.2))) is measurable, also
hy = (Xl :ecFd):Q — [Teera{0, 1}, which is the projection from X? to its components
indexed by e € F?, is measurable. f, is a function of h, because all edges of paths of length
< n starting at 0 are contained in F¢. Hence, we can write f,(w) = g, o h,(w) for some suitable
measurable map gn : [],cpa {0, 1} — {0,1}. It is measurable, since the preimage of 1 is an open
path of length < n, which is a finite dimensional cylinder set (cf. of €2 and so contained in
the o-algebra of the underlying probability space (2, F,P,) (cf. definition is Section 2.1). The
preimage of 0 is the counter event of the preimage of 1 and so also measurable. It follows that f,
is measurable as a composition of the measurable maps g, and h,, and so the indicator function
1{ze5y) (w) is a random variable.

As [Cp(2)] = doyeza Lizesyy, the cardinality of the open cluster [Cp(z)] is a random variable
as a sum of random variables. O

Since we have shown that |Cp(z)| and lﬁp(x)\ are random variables, the percolation probabil-
ities O(p) and 6 (p) can be defined as the probability of the origin belonging to an infinite cluster
of open edges:

0(p) = Pp(|Cp| = 0), 0 (p) = Pp(|Cp| = o0). (2.5)
Because of the invariance of the lattice Z¢ under translation, it holds
0(p) = Pyp(ICp(y)| = 00) and 6 (p) = P,(|Cply)| =o0)  VyeZ’. (2.6)

It is intuitively clear that 6(p) and ﬁ(p) are monotonically increasing functions in p, but the
formal proof takes some steps and needs a technique called coupling.

Proposition 2.2 [I8]. The maps [0,1] — [0,1], p — 6(p) and [0,1] — [0,1], p — g(p) are
monotonically increasing.

Proof. (Only for ordinary bond percolation). Let (Qy, Fy,Py) be a probability space, p,p’ €
[0,1] with p < p" and (Y).cge be a family of independent random variables on (Qy, Fy,Py),
which are uniformly distributed on the interval [0,1]: Y. ~ U ;). Now we define for ¢ € {p,p'}
a family (Xd),cge of random variables:

1, ifY, <g,
Xg = ﬂ{YCSq} = {0 ¢

otherwise.

Since the family (Ye).cga is independent, the family (X¢) cga also is. Furthermore, as it holds
P(Xd =1)=1-P(Xd =1) = ¢, XZ is Bernoulli distributed: X¢ ~ Ber,. X¥ and Xgl both
depend on the same Y, and so they are coupled and for every e € E? the relation X? < X7
is fulfilled for all e € E¢, because {Y, < p} C {Y. < p'} Ve € E?. Since we can interpret X¢
as the state of edges (cf. equation (2.3))), we have constructed two models of ordinary bond
percolation for p and p’ simultaneously on the same probability space (Qy, Fy,Py). From the
relation X? < X”' for all e € E? it follows for the open clusters: Cp(z) C Cp(x) for any x € Z4
and hence 0(p) < 9(p/) for 0 <p <p' < 1. O

The percolation probability defines for a given x € Z% the probability _)that x belongs to an
infinite open cluster, but regarding the whole lattice, we can define ¥ (p) or ¥ (p) as the probability
that percolation occurs, which means that at least one infinite open cluster exists:

vp) =B, | J{G@|=cc}]|, 4@ =P, | JUC@)|=00}|, (@7

xCZ4 xeZa

where {|Cy| = oo} is the empty set if no infinite open cluster for = exists and otherwise it is the
event A, = {|Cy| = oo} that there exists an infinite open cluster at x. Consequently the union
over all z € Z% describes the event that there exists at least one infinite open cluster.



Proposition 2.3 [18]. For any p € [0,1] it holds

o, ifep) = o, it dm) =
1/)(]9)—{1’ if 0(p) >0 (p)_{l, if 4(p) >0

Proof. (Only for ordinary bond percolation). If 8(p) = 0 it follows with equation (2.6):

=

o) =P, | |J {1G @) =00} | < S B(C )] = 0) = 3 6(p)

x€Z4 yezZd yeza

For the case 6(p) > 0 define A = |J,c54{|Cp(x)| = co}. If we change only the state of finitely
many edges () # F¢ C EY, the realisation of percolation ]Eg differs, but the connected components
of infinite cardinality and so also A stay unchanged. Hence for every finite () # F? C E? the event
A is an element of the o-algebra generated by the remaining edges: A € o((X¢).cga\pa). By the
deﬁnltlon of the tail o-algebras it follows directly A € T((X?).cga). So Kolmogorov’s
0-1 law shows ¢(p) = P(A) € {O, 1}. The probability that an infinite open cluster exists
is larger or equal than the probability that the origin is contained in an infinite open cluster.
Therefore it holds 9 (p) > 6(p) and so ¥ (p) € {0,1} implies that ¢ (p) = 1 for 6(p) > 0. O

So for A(p) > 0, at least one infinite open cluster exists. For ordinary bond percolation, it is
almost surely unique, which is proved in [I§]:

Theorem 2.4 [18]. Let N be the number of infinite clusters,
= {Cp(@) : [Cy(a)] = o0 for = € Z|.
Then for any p € [0,1] it holds P,(N < 1) = 1.

For oriented bond percolation, in [I0] a theorem implying the uniqueness of an infinite open
cluster is proved. A special case of this theorem is outlined below.

Theorem 2.5 [10]. Let d > 2 and p € [0, 1] with E(p) = 1. Then for all z,y € Z¢:
Pp(az;\ép(z)\:oomeﬁp(x)mec ) [1Cp()] = 00 A [Cply )\:oo) =1

ThlS theorem is proved for a sublattice of Ld= (Z4, Ed) contalmng all vertices and edges of

]Ld whose components are non-negative. For given x and y in Ld the lattice can be translated so
that x and y are located in the positive orthant. Every infinite open path starting from a vertex in
the positive orthant only contains edges between vertices with non- negatlve components, because
of the directionality of the edges. Consequently, TheoremHalso holds on ]Ld (z4, Ed). Hence,
even in the case of oriented bond percolation, the infinite cluster is almost surely unique: if there
would be at least two different infinite clusters which have no points in common with = € Z¢
contained in a first and y € Z? contained in a second one, Theorem Would ensure the existence
of a z € Z¢ contained in both infinite open clusters. This is a contradiction to the assumption
of two different infinite open clusters.

2.3. The Critical Phenomenon

As we have shown in Propositions and that 6, ¢ and P, E are monotonically increasing
functions in p, we can define the critical probability as

Pe = pe(L?) == inf{p € [0,1] : 6(p) > 0} = sup{p € [0,1] : (p) = 0}

=inf{p € [0,1] : ¢(p) =1} =sup{p €[0,1] : ¢(p) = 0},

Be=Pe(L?) =inf{pe[0,1]: §(p) >0} =sup{pe[0,1]:d(p) =0}
=inf{pe[0,1]: 4 (p) =1} =sup{pe[0,1]: ¥ (p) =0} (2.8)



The percolation probabilities 8(p) and t_9>(p) take the following values dependent on p. and P

>0, ifp> pe, >0, ifp> Pe. '

There are two phases: the subcritical phase if p < p. and the supercritical phase if p > p..
In the subcritical phase, all connected components are almost surely finite. In the supercritical
phase, the origin and, because of the translation invariance of the lattice, every vertex in Z? has
a positive probability to be in an infinite open cluster. According to Proposition an infinite
open cluster almost surely exists and due to Theorems and it is almost surely unique.
From equations and a couple of questions arise: are there exact values known for p. and
P.? What is the probability that an infinite connected component at p = p. or p = P exists?
How does the percolation system behave for values of p or p near the critical probability? In the
following, some answers to this critical phenomenon can be given, but there are still many open
questions in percolation theory. The theorems outlined below show parallels between ordinary
and oriented bond percolation, but the proofs often differ because the directionality of the edges
restricts the spatial freedom.

The proof of the following theorem is briefly sketched for ordinary bond percolation in [1§]
and will be presented here in more detail and also for oriented bond percolation.

—

Theorem 2.6 [I8]. For d =1 it holds p. = p.=1 and 0(p.) = 0 (p.) = 1.

Proof. For p =1 every edge of the_lattices L4 and ¢ is open, so an infinite open cluster at the
origin exists. Hence 6(1) =1 and 6 (1) = 1.

In the case of ordinary bond percolation on the lattice L' = (Z!, E!) define for p < 1 and n € Z
the events A, = {an’n 1y = 0}. Since the family of Bernoulli distributed random variables

(X?).cp1 was chosen to be independent, the family of events (An)nez, (Bn)nen = (An)nen
and (Cp)nen = (Ai—n)nen are each independent. Furthermore P(A,,) = 1 —p > 0 and so
S By=302,Cr =% 1—p=o0. It holds

oo [e.e]
B* .= limsup B, = ﬂ U B, = {an,nﬂ} = 0 for infinitely many n € N},

n—00
n=1m=n

C* == limsup C,, := ﬂ U Cpp = {Xfl—n,z—n} = 0 for infinitely many n € N}.

n—oo
n=1m=n

By the Borel-Cantelli Lemma it follows P(B*) = P(C*) = 1. Define A* = B*NC*
to be the event that located to the left and to the right from the origin infinitely many closed
edges exist respectively. Because of the independence of the family (A, ),ez, it follows P(A*) =
P(B*) - P(C*) = 1. As the event that the origin is contained in an infinite open cluster, is a
subset of (A*)¢, it holds 6(p) < P((A*)?) =0 = p. =inf{p € [0,1] : 6(p) > 0} = 1.

In the case of oriented bond percolation on the lattice L1 = (Z!, E!) we define for p < 1
and n € N the events A, = {an,n 1y = 0}. Since the family of Bernoulli distributed random
variables (X7 )eci1 Was chosen to be independent, the family of events (Ay)nen is independent.
Furthermore, P(A,) =1—p>0andso > o2 Ay, => " ;1 —p=occ. It holds

n=1

A" :=limsup A4,, == ﬂ U B, = {an 1y =0 for infinitely many n € N}.

n—oo
n=1m=n

By the Borel-Cantelli Lemma it follows P(A*) = 1. Because of the left-right orientation of the
edges, only the ones between positive integers play a role for the decision whether the origin is
part of an infinite open cluster. So this event is contained in (A*)¢. Hence 6(p) < P((4*)¢) =0
= pe=inf{pe[0,1]: 6(p) > 1} = 1. O



In two dimensions the value for the critical probability of ordinary bond percolation on a
square lattice is known, but it takes more steps to prove it than the intuitively clear result looks
like, see [§].

Theorem 2.7 [8]. For d = 2 it holds p. = 5 and 6(p.) = 0.

For different lattices like triangular or hexagonial ones, it is also possible to compute exact
values of the critical probability in two dimensions [§]. Even there are no exact and not numeri-
cally computed values known in higher dimensions, some lower and upper bounds can be found
for ordinary and oriented bond percolation.

Theorem 2.8 [9], [I8]. For d > 2, it holds 0 < 57 < pc(d) < Pe(d) < 2 < 1.

Proof. In the undirected case, we consider for the lower bound a self avoiding walk (SAW) on
E<. This is a path that visits each vertex of Z?¢ at most once. We denote with o, the number
of SAWs on E?, which start at the origin and have length n and with N,, the number of SAWs
counted in o, which consist only of open edges. Since the existence of an infinite open cluster
is equivalent to the existence of an open self avoiding walk with length infinity, if follows

0(p) =Pu(|Cp| = 00) =Pp(Np, > 1 Vn > 1) = li_)rn P,(N,, > 1).

The last equality holds because if an open path of length n exists also an open path of length
n — 1 exists, so Pp(N, > 1) < P,(Np—1 > 1) and consequently P,(NN, > 1) converges as it is
bounded from below through 0. To find an evaluation for the percolation probability 0(p), we
describe the value of P,(NV,, > 1) in terms of the expected value of N,,. This can be expressed as
the number of all possible SAWs o, times the probability p™ that each of the n vertices is open.

»(Np, > 1) ZP <ZZ]P’ N, =1) = E,(Ny) =p" - op.

The number of possible SAWs is bounded since for the first step there are 2d possible steps
away from the origin on E? and afterwards there are not more than 2d — 1 possible directions to
walk because one edge is already used to reach the regarded vertex. Thus

on <2d-(2d—1)""1
= 0(p) = lim Py(N, >1) = lim p" -0, < lim p"-2d-(2d — 1)**
n—o0

n—oo n—oo

The limit value of the geometric series and so also 0(p) is zero if p- (2d — 1) < 1. As p, =
inf{p € [0,1] : O(p) > 0}, the critical probability has to fulfil

pe-(2d—1)>1 = p.> >0 Vd>2. (2.10)

~2d-1

Every oriented path is also a path, so if there exists an infinite open cluster in L7 and we keep
the same edges open, there exists also an infinite open cluster in L%. It follows for the percolation
probability 9( ) < 0(p) and because of definition (2.§] ([2.8) for the critical probability pe(d) < pe(d).

For the upper bound, we remark that L? can be embedded in L4+! as a projection on the
subspace generated by the first d coordlnates So if for given p € [0, 1] an infinite open cluster
exists in L?, it is also infinite in L4+1. Hence Hd( ) is increasing in d. With the definition of
Pe it follows

Peld+1) < Pe(d) Vd>1. (2.11)

So to prove P.(d) < 2 for all d > 2 it suffices to show P.(2) < 3. Therefore define with the
points (4,0) € Z2, i € {1,..., N}, N € N the open cluster of {1,..., N} x {0}:

=2

Cn = Cpl(i,0)),

1

i



where 6((x1, 17)) denotes the open cluster of (x1,z2) € Z? (cf. equation (2.4)). Cy is presented
in Figure From the o-subadditivity of probability (A.5)) and the translation invariance of
the lattice (2.6) it follows for an arbitrary point y € Z? that

N
) = BolICo0)] = ) = 1= D By(1T((5,0))] = o0)
=1
>1p N@'o— _ 1p,(Cyl = 2.12
> 378 (U001 = o0} ) = (1Ol = o0 (212

The undirected dual lattice of (iz, EQ) is defined by (Z2,E?) with
72 11 2 2 72
72=\=,-|+Z2 E*={e={z,y} :z,y € Z° N(z,y) = 1}. (2.13)

The realisation of percolation in the dual lattice (ZQ,E?,) is obtained in the following way:

Each edge of E? crosses exactly one edge in E2 (cf. equation ), it is called the corresponding
edge. Hence every edge of E? is defined to be open if and only if the corresponding edge of E?
is open. A closed cycle of the undirected dual lattice is a sequence m = (xg, x1, ..., x,),n > 0 of
points xg, z1, ..., 7, € Z¢ with 29 = @, 2; # x; for i € {0,...,N},j5 € {1,..., N — 1},i # j, and
{zK—1,21} € ]EQ\I_E% for k € {1,..., N}. We define the set

M, == {p : p is a closed cycle of the undirected dual lattice with length n, which
surrounds {1,..., N} x {0}}. (2.14)

Every closed cycles surrounding {1,..., N} x {0} C Cy has a length n > 2N + 2 > 2N,
see Figure We show now that |M,| is bounded by n - 3" Every cycle surrounding
{1,..., N} x {0} has to cross the axis Z x {0} at least twice. So there is an integer r < 1, such
that the edge {(r— 3, %), (r— %, —3)} crosses Z x {0} and an integer m > N, such that the edge
{(m+3,3), (m+1, —%)} crosses Z x {0} as well. Since every closed cycle of M, has n different
vertices and has to contain the points (r—%,—3), (r—3,3), (m+3,—3) and (m+3, 1) it holds
n>2(m—r)+2>2m > m. It follows that there are less than n possibilities to pick the vertex

% x x x x x x x * x X X X x
>4 3 6 ¢ »e
‘ g X X @
» - L3 1 » x » - X e - x » x » = .3
. |
5 — > 5 1
A A ‘
* x I — x ® x x » x R —— t—. x R
| ‘ H |
4r | e B 4 =k = —+ >4 — - >4
x S x B Bty oees X M ) O . . X
| | ] I
3 * - >e : 3 *
o A _ IS A T3
3 x 1 » x x x 1 - X x x X
I I ]
) e e e . - — e 2 [ >4 >4 >
A i A I
x x x 2 x Ll . 3 x x t * “w .
I I
1 = ¢ —+ e+ . : 1 o e e S
x i X e x » x .
. / i " ) i | P
x x x x - x x
0 1 2 3 4 5 6 0 1 2 3 4 5 6

(a) In blue: minimal circle surrounding {1, ...,4} x {0} with  (b) In blue: closed cycle containing the open cluster C
length 2- N +2 = 10. with length n = 22 > 10.

Figure 2.3.: Excerpt of the realisation (Z2, E)(Qm) of oriented bond percolation, the points {1, ..., N} x {0} for N =4
are green, here m = 4 and r = 1. Solid lines represent open edges and dotted lines closed edges.



(m+ %,%) € Z? out of the points of the closed cycle containing {1,..., N} x {0}. Starting from
this vertex, there are at most 3 possibilities for the next edge of the closed cycle because the
cycle cannot go back to the Vertex of the last step. It follows |M,| <n-3".

The edges of the dual lattice (2.13)) have a one-to-one correspondence to the original lattice, so
an edge is also open with probablhty p and closed with probability 1 —p. Since the open cluster
C is finite if and only if there ex1sts at least one n > 2N with |M,| > 1, it follows with the
o-subadditivity of probability (A.5) and the limitation of |M,|:

Py(|C| < o0) ( U 1M > 1}> < D Bp(IMal 2 1)

n=2N n=2N

[eS)

D SIANIEIE yRIE g
n=2N n=2N

In Figure [2.3(b)| a closed cycle containing the finite open cluster 61\7 is shown. For p > % the
last sum converges to zero if N tends to infinity by Lemma , because 3- (1 — p) < 1:

= n n - n N—oo
d m3t(1-p)"= > n-3-(1-p)" — 0.
n=2N n=2N

Hence for p > % there exists N*(p) € N large enough such that IP’p(|6N| < o0) < 1 for all
N > N*. Since Pp(|Cn| < 00) < 1 & P,(|Cn| = 00) > 0, it follows P,(|Cn| = co) > 0 for all
N > N*(p). Inserting this inequality in equation (2.12)) leads to
1

— 2
—P,(|Cn|=00) >0 VN > N*(p) with p > —.

0 (p) >
9(p)_N 3

So if we consider a sufficiently large number N* of points on the line {1,..., N} x {0}, the

probability that at least one of these points belongs to an infinite open cluster is positive. It
follows for the critical probability:

— 2
Pe=1inf{p e [0,1]: 6(p) >0} < 3 < 1. (2.15)

Equations (2.10) and (2.15) provide the result of the theorem. O

At the end of this Chapter, we state a conjecture and a theorem about the continuity of
the percolation probability at the critical probability. Even many theorems are easier or only
possible to be proved for ordinary bond percolation, the following theorem is so far only provable
for oriented bond percolation.

The percolation probability 6(p) can only be a continuous function if 6(p.) = 0 since p. is
defined as p, = inf{p € [0,1] : O(p) > 0}. If O(p.) # 0 a ’jump’ would exist in the graph of 6(p)
at p.. For O(p.) = 0, 6 is continuous at p., as for every series (pp)nen converging to pe, 0(py)
converges to zero: if there would be a series (p,,)nen, where 8(p,,) converges to ¢ € Rs, it would
hold é(p.) > 0, which is a contradiction to 8(p.) = 0. In the case of ordinary bond percolation,
the continuity of 6 at p. is only proved for d = 2 and d > 19 (see [13]), but is believed to hold
in all dimensions. For oriented bond percolation, the statement is proved in [10] with block
construction arguments.

Conjecture 2.9 [9]. For d > 2, we have that 0(p.) =

Theorem 2.10 [I0]. For d > 2, we have that 0 (7.) = 0.
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3. Dynamic Percolation Processes

Besides bond and site percolation, which were introduced in Chapter 2, a third class of percolation
process called dynamic or space-time percolation exists. The name space-time results from time
as an additional dimension in the process. In a given discrete space, the sites of the lattice can
be active or inactive and their states evolve through time because of interactions of the sites with
their neighbours. The updates of the lattice can be modelled synchronously with a discrete time
axis or asynchronously with a continuous times axis. There are differing views regarding which
model is more realistic. Since in nature there is no artificial cycle or clock, the asynchronous
spontaneously occurring updates seem more natural. Nevertheless, in the modelling of traffic
flows, synchronous updates lead to better results. Both types have a similar behaviour and their
properties can often be proven analogously [15], [23].

In this Chapter, three of the most popular lattice models for dynamic percolation are presented.
First the 1 4+ 1 dimensional cellular automaton defined by Domany and Kinzel is introduced. A
special case thereof is directed percolation, whose definition in [I5] is generalised in the present
work from 1+ 1 to d + 1 dimensions and connected to oriented bond percolation. Afterwards, a
continuous time adaption of directed percolation is defined in d + 1 dimensions, called contact
process.

The whole variety of dynamic percolation models works with the same reaction diffusion
scheme. Particles on the sites of the lattice can self-destruct (an active particle gets inactive),
diffuse (two particles exchange their state), produce offspring (some active particles emerge from
one active particle) or coagulate (some active particles merge into one active particle) [15]. Since
spontaneous particle creation is forbidden, all lattice models have an absorbing state: if all sites
are inactive, it is not possible that any site becomes active again. Above a critical probability, the
system does not reach the absorbing state, but self-destruction and offspring production balance
each other. This results in a fluctuating steady state, where the average of particles fluctuates
around a constant value [I5]. For the three models defined here, it is possible to find similar
results to the ones given in Chapter 2 regarding the critical probability.

3.1. Domany-Kinzel Cellular Automaton on Z x N,

A cellular automaton is a map from a configuration of a lattice onto another configuration of
the same lattice. The map iterates in discrete time steps t € Ny := N U {0} and usually the
deterministic or stochastic update rules of the sites are locally independent [15].

The 1 4+ 1 dimensional Domany-Kinzel model is a stochastic cellular automaton, which is
defined as a homogeneous discrete time Markov chain , which describes the evolution of
the states of sites located on the axis Z. The following definition of the Domany-Kinzel cellular
automaton is a more detailed and probabilistic version of the model defined in [15] and [17].
The space axis is Z or a finite interval of Z, which has without loss of generality the form
[-N,N — 1]z = {-N,—-N+1,..,.N -2, N —1}, N € 2N. Let s;(t) € {—1,0,1} denote the
state of a site ¢ at time ¢t and define the random variables S*(t) = (..., s_1(¢), so(t), s1(¢), ...)
and SN(t) == (s_n(t),s_n11(t),...,sn_1(t)). Here, 0 means the site is inactive, 1 means the
site is active and —1 that it is not existing. This has the following interpretation: the start
configuration S§° = S>°(0) or S = SN(0) of the Domany-Kinzel automaton is chosen such
that only sites located on even numbers exist and can be active or inactive. In every time
iteration, s;(t + 1) depends only on the state of its neighbours ¢ — 1 and 7 + 1 at time ¢, such
that for even time steps only sites with even numbers and for odd time steps only sites with

11
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(a) Extract of the diagonal oriented square (b) Transition probabilities to become active, active sites are repre-
lattice, dotted circles represent non- sented by filled circles, inactive sites by hollow circles.
existing sites, solid circles existing sites.

Figure 3.1.: Lattice and transition probabilities of the 1 4+ 1 dimensional Domany-Kinzel model.

odd numbers exist. The obtained lattice of existing sites is a diagonal square lattice with N
sites in total in every time step, see Figure for an example in 1+ 1 dimensions. The state
space is Eoo = [[;ez{-1,0,1} or En = [[;¢;_y n_15,{—1,0,1}. For a given random variable
Sg° or SI¥ and the following simultaneously updated local transition probabilities for the states
i € Zori€ [-N,N — 1]z, a family of random variables (S{°)sen, or (S{¥)ien, is defined.
With p; € [0,1], p2 € [0,1] and ¢ € [-N,N — 1]z or i € Z, the local transition probabilities

P(s;(t +1)|si—1(t), sl+1(t)) are in both cases given by
P(110,0) = (3.1)
P(110,1) = IP’( 1 [1,0) = p1, (3.2)
P(1 [1,1) = pa, (3.3)
P(0 |gr) =1-P(1 |gr) V() €{0,1}, (34)
P(—-1[g,r) =1 ifg=—-1lorr=-—1. (3.5)

The transition probabilities to for sites to become active are illustrated in Figure
If both neighbours exist, a site exists itself in the next time step and can get active or
inactive. Equation describes the transition probabilities of the counter event of equations
to that a site becomes inactive. The transition probability characterises the
diagonal square lattice, so that alternating sites with even and odd numbers exist. In the case
with the finite space axis [-N, N — 1]z, the boundary conditions can be chosen free, such that
the sites at the boundary have only one neighbour, or periodic. For i = —N the state s_y_1
occurs in the local transition probabilities and for ¢ = N — 1 the state sy. If we have chosen free
boundary conditions, we define s_n_1(f) to be —1 for even ¢ and 0 for odd ¢ and analogously
sn(t) to be 0 for even ¢t and —1 for odd ¢. So if for a time ¢ the sites i = —N — 1 or ¢ = N exist,
they are inactive and do not influence the system on [-N, N — 1]z x Ny. For periodic boundary
conditions, the in the local transition probabilities for ¢ = —N occurring state s_y_1 is set to
s_nN—1(t) = sy—1(t) and the for i = N — 1 occurring state sy(t) is set to sy(t) = s_n(t). It
follows that if for a time ¢ the state of the sites i = —N or i = N — 1 is queried, it is the state of
the site which would be located there by arranging the lattice [-N, N — 1]z x Ny multiple times
next to each other.

Depending on the values of p; € [0,1] and py € [0, 1], the Domany-Kinzel cellular automaton is
in the inactive phase reaching the empty lattice and therefore an absorbing state, which cannot be
left, or in the active phase, where a fluctuating steady state exists. This behaviour is independent
of the size of the lattice and the starting configuration S§° or S, when starting from at least
one active site (explication in Subsection 3.2.3) [15], [26]. The two phases are separated by a
phase transition line, see Figure . If po = 1 besides the empty lattice also the fully occupied
lattice is an absorbing state. The process is then called compact directed percolation, since the
clusters of active sites are compact. The behaviour of compact directed percolation is different to
the Domany-Kinzel automaton with pe € [0, 1], as in the active phase also an absorbing state is
reached and no fluctuating steady state exists. Because of the symmetry of compact percolation,
its critical probability of the phase transition has to be at (pi.c,p2.c) = (0.5, 1).
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(a) The hollow cycles in the phase diagram mark the (b) Values of the critical probabilities for the special cases.

critical probabilities (p1,c,p2,c) of the special cases
(edited figure from [T3]).

Figure 3.2.: Phase diagram and critical probabilities of the 1 + 1 dimensional Domany-Kinzel model.

There are three other special cases: firstly, directed percolation in 1 + 1 dimensions, which
is a dynamical adaption from oriented bond percolation on Z? with p € [0,1[. It is the main
percolation process of this thesis, see also Section 3.2, Chapter 4 and Chapter 5. Analogously
to oriented bond percolation in Chapter 2, the transition probabilities are modelled by open or
closed edges: if the site ¢ has kK = 1 active neighbours, only one of the two sites ¢ — 1 and 7 4+ 1
are active at time ¢ and the site ¢ becomes active in the next time step if the incoming edge from
the active site is open. The state of the other edge is arbitrary, so p1 = p € [0, 1[. If the number
of active neighbours is £k = 2, such that both preprocessors ¢ — 1 and 7 4+ 1 are active at time
t, the site ¢ at time ¢t + 1 becomes active, if at least one of the two incoming edges is open, so
p2 =p(1—p)+ (1 —p)p+p* =p(2—p) € [0,1]. For an illustration of the transition probabilities
of directed percolation in 1+ 1 dimensions see Figure |3.3|

The second special case called site directed percolation is obtained by choosing p1 = p2 =p €
[0, 1[. It is connected to ordinary site percolation, which was shortly introduced in Section 2.1:
analogously two vertices are connected by an edge if and only if both are active. The site ¢ at
time t + 1 is active, if at least one of its to preprocessors ¢ — 1 and ¢ + 1 at time ¢ are active, this
is consistent with the choice p;1 = p2. The last special case with py = 0 is called Wolfram rule
18. The special cases and their critical probabilities are indicated in the phase diagram of the
Domany-Kinzel automaton, which is shown in Figure |3.2

o 0 [ e
P p p M 1-p  1p p p p
) 2
<

k=1 k=2

Figure 3.3.: Transition probabilities for directed percolation in 1 4 1 dimensions depending on the number k of
active neighbours. Edges are open with probability p and represented by solid arrows, closed edges
by dotted arrows and edges starting from inactive sites are not presented, because their state does
not influence the state of the site where the edge ends.
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3.2. Directed Percolation on Z% x N,

Directed percolation in 1+ 1 dimensions was already introduced as a special case of the Domany-
Kinzel automaton in Section 3.1. First, we generalize this concept to d + 1 dimensions, d € N,
then introduce the critical phenomenon and afterwards, we connect directed and oriented bond
percolation and show their equivalence in 1 + 1 respectively 2 dimensions.

3.2.1. Definition of Directed Percolation in d + 1 dimensions

Similarly to the Domany-Kinzel automaton, we model the evolution of the states of the vertices of
Z4 or of a d-dimensional hypercube of Z¢, which has with loss of generality the form [N, N —1]¢
N € 2N, and define the process as a discrete time Markov chain . The state space is £ =
[Licza{—1,0,1} or En = Hie[—N,N—l}‘Z}{_lva 1} respectively. We denote by s;(t) € {—1,0,1}
the state of a site 7 at time ¢ and define S®(t) == (s;(t) : i € Z%) and SN(t) = (si(t) : i €
[~N, N — 1]¢). Again, 0 means the site is inactive, 1 means the site is active and —1 that it is
not existing. Recall from Section 2.1 the graph theoretic distance (7, j) = 22:1 lin, — jn|. In
the start configuration S§° := S°°(0) or S§' = S™(0) as well as in every even time step, only
sites i € Z%, with an even number 4(4,0) and for odd time steps, only sites i € Z¢ with an odd
number §(7,0) exist.

For the infinite lattice Z¢ we define k$°(t) == |{j € Z%: 6(i,j) = 1As;(t) = 1}| as the number of
active neighbours of ¢. It is bounded by 2d, because for every dimension there are two possibilities
to change the component i,, n € {1,...,d} of i, such that the graph theoretic distance ¢ from i
to the new vertex is 1. If the boundary conditions are chosen to be free in the finite dimensional
case, such that the boundary points of [-N, N — 1]dZ have less than 2d neighbours, then we define
k;-N’fme(t) = |{j € [-N,N —1]¢ : 6(i,j) = 1 A s;(t) = 1}|. For periodic boundary conditions,
it follows that k‘iN’peMOdiC(t) =|{j € Z?:65(i,5) = 1A Smod;_n x—11, (2N (t) = 1}| describes the
number of active neighbours, where modular arithmetic was used. For directed percolation
in d 4+ 1 dimensions, the time component can be illustrated by directed edges

B = {e = ((i,t),(j,t + 1)) 14,5 € 2%t e Ng A6(i,§) = 1 Asg(t) € {0,1}}, (3.6

where Z¢ € {Z4,[-N, N — 1]¢}. Again, we denote by Eg C E9 the set of all open edges. Anal-
ogously to oriented bond percolation (cf. Chapter 2.1), the transition probabilities of directed
percolation are defined in such a way that an edge is open with probability p. For directed per-
colation, the activity of a site gets transmitted through open bonds to all adjacent sites. From
the geometric definition, the following transition probabilities depending on the number of active
neighbours result.

Lemma 3.1. With p € [0,1] and ki(t) € {k>(t), kN m°¢(t), kN Periotic(t)} the local transition

probabilities P(s;(t + 1)|ki(t), si(t)) for directed percolation on Z¢ x Ng or on [-N, N — 1]4 x Ny
with either free or periodic boundary conditions are in all three cases given by

P(1 |0,—1) =0, (3.7)

k
P(1 |k,—1) = Z <I;>pl(1 — p)kt Yk e {1,2,...,2d}, (3.8)

=1
P(O |k, —1)=1—P(1 |k —1) Vk € {0,1, ..., 2d}, (3.9)
P(—1|k, ¢ ) =1 Vk € {0,1,...,2d}, ¥q € {0,1}. (3.10)

Proof. In the hypercube Z% for even time steps only sites i € Z? with an even number 6(i,0)
and for odd time steps, only sites s € Z¢ with an odd number §(i,0) exist. Consequently, a site
can only become active or inactive, if it was not existing in the time step before. If no neighbour
of a site 7 is active, it is not possible that the site 4 itself becomes active in the next time step
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and equation follows. Equation adds all probabilities that a site ¢ becomes active, if
[ of the k active neighbours transmit the activity to the site . The binomial coeflicient counts
the number of possibilities to choose [ out of £ open bonds and then becomes multiplied with
the probability p' that [ bond are open and the probability p*~! that the other k — [ bond are
closed, see also Figure for directed percolation on 1+ 1 dimensions. Equation describes
the counter event of equations and that a non-existing site becomes inactive. Finally,
each existing site at time ¢ is inactive at time ¢ 4+ 1 and so equation follows. O

With a given random variable S§° or Sév and the synchronously updated local transition
probabilities of Lemma for the states i € Z% or i € [-N,N — 1]%, a family of random
variables (S9°)ien, or (S} )ien, and so a homogeneous discrete time Markov chain (A18) is
defined.

3.2.2. The Critical Phenomenon

Analogously to Chapter 2, we write (i,) — (j,t+n), if there exists a sequence m = (%, !, ...,i"),

n > 0 of points i°,3', ...,i" € Z% with <(im_1,t +m—1),(@"™t+ m)> € I_Eg for all m € {1,...,n}
and i = i and j = i". The open cluster or connected component of a site i at time ¢ is defined
as

Cp((i,t) = {(j,t +n) € ZYx Ny : (i,t) = (j,t +n)}, (3.11)

with Z¢ € {Z,[-N, N — 1]4} and we set C}, := C,((0,0)). Similarly to Section 2.1, we can con-
sider a probability space with sample space  := [] ccial0, 1} and product probability measure
Py, := [[.cge Berp and a random variable X7 : 2 — {0, 1}, whose projection to the e-th compo-
nent describes the Bernoulli distributed state of an edge e € E?. The proof of Lemma does
not depend on the concrete definition of the lattice, so it can also be applied to directed percola-
tion. It follows that |Cp((4,))] is a random variable and we can define the percolation probability
0(p) = P,(|Cp| = 00) = P,(|Cp((i,t))| = o0) for all i € Z% or i € [-N, N —1]¢ and t € Ny, where
the last equality follows from the translation invariance of the lattice. Furthermore, it follows
immediately from Proposition that O(p) is a monotonically increasing function in p and we

can define the probability that percolation occurs as 1 (p) == P, (U(iyt)ezdeOﬂép((i, t)| = oo}),

where Z? € {Z [-N,N — 1]4}. Since also the proof of Proposition is independent of the
underlying lattice, it holds that 1(p) is 0, if (p) = 0 and 1, if §(p) > 0 and so we can define
the critical probability p. = p.(d + 1) := inf{p € [0,1] : 8(p) > 0}. Again, two phases exist:
In the subcritical phase p < p., all connected components are almost surely finite, and in the
supercritical phase p > p. every site has a positive probability to be in an infinite open cluster
and an infinite open cluster exists almost surely. Directed percolation is one of few processes,
where even in the lowest dimension 1 + 1, no exact value for the critical probability is known
[I5]. With the same argument like for equation in the proof of Theorem [2.8] it follows
Pe((d+1)4+1) <p.(d+1) for all d > 1.

In Figure directed percolation is simulated for finitely many sites in 1 + 1 and 2 + 1
dimensions with free or periodic boundary conditions, starting from a single active site at the
origin, which means S§° = (0, ...,0,1,0,...,0), or a lattice, where all existing sites of the start
configuration are active, which means S§° = (1,0, 1, ...,0,1,0). For further numerical analysis of
directed percolation see Section 4.3.

3.2.3. Equivalence of Directed and Oriented Bond Percolation

According to [15], directed percolation in 141 dimensions on the infinite lattice is fully equivalent
to oriented bond percolation on Z2. In the following Proposition we prove this claim in the
case of finitely many active sites in the start configuration S3° and argument why the critical
probability has to be the same for all start configurations for directed percolation in 1 + 1
dimensions.
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position i € [-N,N-1]
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N
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P <Pc P>pe
(a) Directed percolation in 1 + 1 dimensions starting (b) Directed percolation in 2 4+ 1 dimensions starting from a
from a single active site at 0 (top row) or from a single active site for different values of the critical proba-
lattice fully occupied with active sites first with free bility pe.

boundary conditions (middle row) and finally with
periodic boundary conditions (bottom row). The
red box marks active sites on the boundary which
can only occur with periodic boundary conditions.

Figure 3.4.: Simulations of directed percolation in 1 4+ 1 and 2 4 1 dimensions. The numerical code of directed
percolation can be found in Appendix C.1.

Proposition 3.2. Starting from finitely many active sites in S5°, directed percolation in 1+ 1
dimensions on the infinite lattice and oriented bond percolation on Z* are fully equivalent. Fur-
thermore, the critical probability is the same for all possible start configurations Sg° for directed
percolation in 1+ 1 dimensions.

Proof. First, we consider directed percolation starting from a single active site at the origin,
which means S§° = (0, ...,0,1,0,...,0). The open cluster C, of the origin is contained in the
sublattice Ly = {(i,t) € Z? x Ny : |i| < t}. For oriented bond percolation, the open cluster
6:0 is contained in the positive quadrant Ly := {(z,y) € Z? : 2,55 > 0}. There is a one to one
correspondence between the existing sites of Ly and the vertices of Lo via the bijective mapping
l, which is illustrated in Figure|3.5

t—i t+1
2 7 2

l: Ly — Lo, (i,t)l—>< ), ™YLy = Ly, (zy) — (y+z,y—x). (3.12)

Since the origin gets mapped to itself and in both cases an edge is supposed to be open with
probability p, the two processes are equivalent as the open clusters C_'p and 6,, are built with the
same rules. It follows that the critical probabilities have to be the same: p.(1+1) = P.(2). Due
to Theorem [2.8|it holds 7¢(2) < % and p.(1 + 1) = 0.644700(1) < 2 according to [16].

If there are M < oo active sites in the start configuration S3° of directed percolation, then
a finite interval [—-M™*, M*| C Z exists, where all active sites are contained in, see Figure
The probability that another directed percolation process starting from a single active site at
the origin, has at time M™ the same active sites like S§°, is positive: For every active site 7* we
can construct an open path from the origin (0,0) to the vertex (i*, M*) without activating any
other sites at time M™, since an open path can only contain one site per time step because of
the directionality of the edges. So for every p € (0,1), the probability is positive that another
time-shifted directed percolation process exists, which contains from time M™* on the considered
percolation process. As shown before, this time shifted directed percolation process starting from
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Figure 3.5.: Directed and oriented bond percolation starting from a single active site at the origin: the positive
quadrant Ls of Z? is embedded onto the lattice Z x No. The sublattice L of Z x Ny, which corresponds
to La, is highlighted in green. The open cluster of the origin of directed and oriented bond percolation
is given by the active sites, which are represented by filled cycles. Hollow circles denote inactive sites,
dotted small circles not existing sites of directed percolation and solid (dotted) arrows open (closed)
edges. The red sites represent a possible start configuration S§° with M = 3 < oo active sites,
contained in the interval [-M™*, M*] = [-5, 5], embedded in L; at time M™ = 5.

a single active site at the origin is equivalent to oriented bond percolation. According to theorem
the infinite open cluster of the origin is unique for oriented bond percolation. It follows that
the time-shifted percolation process has to contain all active sites at time M™* < oo if an infinite
open cluster exists. These active sites correspond to the active sites of S5° and so the sites of S§°
belong to an infinite open cluster if and only if the origin of the time shifted percolation process
belongs to an infinite open cluster. It follows from the definition of the critical probability that
it has to be the same for directed percolation in 1 4+ 1 dimensions starting from finitely many
active sites and oriented bond percolation on Z2.

Finally, we consider the case with infinitely many active sites in the start configuration Sg°.
Since the function is constant, which assigns the critical probability to the size M™* < oo of the
interval containing all active sites, the critical probability is also in the limit of the infinite lattice
the same as in the two previous cases. Even if the critical probability is the same, we cannot
specify concretely a corresponding directed percolation process starting from a single active site
at the origin. O

This proof also applies to the 141 dimensional Domany-Kinzel cellular automaton for p;, ps €
(0,1) as no specific properties of p; and py were used. It follows that in this case, the critical
probability is also independent of the start configuration.

In higher dimensions, directed and oriented bond percolation cannot be equivalent, since the
lattices would need the same dimensions: for directed percolation on Z? x Ny C Z*! every
vertex has 2d outgoing directed edges, but for oriented bond percolation on Z4*!, every vertex
has only d + 1 outgoing edges. The only solution of 2d = d + 1 is given by d = 1, where we
already showed equivalence. Nevertheless, according to [I0] and [23], the proofs of many (it is
believed that all) results of directed percolation can be adapted to oriented bond percolation and
vice versa. In particular, the two Theorems and of [I0] hold in both cases. So also for
directed percolation the infinite open cluster is unique if it exists and the percolation probability
is continuous at p.: 0(p.) = 0. With the same arguments as in 1 + 1 dimensions, it follows for
directed percolation in d + 1 dimensions,that the critical probability p. is independent of the
start configuration Sg°.
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3.3. The Contact Process on Z? x Ry

The contact process in d + 1 dimensions with d € N can be seen as a continuous time adaption
of directed percolation in d + 1 dimensions and is believed to show the same critical behaviour
as its discrete time version [23]. Since the contact process includes asynchronous updates, which
occur spontaneously and independently in space and time of the other updates, it is modelled
as a continuous time Markov chain . The following definition is a more detailed and
probabilistic version of the model defined in [I5]. Because of continuity, it is easier to analyse
the contact process theoretically than directed percolation, see Section 4.2.

3.3.1. Definition of the Contact Process in d + 1 dimensions

Analogously to directed percolation, the contact process models the evolution of states of vertices
of the d-dimensional square lattice Z¢, d € N or of a d-dimensional hypercube of Z%, which
has without loss of generality the form [1, N]4, N € N. The state space is £ = [[;74{0,1}
or £ = Hie[LN]%{O,l} and we denote again by s;(t) € {0,1} the state of a site ¢ at time
t € Rsg and by the random variables S®(t) = (si(t) : i € Z) or SN(t) = (si(t) : i €
[1,N]4) the vector of the states of all sites i at time t. s;(t) = 1 means the site i is active
and s;(t) = 0 that the site ¢ is inactive at time ¢. The local transition rates describe the
events that one active site gets inactive, or that depending on the number of active neighbours,
one inactive site gets active. Therefore we define the number of active neighbours of a site
i € Z% on the infinite lattice as k(t) = [{j € Z¢ : 6(i,j) = 1 A sj(t) = 1}|, where the
graph-theoretic distance 0(i,7) = ZZZI lin, — jn| defined in Section 2.1 was used. On the finite
lattice the number of active neighbours of a site i € [1, N]£ is for free boundary conditions given
by kfv’fme(t) = |{j € [1,N]d : 6(i,5) = 1 A sj(t) = 1}| and for periodic boundary conditions
given by kiv’pmo‘m(t) ={j€z?:63i,j) = 1A Smody; vy, (V) (t) = 1}|, where modular arithmetic
was used. According to Theorem , a continuous time Markov chain can be defined by a
random variable S§° := 5°°(0) or S{¥ := SV (0) describing the start configuration and a generator
matrix @ containing the transition rates between different configurations S*(t) or SN (t), where
the state of only one site 4 differs. As every site has the same transition rates, we can define the
Markov Chain by stating the local transition rates without constructing the global transition rate
matrix (). For the standard contact processes the local transition rates q(s;(t) — s;(t+t), ki(t))
for a site i from time ¢ to time t+#' with ¢, € Rsq with k;(t) € {k3(t), k77 (t), kNPeriodic(p)y
are given with a parameter A € R>q by

Ak
0> 1,k =57 ke {0.1,....2d},

(1 >0,k) =1 vk € {0,1,...,2d}, (3.13)

where the number of active neighbours is analogously to directed percolation bounded by 2d. So
in the first rate, we divide by 2d to norm over the dimensions and obtain comparable rates for
all contact processes. The local transition rates q of the 1 + 1 dimensional contact process are
illustrated in Figure|3.6]

A2 A1

N2

Figure 3.6.: Transition rates of the standard 1 + 1 dimensional contact process. Filled (hollow) cycles denote
active (inactive) sites. The state of site 7 changes and depends on the state of its neighbours 7 — 1
and ¢ 4 1 if it is inactive. The sites, whose states do not change are joined by dotted vertical lines.
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In the graphical representation, we define for a given realisation of the contact process with
parameter A € R>o the set of directed open time edges as

T¢ = {e = {((i,t), (i, t +1)) 1i € Z%t,t' € Rog A s4(t) = s;(t) = 1
Asi(r) =1Vt <r<t'}, (3.14)

with Z4 € {Z%,]1, ]\[]%} All the edges of T¢ are needed, because the transition can appear at
every time. The set Sﬁl\ of directed open space edges, which describe the activation of neighbouring
sites, is given for the infinite lattice or the finite lattice with free boundary conditions by

S% free = {e = ((i,t),(j, 1)) 1,5 € 2%t € R A G(i,5) = LA si(t) = s5(t) =1
AJ€ >0 with s;(t—€) =0V0<e<¢€}, (3.15)
with Z¢ € {Z4,[1, N]4}. For the finite lattice with periodic boundary conditions it changes to
S% periodic = {e = ((i,t), (j,t))y i € [1,N]$,5 € Z%,t € Rxo AS(i, ) = LA si(t) = sj(t) =1
AJ€ >0 with sj(t—€) =0V0<e<€}, (3.16)
with j' = modp 1, (j, N). The set INEi of all open edges is defined as the union of these two sets:
Ed = Tgl\ U gd’ gt)% S {Sgl\,frew ggl\,periodic}' (317)

A realisation of the contact process in 141 dimensions on a finite lattice with periodic boundary
conditions is given in Figure |3.7|

time t
*—
? : -®
4
: E o
: +@

é O i O & O O—» sites
5 10

o
9,
1

Figure 3.7.: Realisation of the contact process in 1 + 1 dimensions with N = 10 sites and periodic boundary
conditions. Filled (hollow) cycles denote active (inactive) sites and solid (dotted) lines represent open
(closed) edges. The start configuration is So = (0,0, 1,0,0,1,0,1,0,0), the time edges T are vertical
lines and the space edges S¢ horizontal lines.

3.3.2. Master Equation of the 1+ 1 dimensional Contact Process

For the contact process in 1+1 dimensions on a finite lattice, we have the state space £ = {0, 1}V
with cardinality || = 2V. To order the possible states S = (s1,...,55) € &, we use a vector
notation, which encodes each configuration S explicitly as a unit vector u,, = (0, ...,0,1,0...,0)T €
R2". This vector notation is explained in Lemma in Appendix B. It follows & = {u,, : n €
[2N]} with [n] :== {1,2,...,n}. For every continuous time Markov chain with generator matrix
Q = (¢gmn) € RIEIXIEl the transition probability matrix P(t) = (pmn) € RIEIXIEl {5 given as the
solution of the forward equation

8P(t) = P(t)Q, P(0) = Iig, (3.18)
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with identity matrix [|g| € RIEIXIE] (A.21)). Its mn-th entry pmn(t) describes the probability to
get from the configuration u,, to u, in time ¢ > 0 and ¢, the rate to get from u,, to u, for
m # n. We denote by the row vector w(t) € R1*2Y the probability distribution of the contact
process at time t. The probability to be at time ¢ in a configuration u,, is

Ta(t) = P(S(t) = ) P(S(t) = un|S(0) = upm) - P(SO) =) = > 7m(0)  prn(t).

me[2N] me[2N]

Consequently, the probability distribution vector m(t) fulfils

n(t) = w(0)P(t). (3.19)
Inserting equation (3.19) in the forward equation (3.18)) leads to
Oy (t) = w(0)0P(t) = m(0)P(t)Q = 7(t)Q. (3.20)

This equation describes the conservation of probability: Since 7(t) is a distribution, the sum
of its components has to stay constant 1, which means that its time derivative is zero. Because
in a Q-matrix (A.20) the elements of each row have to sum up to zero, it follows

Z atﬂ'n Z Z 7Tm an— Z Z Gmn = 0. (321)

ne2N] ne2N] me[2N] me[2N] ne[2N

Regarding the components of the vector equation ([3.20]) alone, it leads for every configuration
uy, to the master equation, which describes the in- and outflow of probability:

8t7rn(t): Z 7"-m(t)anZ Z 7I-m(t)c‘lmn"‘77-n(t)%”m

me[2N] me[2V]
m#n

= Z Wm(t)%nn_ Z Wn(t)Qnmv (322)
me[2N] me2N]

where we have used in the last equation the property of the ()-matrix that the elements in each
row have to sum up to zero. The terms of the first sum describe the gain of the state u,, as
Gmn 18 the rate to get from the state w,,, where we are with probability m,,(t), to the state w,.
Analogously, the terms of the second sum describe the loss of u,. The master equation for the
contact process with periodic boundary conditions can be expressed with the local transition
rates of Figure [3.6] as the state of a site only changes depending on its neighbours. These rates
occur for all sites 4, so we have to add up over all i € [1, N]z and the master equation for the
contact process in 1+ 1 dimensions is given by [15]

N
A
atﬂ-(slv'ﬂsN)(t) - 2(281 o 1) {28i_17r(517"75i271707Si+17"7sN)(t)
=1

A
+§Si+17T(51,..,Si_1,0,1,5i+2,..,81\/)(t) - 7T(81,..,51;_1,1,51'_'.1,..,8]\7)(t)} 9 (323)

where we write 7, sy)(t) for the component of 7(t), which corresponds to the configuration
(81,...,sn). If the site i is active, (2s; — 1) = 1 and the 'gain’-terms correspond to the first three
illustrations of Figure and the "loss’ term corresponds to the last illustration of Figure [3.6] If
both neighbours i — 1 and ¢ 4+ 1 are active, the first and second term sum up to the term, which
would represent the rate of the third illustration, so for the 'gain’-terms only two summands are
needed. Due to the factors s;_1 and s;y1, the summands only exist if the corresponding site is
active and so the transition can be possible. If the site ¢ is inactive, the roles of gain and loss
replace each other. In equation this is expressed by the term (2s; — 1), which is 1 for
s; =1 and —1 for s; = 0.
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3.3.3. Generator Matrix () of the 1+ 1 dimensional Contact Process

In order to determine the matrix ¢ from the local transition probabilities ¢ we construct, with
help of the master equation, a two-site process being equivalent to the contact process in 1+ 1
dimensions with periodic boundary conditions, for which an easier representation of () exists.
Since we consider periodic boundary conditions, we can carry out index transformations and
still sum up the same terms. The aim is to transform the indices in such a way that only the
state of the sites ¢ and 7 + 1 appear in the master equation. Additionally, the concrete state of
the sites i and i + 1 should occur in every component m,,  o.)(t) of 7(t), which is part of the
master equation. Therefore we transform the index of the first summand from ¢ to i + 1 and let
the index of the second summand persist. Then, we first split the last summand in two equal
parts by multiplication with %, make an index transformation from ¢ to ¢ + 1 in the second part
and then split both parts up again depending on the state of site ¢ + 1 in the third and fourth
summand or on the the state of site ¢ in the fifth and sixth summand of equation . We
obtain:

N

A A
atﬂ-(sl,..,sw)(t) = Z(QsiJrl - 1)551’71-(51,..,si_1,1,0,8i+2,..,sN)(t) + (25i - 1)§si+1ﬂ-(51,..,si_1,0,1,3i+2,..,sN)
i=1

1 1
(t) - (281 - 1)§(S’i+l - 1)7T(S1,..,Si_l,l,o,si_‘_g,..,sN)(t) - (281 - 1)§Si+17r(81,..,Si_l,l,l,si_o_g,“,SN)(t)_

1 1
(2Si+1 - 1)5(81 - 1)71—(31,..,31',1,0,1,si+2,..,sN)(t) - (2Si+1 - 1)isiﬂ(sl,..,si,1,1,1,51+2,..,sN)(t)' (324)

From the representation of the master equation , we can read out the transition rates
of the equivalent two-site process with periodic boundary conditions: the first summand is only
non-zero if s; = 1 and the state of site i is also 1 in the subsequent factor (s, s, | 1.0,8519,..sx) ()
so it has to be site ¢ + 1, whose state changes and the transition rate from s;11 =1 to s;41 =0
is % With the same procedure the other local transition rates can be obtained and they are
illustrated in Figure [3.8] and correspond from left to the right to the summands of equation
. Since the transitions rates including the sites N and N + 1 only correspond to periodic
boundary conditions of the two-site process, the master equation of the two site process with

free boundary conditions is given by equation (3.24) when summing up fromi=1toi= N — 1.

iF1 i i+l

M2 A2

1/2 1/2 1/2 1/2

Figure 3.8.: Transition rates of the two-site process, which is equivalent to the contact process in 1+ 1 dimensions
(definition see text). Filled (hollow) cycles denote active (inactive) sites. The state of the site 7 or
i + 1 changes and depends on the state of its neighbour 7 4+ 1 or i if it is inactive. The sites, whose
states do not change from time ¢ at time ¢ + ¢’ are joined by dotted vertical lines.

Consider now the sublattice, which consists only of the two sites ¢ and i + 1. According to
Corollary [B.7] for given ¢ € [1,N]z we can also encode each configuration (s;,s;+1) as a unit
vector in R* and have the following correspondences:

(0,0) > @iy = (1,0) < @is = C(L,1) o iy =

S O O
S = O O
— o O O

The local transition rate diagram and the corresponding local transition rate matrix Q; ;1] =
(Gmn) € R¥4 of the two site process, which are obtained from the local transition rates of Figure
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5.8] are given in Figure Its mn-th entry corresponds to the rate to get from state ,, to the
state u,. Between different states without a given rate, we insert a 0 into the matrix. As we
want that also the matrix Q; ;1) is a Q-matrix , the entries of every row have to sum up
to 0, and we set the entries on the diagonal to Gmm = — zne[4}\{m} Qrn-

0 0 0 0

1 14+ A

2 = 03
Q[i,i+1]_ 1 0 C14A A
2 2 2

0o 3 P |

Figure 3.9.: Local transition rate diagram and corresponding local transition matrix of the to the contact process
equivalent two-site process

Out of the local transition rate matrices, we can construct Q-matrices Q; € R2VX2Y for
i € [1, N—1]z and in the case of periodic boundary conditions a @Q-matrix Q* € R2Y X2V for § = N,
see Lemma and Proposition in Appendix B. The global Q-matrices @Q;, i € [1, N — 1]z
and Q" contain the same information as local transition matrices Q[; ;41], ¢ € [1, Nz and describe
the transitions between the different global configurations w,,, m € [2V]. The matrix Q of the
whole contact process has to describe the transition rates between all possible configurations of
the two-site system at once, so we have to add all the matrices Q;, i € [1, N]z to obtain the
matrix Qf® in the case of free boundary conditions:

N—-1 N—-1
o= (o) (L nooumon) (35
=1

i=1

In the case of periodic boundary conditions, we have to add additionally the matrix Q* to
obtain the matrix @Qreriodic,

N—-1 N-1
Qperiodic _ (Z Qz) +Q* = (Z Ii-1 ® Q[iﬂqu] & IQNl'L) + Q" (3.26)
=1

i=1

3.3.4. The Critical Phenomenon

To define an open cluster of the contact process analogously to bond percolation (cf. equation
(2.4)) or directed percolation (cf. equation (3.11)), we write (i,t) — (j, ¢t + t’), if there exists
a sequence T = ((io,to), (19, Y, (it, ¢, (3%, ¢2), ..., (z’”,t”“)), n > 0 of points (i',t™) € Z¢9 x R
with Z¢ € {Z%,[1, N]¢} and I, m € No with ((i*=1,¢#=1), (%=1, ¢%)) € T4 for all k € [n + 1] and
(=1 10), (%, %)) € S¢ € {8 freer S perioaic} for all k € [n] and (i,¢) = (i°,1°) and (j,t +t') =
(i",t" 1) [9]. Here the open directed time and space edges introduced in equations (3.14) to
are used. The open cluster or connected component of a site ¢ at time t is defined as

Cx((i,1)) = {(j,t +1t') € ZT x Rsq : (i,t) = (j,t +t') At € Rxo}, (3.27)
with Z¢ € {Z,[1, N]Z} and we set Cy :== C\((0,0)). Even though it is possible to define the

open cluster analogously to bond percolation and directed percolation, we cannot define the
percolation probability as the probability that the cardinality of the open cluster is infinity. This
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is the case, because the time axis is now continuous and so ]C’A| = oo always except the case,
where all active sites of the start configuration get inactive at time 0.

An equivalent expression to the infinite open cluster is obtained as follows: if we start at a
single active site (whose exact position does not matter because of the translation invariance of
the lattice as we have periodic boundary conditions) and look at the probability that this site
is contained in an open infinite cluster, we can also look at the probability that the number of
active sites does not become zero for all ¢ € R>o. These two approaches are equivalent, because
otherwise the contact process would reach the absorbing state: if all sites are inactive, it is
impossible to leave this state [9], [21].

We denote by Py the appropriate probability measure for the contact process. According to
[9], the following duality relation for the contact process holds:

Theorem 3.3 [9]. For A, B C [1,N]2, d > 1 with periodic boundary conditions or A, B € Z°,
d>1, we have

Pa({i: si(t) =1As;(0)=1Vj € Ayn{j:je B} #0)
—Py({i:si(t) =1As;(0)=1Yj € Byn{j:je A} +£0).

Proof. The event on the left hand side of the equality is the union over all events that (a,0) —
(b,t) for a € A and b € B. By reversing the direction of the time axis and the direction of all
open edges contained in ngl\, we obtain the event on the right hand side of the equality. As we
have not changed the open edges, the probability stays the same. O

Because of the translation invariance of the infinite and the finite lattice with periodic boundary
conditions for arbitrary z € Z¢ € {Z%,[1, N]¢}, the percolation probability is given by

= lim Py({i: si(t) = 1 A 5;(0) = 1Vj € Z9} N {a} # 0)
s:(t) = 1A s;(0) = 1Vj € Z%), (3.28)

where Theorem was applied in the third line. To simplify the expression in equation ,
we introduce the upper invariant measure as the limit of the probability distribution 7*(t),
when starting from all sites active, such that 7*(0) is one at the component belonging to SV =
(1,1,...,1) or S§° = (...,1,1,...) and zero at all other components. It is given by [9], [21]

o S 1 X

[y = tliglow (t) = tlggoﬂ (0)P(t), (3.29)
where P(t) is the transition probability matrix of the Markov chain, defined in (A.21)). With
Measure Theory arguments it can be shown that the limit exists and so ) is well defined [9], [21].
fy is called upper invariant measure, as the configuration S¥ = (1,1,...,1) or S§° = (..., 1,1,...)
and so also the invariant measure dominates the distributions of processes starting with at least
one active site and it is an invariant measure , because

urP(s) = tlgglo 7 (0)P(t)P(s) = lim 7*(0)P(t+s) = lim #*(0)P(t+s)=pun VseR>g,

t—00 (t+s)—00

which follows from equation (3.29)) and the semigroup property of the Markov chain (A.21)). As
Py(sz(t) = 1 A sj(0) = 1 V) € Z%) converges for t — oo for every z € Z4 € {Z%,[1, N]%} to
px{S : s, =1} [9], we can also define the percolation probability as

O(\) = pa{S : s, = 1}, (3.30)
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with arbitrary o € Z¢ € {74,[1, N]4}. Analogously to Proposition [2.2|it follows with probabilis-
tic coupling that also () is a monotonically increasing function in A [2I]. So we can define the
critical probability

Ae = Ae(d+ 1) == inf{\ € Rsg : O()\) > 0}.

Again, there exist two phases: In the subcritical phase A < A, the number of active sites per
time step is almost surely zero for ¢ > T, T' € R>0 and in the supercritical phase A > A. the
probability is positive that the number of active sites per time step is greater than zero for all
t € R>¢. For the critical probability of the contact process on the infinite lattice, which is defined
with the transition rates of equation ([3.13]) on the lattice Z? x R, the following estimate is valid:

Theorem 3.4 [2I]. For d > 1, we have 0 < 525 < A(d+1) < 4 < 0.

In 1 + 1 dimensions, the critical value of the contact process can be approximated by A\, ~
3.29785(8) [15]. Analogously to oriented and directed percolation, also the contact process on
the infinite lattice has a continuous percolation probability at the critical rate A.:

Theorem 3.5 [2]. For d > 1 it holds (\.) = 0.

In the case of a finite lattice, there is always a positive probability to die out, so the percolation
probability 6 is zero for all values of A [I5]. In 1+ 1 dimension this can also be seen via the

eigenvalues 7, n € [2V] of the Q-matrices Q¢ and QP°d¢ (cf. equations (3.25) and (3.26)).
They are shown in Figure and defined as the solutions of the equation

mQ = nm, (3.31)

with 7 € R1*2" . According to equation it holds Oy (t) = 7(t)Q, so for all stationary
distributions with 97 (t) = 0, zero has to be an eigenvalue. In both Figures|[3.10(a)|and [3.10(b)]
0 is an eigenvalue and corresponds to the eigenvector u; = (1,0, ...,0) € R“QN, which represents
the absorbing state of the empty lattice. The second eigenvalue corresponds to the active state
of the contact process [15]. For the infinite lattice, the second eigenvalue 7y vanishes at A = A,
for the finite lattice we have 12 < 0 for all values of A, which corresponds to the fact that for
finite lattices, there is always a positive probability to die out. All other eigenvalues converge to
—o0 as A converges to oo, which corresponds to the fact that in higher dimensions, the stationary
solutions are reached faster. The differences of the behaviour of the eigenvalues in Figuresm
and originate from the matrix Q*, which has a different structure than the matrices @,
1€ [1, N ]Z.

(a) Eigenvalues of Qfree for N = 8. (b) Eigenvalues of Qreriodic for N =8,

Figure 3.10.: Numerical diagonalization of the Q-matrices of the 1 + 1 dimensional contact process with N = 8
sites for free and periodic boundary conditions.
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4. Critical Exponents of Dynamic Percolation

In Chapters 2 and 3 percolation models and the critical phenomenon were analysed. For dynamic
percolation processes it was shown that depending on the probability parameter, the process is
either in the subcritical phase, where the absorbing state is reached, or in the supercritical phase,
where an infinite open cluster almost surely exists. Furthermore, it was stated for directed
percolation and the contact process that the percolation probability vanishes at the critical
probability. However, we want to know how the system behaves near the critical probability.

Phase transitions also appear in equilibrium statistical physics, where universal scaling laws
are used to describe the critical behaviour. Percolation processes are non-equilibrium processes,
as they describe the time evolution of a system. They have a more complex dynamical behaviour
than the equilibrium systems and the understanding is still at its beginning. To classify the
phase transitions of percolation systems, we introduce in Section 4.1 a phenomenological scaling
theory similar to the one of statistical physics. The occurring critical exponents describe the
behaviour of the systems near the critical probability [15].

Depending on the critical behaviour, models can be divided in universality classes, the one
including directed percolation is called directed percolation (DP) universality class. It is believed
that different systems belonging to the same universality class are scaling invariant: this means
the critical exponents and scaling functions, which describe probabilistic properties of the systemn,
are the same for all models in the same universality class. The critical exponents only depend
on the dimension, but not on the specific lattice and the microscopic interaction rules of the
model. It is suspected that a model is part of the DP universality class, if the phase transition
from the unique absorbing state to the fluctuating steady state is continuous, the update rules
include only short-range processes such as nearest-neighbours reaction-diffusion schemes, there
are no additional symmetries, the transition is characterized by finitely many positive probability
transition parameters and no further random components are used. This classification is not
proven rigorously, but numerical experiments support the conjecture. There is strong numerical
evidence that the contact process in d + 1 dimensions (cf. Section 3.3) and the Domany-Kinzel
automaton for ps # 1 (cf. Section 3.1) belong to the DP universality class [15], [17].

Discrete systems like directed percolation can be implemented efficiently on parallel computers.
They are analysed numerically by a Monte Carlo method in Section 4.3. Because of continuity,
the contact process is easier to analyse theoretically. This will be done in Section 4.2 with a
mean-field approximation [15].

4.1. Phenomenological Scaling Theory

The scaling theory introduced in this chapter follows [I5]. The phenomena are shown in the
case of directed percolation (cf. Section 3.2), but can be applied analogously to all percolation
processes. The critical probability is in the following for all spreading processes denoted by p.
and the percolation probability by 0(p).

4.1.1. The Critical Exponents 3, 3, v,, v and the Dynamic Exponent =

An order parameter, which characterises the behaviour of a spreading process, is given by the
ensemble average p(t) of the density of active sites at time ¢. It averages the particle density
over all possible configurations S the process can be in at time ¢, when it started from a fixed
state, weighted with their probability respectively. We denote it for a spreading process starting
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from a finite number of active sites on a finite lattice by

pt) = S S = 8) =3 8505, (41)

n
Se& J

where n is the number of sites on the spatial lattice and £ the underlying state space. For
spreading processes starting from an infinite number of active sites on an infinite lattice, the
particle density is defined as the limit n — oo of a series of finite sublattices with n particles.
For a spreading process starting from finitely many active sites on an infinite lattice, we set the
number n of sites in each time step to be the maximal distance between the most left and the
most right possible active site. If directed percolation in 1+ 1 dimensions starts with a single
active site at the origin, the open cluster at time ¢ can reach all sites ¢ with —¢t < i <t and we
obtain a maximal distance cone, see Figure in orange.

Starting from a fully occupied lattice in the active phase, p(t) decays and evens out at a
stationary density p*'. In the inactive phase (p < p.), no infinite open cluster exists and
p(t) = 0 for t > T with an appropriate 7' € N. Since oriented and directed percolation are
equivalent (cf. Subsection 3.2.3), the percolation probability 0(p.) at the critical probability p.
is zero for an infinite lattice according to Theorem [2.10] Consequently, the density of active sites
vanishes for p = p.. For p > p., numerical experiments show that pStat
the difference A := p — p. and behaves near the phase transition as

varies continuously with

PPt~ AB, D> Pe, (4.2)

with the critical exponent 8 > 0.

The survival probability P(t) is a similar order parameter like the density of active sites p(t).
It is defined as the probability that the cluster generated by a single active site still exists after ¢
time steps. The limit value Py = limy_,o P(t) is the percolation probability 6(p) that the open
cluster grown from a single active site is infinitely large. The critical exponent 3 > 0 describes
the behaviour of the percolation probability near the phase transition and is given by

Poo=0(p) ~ A%, p>p. (4.3)

The proof of the duality relation in Theorem can analogously be applied to the graphical
representation of directed percolation and is proven rigorously in [7]. It follows for the percolation
probability 6(p) that 6(p) = p*3. Consequently 8 = 3, which has to be valid for all models
belonging to the DP universality class. There are many other non-equilibrium processes with
multiple absorbing states or fluctuations, which do not belong to the DP universality class, for
which 8 # 3.

Spreading processes evolve in time, so in contrast to models of equilibrium statistical physics,
they can additionally be characterized by two independent correlation lengths corresponding to
space and time. The spatial length scale £, is defined for p < p. as the maximal width of active
sites averaged over all spatial dimensions and all possible realisations of the process when starting
from a single active site. The temporal length scale {| is analogously defined for p < p. as the
mean time of survival, when starting from a single active site. In Figure , both correlation
lengths are shown for directed percolation in 1 + 1 dimensions. Near the critical probability,
these length scales are supposed to diverge as

gj_ ~ ’A‘_VL, 5” ~ ’A‘_VH? (44)

with the two critical exponents v, ,v > 0. Out of these two critical exponents, the dynamic
exponent z is defined as z = v /v, such that the two correlation lengths are linked by & ~ &7 .
It describes the relation of the spatial and the temporal scale depending on the probability and
is in that way connected to the shape of the droplet in Figure [f.1(a)]

Above the critical probability p., the active sites of directed percolation starting from a single
active site form approximately a cone. For directed percolation in 1+ 1 dimensions, the approx-
imation cone is shown in Figure m in blue. Analogously to the subcritical phase, the term
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sites i

time t

(a) Extenison of the droplet, (b) Approximation cone in (c) Mean survival time, (d) Mean extension of inac-

when starting from a sin- blue and maximal width when starting from a tive islands, when start-
gle active site with p < cone in orange, when fully occupied lattice ing from a fully occupied
Pe- starting from a single ac- with p < pe lattice with p > pe

tive site with p > pe.

Figure 4.1.: Interpretation of the correlation lengths £, and &) of directed percolation in 1+ 1 dimensions. The
numerical code of directed percolation can be found in Appendix C.1.

& /§H describes the ratio of spatial and temporal expansion, which is connected to the open-
ing angle of the approximation cone via trigonometric relations. Starting from a fully occupied
lattice, the temporal length scale § describes in the subcritical phase again the mean survival
time (Figure . In the supercritical phase, the two correlation lengths represent the average
extensions of inactive islands (Figure 4.1(d)).

For general spreading processes, the four defined exponents 3, 8/, v, and v describe the phase
transition into absorbing states. As 3 = 3/ for processes belonging to the DP universality class,
the triplet (5,v,, 1/”) is the fundamental set of critical exponents, all other exponents like the
dynamic exponent z are related to these three.

4.1.2. Universal Scaling Functions and the Hyperscaling Relation

In Subsection 4.1.1 the critical exponent S was introduced depending on the stationary density of
active sites. To describe the time evolution of quantities like the particle density p(¢), universal
scaling functions are used. They are called universal, as they have the same form for all models
in the same universality class. Furthermore, scaling functions only depend on scale-invariant
combinations, which are obtained as outlined below.

We consider a spreading process in the supercritical phase p > p. and denote by i € Z% the
position of a site. The spreading process should be invariant under the dilatation ¢ — Ai, A € N,
if the time ¢ and the deviation from criticality |A| = A = p—p. become also rescaled. The spatial
correlation length is proportional to the position ¢ of a site and the temporal correlation length
is proportional to the time ¢, hence t ~ & ~ £ ~ i*. With the proportionality of equation (4.4)
we obtain

i — Ad, (4.5)
tei® o AT~ AR (4.6)
A ~ gll/VL ~ i—l/lll N A—l/VLZ'—l/VL ~ A—l/ulgll/VL ~ A—l/VLA. (47)

Out of these relations we can construct scale-invariant combinations, which do not change
under the dilatation i — Ai. The general product % - t¥ - A€ with a,b, ¢ € R transforms as

. tb CAC s A%9 . (Az)btb . (A—l/VL)CAC _ Aa—&-zb—c/uL .30 tb . AC.

If and only if a+2b—c/v, = 0, the general product i%t°-A° does not change under the dilatation
i — Ai. Tt follows that for example the combinations At'/¥I with a = 0, b = /vy = 1/(zvy),
c =1 and i/tl/z with @ = 1, b = —1/z, ¢ = 0 are scale-invariant. For spreading processes
on a finite lattice, denote by M the number of existing particles in each time step. A further

scale-invariant composition is given by {ﬁ /M ~ fﬁl/ “/M ~ t%% /M, as the spatial correlation
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length is proportional to the position of a site ¢ and the number of sites grows exponentially with
the dimension.

Starting from a fully occupied (fo) lattice in the active phase, numerical simulations show that
the particle density pg,(t) first decays exponentially and then saturates at the stationary density.
The survival probability P(t) also first decays exponentially and then evens out at a constant
value. The scaling forms for a finite lattice are given by

pro(t) ~ O F(AEI 42 /M), P(t) ~ t70g(AEM1,47% /M), (4.8)

where f and ¢ are universal scaling functions and «,d > 0 critical exponents. On an infinite
lattice, f and g each not depend on their second argument in equation (4.8) respectively. The
functions f and g have the property that they are constant for small arguments and scale for
large arguments so that, regarding each argument alone, the time dependency is omitted. This
is shown afterwards in equations (4.13) and (4.14)).

f(fl?,y) N17 g(l’,y) ~ 1 ((xvy) — (070))7 (49)
flz,y) ~ 2™, glz,y) ~2™  (z— o0), (4.10)
Flzoy) ~y4 g(z,y) ~ " (y— o). (4.11)

With these properties, for small arguments the exponential decay is represented and for large
arguments the steady state of the particle density and the survival property are modelled. In-

serting equations (4.9) to (4.11)) into equation (4.8)) leads in each case to

Pro(t) ~ 7%, P(t) ~t7? (t—0), (4.12)
Pro(t) ~ t™ (AL~ A P(t) ~ O (A1~ A% (t = c0), (4.13)
Pro(t) ~ (Y7 MY o M P() ~ (1 F MO o M (1 00). (4.14)

Comparison of equations (4.2) and (4.3) with equation (4.13) leads to 8 = av| and ' = dy.

For models belonging to the DP universality class we conclude o = § from 8 = /',
Starting from a single active site (sa), the particle density first grows exponentially as

palt) =t (t—0), (4.15)

where i is the critical initial slip exponent. After this critical initial slip of the spreading process,
the density of active sites decays exponentially and in the case of an active phase, it saturates
at the stationary density.

A further possibility to characterize spreading processes is the pair connectedness function
c(?,t',i,t). It is the probability that an open path from the site i’ at time ¢’ to the site i
at time ¢ > t' exists. For translation invariant models like directed percolation, we can define
c(i—i',t—t") == c(i',t',i,t). Starting from a single active site at the origin, the pair connectedness
function c(i,t) is supposed to scale as

(i, t) ~ = ZR G/ E A, (4.16)

where d is the spatial dimension, z the dynamic exponent and p the initial slip exponent of the
spreading process. F' is a universal scaling function with the additional property that

F(0,2) ~ 220 (2 = o0), (4.17)

so that the pair connectedness function of the origin ¢(0,¢) saturates in the active phase for
t — oo at a constant value with the scaling behaviour

¢(0,00) ~ lim == F (0, AtY1) ~ =2 (AL =y Ald/2=00) (4.18)

t—00
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On the other hand, the probability ¢(0,00) that an open path between the site 0 at time 0
to itself at an infinite large time exists, can be expressed by other probabilities: ¢(0,00) has to
be proportional to the percolation probability 6(p) that an infinite open cluster containing the
site 0 exists. Furthermore, the probability that the site 0 is active, can be approximated by the
stationary density of active sites p5'?! if we assume that the active sites are distributed uniformly
in the maximal distance cone. If follows that ¢(0, 00) scales as

¢(0,00) ~ O(p) - P ~ APAP = APHF, (4.19)

Comparing equations (4.18]) and (4.19)), the generalized hyperscaling relation for processes with
phase transitions into absorbing states is obtained:
d d_B+p _dv—(B+5
(Z—M>V||=ﬁ+5’ = p= - = ( ) (4.20)

Y Yl

where the last equation follows from z = /v . For the DP universality class, equation (4.20)
can be simplified with 8 = 3’ and is then called hyperscaling relation. Numerical experiments
show that the generalized hyperscaling relation is only valid below a upper critical dimension
d.. For d < d., the cluster of active sites surrounds the site 0, and the assumption of uniformly
distributed active sites over the maximal distance cone is reasonable. Above the upper critical
dimension, the approximation cone (cf. Figure can diffuse to one side, such that the site
0 is not contained inside the approximation cone for all ¢t > T with an appropriate T' € N, hence
¢(0,00) = 0. For the DP universality class the upper critical dimension is d. = 4 [15].

4.2. Mean-Field Approximation of the Contact Process

There are several possibilities to approximate the critical exponents of the contact process, like
series expansions, field theoretic approximations and the analysis of the scaling behaviour of
the eigenvalues of the contact process, which were shown in Subsection 3.3.3. [I5]. Here we
will approximate the critical exponents of the contact process by the analysis of the mean-field
rate equation, as these estimates are accurate in comparison with other methods and become
exact above the upper critical dimension d. = 4 [I5]. Therefore we consider again the ensemble
average of the density of active sites at time ¢ (cf. equation (4.1)). In the special case of the
1 + 1 dimensional contact process on the finite lattice [1, N]z x R with start configuration Sp,
we can explicitly specify the particle density. It is given by

2N 1 2N 1 N
~ 3RS0 = ) Nz Jstamu = OO 53 5O, (42)
n=1 n=1 n=1 =1

where S(t) = (s1(t), ..., sn(t)) is the random variable describing the configuration at time ¢ (cf.
Subsection 3.1.1), which can be encoded as a unit vector in RZ" (cf. Lemma (B.6)). We sum
up over all possible configurations wu,, n € [2)¥] and multiply the probability that the contact
process is in the configuration u, at time ¢, with the fraction of active sites of the configuration
uy. The probability P(S(t) = u,) can be calculated by the probability distribution 7(0) of the
start configuration and the probability matrix P(t) of the Markov chain (cf. equation (3.19))).

The mean-field rate equation approximates the derivation of the density of active sites under
the assumption that each site is active at time ¢ with probability p(t). It follows that the mean-
field approximation becomes exact in infinitely many dimensions, when all sites are neighboured
[15]. In higher dimensions, the mean-field approximation is more accurate, as the behaviour is
less dependent on the concrete configuration. For the 1 + 1 dimensional contact process the
mean-field rate equation is given by [15]

Biplt) = So(t)(1 — p(0)” + 2p(t)(1 — p(1))? + M (1)1~ p(t)) — (1)
— M8)(1 = p(6)) (1= plt) + p(1)) — p(t) = (A — )p(t) — AG2(D). (4.22)
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It is obtained from the rates of Figure as follows: regarding an arbitrary site i € [1, N]z, the
particle density p(t) increases with rate § if the left neighbour is active, the site i is inactive and
the right neighbour is also inactive. As we approximate the mean-field behaviour, this happens
with probability p(t)(1 — p(t))®. The same probability and rate arises from an inactive left
neighbour, an inactive site ¢ and an active right neighbour. In the mean-field, both neighbours
are active and the site i is inactive with probability p?(¢)(1 — p(t)). In this case, the particle
density p(t) increases with rate A. Finally, a site is active with probability p(t) and becomes
inactive with rate 1. Adding up the first three terms, where the particle density increases and
subtracting the last term, where the particle density decays, leads to equation (4.22)).

The mean-field rate differential equation has a quadratic right hand site and hence two
stationary solutions, which are given by

A—1

A )
where p§' corresponds the absorbing state of the empty lattice and p§'* represents the average

particle density of the fluctuating steady state. The bifurcation diagram of the mean-field rate
equation can be seen in Figure d.2] It shows the stationary solutions of the differential equation
depending on the parameter A. At A, = 1 the two stationary solutions coincide and a fundamental
change in the phase portrait of p(t) occurs, see Figure . The indicated flow in the phase portrait
of p(t) is obtained from the sign of the derivative 0;p(t): p(t) grows if dyp(t) > 0 and p(t) decays
if Oip(t) < 0. A stationary solution is called stable, if all trajectories in a neighbourhood of
the stationary solution converge to the stationary solution as ¢ — oo, otherwise the stationary
solution is called unstable [IT]. It follows that p5*¥* is stable for A < A. and unstable for A > A,
and p5 is unstable for A < A. and stable for A > A\.. For A\ < ), the stationary solution pf*t
is negative and therefore not relevant, since a particle density has only values in [0,1]. A\ =1
is the mean-field value for the critical rate of the 1 + 1 dimensional contact process, since in
the subcritical phase A < A, the stable stationary solution of the absorbing state is reached
and in the supercritical phase A > A, the trajectories converge to the stable fluctuating steady
state, when starting from a configuration different to the absorbing state. As the two stationary
solutions exchange their stability at A, = 1, the mean-field rate equation undergoes a transcritical
bifurcation at A\, = 1 [11].

opt) =0 & PP =0 v gt = (4.23)

p(t)

0.5 1 1.5 2 25
A

Figure 4.2.: Bifurcation diagram of the mean-field rate equation of the 1+ 1 dimensional contact process. Solid
lines represent stable stationary solutions, dotted lines represent unstable stationary solutions. At
the critical rate A\. = 1 a transcritical bifurcation occurs.

With a rescaling argument of the mean-field rate equation (4.22), when starting from a fully
occupied infinite lattice, the critical exponents 8 and v can be obtained [19]. To determine also
the spatial critical exponent v, the spatial argument ¢ and a particle diffusion term depending
on ¢ has to be added. This diffusion term does not change the mean-field rate equation (4.22))
without the spatial argument 4, as it describes the time-behaviour of the particle density, which
stays constant if particles diffuse [I5]. According to [15], the extended mean-field rate equation
is given by

Oepro (i, t) = Apio iy t) — M, (i, ) + DV pio (i, 1), (4.24)
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(a) Phase portrait of p(t) for 0 < XA < X. (b) Phase portrait of p(t) for A= A.  (c) Phase portrait of p(t) for A > A

Figure 4.3.: Phase portrait of the one dimensional phase spaces of p(t) depending on the value of A. The flow of
p(t) is indicated by arrows: p(t) grows if d:p(t) > 0 and p(t) decays if dp(t) < 0.

where A :== A\ — A, D is a diffusion constant and V? is the Laplace Operator, which sums up
the second spatial derivatives of all spatial dimensions. The extended mean-field rate equation
should be invariant under the dilatation i — Ai. According to equations and ,
t and A rescale as t — A%t and A — A~VYLA. Tt follows for the scaling law of pro(t) on
an infinite lattice:

Pro(t) ~ O F(AL/I) = AT FATVVEA L AFMIE MY~ ATV pe (ML), (4.25)

because a = B/ and z = v /vy (cf. Subsection 4.1.2) and so —az = —(8/y)) - (v /vL) =
—f /v, . Including the additional spatial component i of the particle density, the following scaling
form is obtained:

pro(i 1) = APV pe (A, AZt). (4.26)

With the rescaling relations i — Ai, t — A*t and A — A~/YLA (cf. equations ([@.3) to ([@.7)
and equation (4.26]), the extended mean-field equation (4.24) rescales as

ABIVE A28, 1o (i, F)

= APIVE ATV A pro (3, 1) — A2V 02 (0, 1) + APV A2 DV g, (i, ), (4.27)
where 7 and £ are the rescaled variables 7 = Ai and £ = A%t [I9]. The factors A=* and A~2 com-
pensate the factors, which arise by the chain rule when differentiating pg, (i,t). Equation (4.27) is
invariant under rescaling if each summand is multiplied by the same power of A. Consequently,
the factors have to fulfil

A—Bry) /v — A—BFD) /v _ A—28/ve A_(B+2VL)/VL’ (4.28)
where z = v /v) was used. Comparing the equalities leads to the mean-field critical exponents
AME =1, 1/|1|VIF =1, A =0.5. (4.29)

Above the upper critical dimensions d. = 4. the mean filed critical exponents of equation
become exact for the DP universality class [I5]. In 141, 2+ 1 and 3 + 1 dimensions the
critical exponents take non-trivial values, which are probably irrational [20]. In the following
Section 4.3, the critical exponents for d = 1,2, 3 are approximated numerically.

4.3. Numerical Analysis of Directed Percolation

To analyse directed percolation numerically, we use Monte Carlo simulations. Therefore we
average over many realisations of the probabilistic process. The numerical code applied is listed
in Appendix C.1. In order to approximate the triplet (3,1),v) of critical exponents of directed
percolation, the critical probability p. is needed.
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A first way to obtain the critical probability is to simulate directed percolation in d + 1
dimensions, d = 1,2, 3 each K times starting from a fully occupied lattice with periodic boundary
conditions until a finite, but high time 7. We choose K = 100 and 7" = 10000 and simulate
in each of the dimensions d = 1,2,3 a total number of 2048 particles. As in the definition of
directed percolation (cf. Section 3.2) only every second site of the lattice [N, N —1]¢ is existing,
we choose in 141 dimensions N = 2048, in 241 dimensions N = 32, such that the total number
of particles is 0.5 - (2 - 32)% = 2048 and in 3 + 1 dimensions N = 8, such that the total number
of particles is also 0.5 - (2 - 8)3 = 2048.
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g9 / 83; 8006/ )
= / = 2
o4t o o
£ £ £
> > | = t
B3t / 52 2 0.04
3 4 =1 as §

w # w w
B2} o ‘e ©
[ c1lf c 0.02f
k] S S
g1 B 5] /
g g g ¥
=g ; i — " J o / J 0 i i . J
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(a) d =1, N = 2048, K = 100 (b) d=2, N =32, K =100 (¢)d=3, N=8, K =100

Figure 4.4.: Fraction of surviving sites over K = 100 simulations of directed percolation in d dimensions with N
sites until time 7" = 10000 depending on the probability parameter p. The numerical code can be
found in Appendix C.2.

In the subcritical phase p < p., the probability is zero that a site is contained in an infinite
cluster. Consequently, according to Figure we obtain p.(1) ~ 0.636, p.(2) ~ 0.287 and
Pe(3) &= 0.179. These values are very inaccurate, as we only simulated 100 times, the absorbing
state could be reached after more than 7" = 10000 time steps and in finite size simulations, there
is always a positive probability to reach the absorbing state [15].

A more precise way is to measure deviations from the power law decay of the particle density
pro(t) ~ t7 (cf. equation (£.12)). In a double-logarithmic graph, the exponential decay is
represented as a line with slope —«, as log(ps(t)) = —alog(t) + ¢, ¢ € R. Figures to
show the average over K = 100 simulations of directed percolation with 2048 particles for
d =1,2,3 respectively for three values of p: The blue line represents a probability smaller than
Pe, the red line represents p. and the yellow line a probability greater than p.. For clarity, further
lines were omitted. In Figure for directed percolation in 1 4 1 dimensions we observe the
following: in the active phase p > p. the stationary density is reached and the slope of the
curve grows until it is constant. In the inactive phase, the particle density decays faster than
exponentially and the slope of the curve decreases. The slope of the red curve stays constant,
so we obtain the critical probability p.(1) = 0.6447, which is a good approximation of the value
pi(1) = 0.644700185(5) of [4]. In 2+ 1 and 3+ 1 dimensions (Figures [4.5(b)|and 4.5(c))), the size
of the lattice is too small, such that finite size effects occur and the process also dies out in the
active phase p > p. [15]. For the simulations the critical probabilities

pi(1) = 0.644700185(5),  pi(2) = 0.287338(3),  p’(3) = 0.1774970(5),

of [4] rounded to four decimals were used. To obtain better results, we average additionally
directed percolation over K = 10 simulations with 32328 particles for d = 1,2, 3, see Figures
K.5(d)| to [4.5(f)} These plots confirm the correctness of the values p}(2) and p}(3). Therefore we
choose N = 108 in 2 + 1 dimensions, as 0.5 - (2-108)? = 32328 and N = 18 in 3 + 1 dimensions,
as 0.5 - (2-18)3 = 32328,

From Figures [4.5(d)| to [4.5(f)| the critical exponent a(d) = d(d) can be obtained, which is the
negative of the slope of the red lines in the double-logarithmic plot. We have a(1) ~ 0.162, a(2) ~
0.481 and «(3) =~ 0.761, see Appendix C.3. These are slightly higher, but good approximations
to the values a*(1) = 0.159464(6), o*(2) = 0.4505(10) and o*(3) = 0.737(5) given in [4].
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Figure 4.5.: Fraction of surviving sites over K simulations of directed percolation in d dimensions with N sites
until time 7" = 10000 depending on the probability parameter p represented in a double-logarithmic
plot. The numerical code can be found in Appendix C.2.

A first way to determine £ is to use the scaling relation p*t ~ Af for A = p —p, > 0. In
Figures [4.6(a)| and {4.6(b)| the stationary density depending on p — p. for directed percolation in
141, 241 and 3+ 1 dimensions is shown. [ is represented as the slope in the double-logarithmic
graph as log(p**a) = Blog(A)+c, ¢ € R. As there are still many fluctuations especially in
141 dimensions (see Figure, we averaged the particle density from time Ty = 5000 to time
T = 10000 over K = 100 simulations and obtain (1) ~ 0.247, 3(2) ~ 0.534 and ((3) ~ 0.658,
see Appendix C.3. These values are especially in 2 4+ 1 and 3 + 1 dimensions inaccurate, as the
closer p is p., the longer is the time to reach the stationary density [I5]. Furthermore, in 3 + 1
dimensions it happens that even in the active phase, the process dies out and the absorbing state
is reached, such that the logarithm of the particle density is —oo and not represented in the
double-logarithmic plot. According to [I5], the values for the critical exponent § are given by
B*(1) = 0.276486(8), *(2) = 0.584(4) and *(3) = 0.81(1).
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(a) Linear plot of pta* depending on p— (b) Double-logarithmic plot of p§@* de- (c) Fluctuations of directed percolation on

Pe pending on p — pe 1+ 1 dimensions, p = 0.65 > pc.

Figure 4.6.: Stationary density pj** depending on the difference p — p, for directed pond percolation in 141, 2+1

and 3 4 1 dimensions with 2048 particles and K = 100 simulations each. Because of fluctuations, the
stationary density was averaged from Tp = 5000 to 7" = 10000. The numerical code can be found in
Appendix C.3.
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The finite size and near criticality problems can be avoided by using the scaling law pg, (t) ~
= f(AEYY1) (cf. equation (E.8)) and determining v [15]. B is then obtained with the relation

B = av). Because of insufficient computing power, we explain the approach and refer in 1+ 1
dimensions to the plots of [15].

By plotting pg(t)-t* against A7 for constant A, the function f (Atl/ “I) is shown. According
to equation it holds f(AEY/Y1) ~ (ALY = (tAY1)® for t — oo, such that f is linear
with slope « for ¢ — co when plotting it against tA”l in a double-logarithmic graph, see Figure
. The critical exponent v can be obtained by tuning v in such a way that all curves collapse
in the double-logarithmic graph [I5]. This is the case, because already small perturbations e € R
of the appreciated value I/‘/l = v) + € lead to high deviations of f(Atl/”\/I) for t — oo:

f(Atl/Vl/‘) ~ (Atl/yl/‘ )auH — (Atl/(l/H-i-E))aVH — (Atl/l/” )owH . t(l/(llu—f—e)—l/l/H)OcVH
~ f(Atl/V”) . t(l/”/(I/H-‘rE)—l)a — f(Atl/l/”) . t—ea/(l/“—i-e). (430)

Since « # 0, the factor t=</(1+9) ig one if and only if € £ 0 and converges to 0 or co depending
on the sign of €. It can be seen in Figure that the curves collapse to 0 or oco.

Analogously, the critical exponent z can be determined by only considering the second argu-
ment in the scaling law of equation (4.§)), such that peo(t) ~ t=f(t%% /M) is obtained. The
critical exponent v is then given by z = ) /v,. Therefore pg(t) - t* is plotted against ¢t/M* for
constant A and v is tuned in such a way that all curves collapse, see Figure m [15].
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. 10 3 3
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(a) Data collapse of off-critical simulations (b) Data collapse of finite-size simulations

Figure 4.7.: Double-logarithmic plots of [I5] of the scaling law pro(t) ~ =% f(At/¥1 12 /M) (cf. equation (&.8))
considering only the first or only the second argument for directed percolation in 1+ 1 dimensions.

In the following tabular, the values for the critical exponents a =9, B8, v, v, 2z and u stated
in [I5] are shown. They are obtained by numerical and field theoretic methods. Above the upper
critical dimension d. = 4, the mean-field critical exponents of Section 4.2. become exact [15].

critical exponent d=1 d=2 d=3 mean-field
a=94 0.159 464 (6) 0.451 0.73 1
B 0.276 486 (8) 0.584(4) 0.81(1) 1
vy 1.096 854 (4) 0.734(4) 0.581(5) 0.5
Y| 1.733 847 (6) 1.295(6) 1.105(5) 1
z 1.580 745 (10)  1.76(3)  1.90(1) 2
I 0.313 686 (8) 0.230 0.12 0

Table 4.1.: Critical Exponents of the DP universality class, stated in [15].
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5. Directed Percolation in Fluid Dynamics

Besides examples discussed in the introduction chapter, percolation processes can also be used
to describe transitions from a laminar to a turbulent flow, since this transition shows many
similarities to the non-equilibrium phase transition of the DP universality class. After the theory,
simulation and analysis of models related to directed percolation, this chapter is a small outlook
on the connections of percolation theory and fluid dynamics.

The dimensionless Reynolds number Re is a parameter in fluid dynamics describing the turbu-
lence in flows. It is defined as Re = %, where U is the mean flow velocity, L the characteristic
length scale and v the kinematic viscosity [24]. If the Reynolds number is sufficiently small, ev-
ery turbulent disturbance decays immediately, resulting in a laminar flow. For higher Reynolds
numbers, the turbulence of the flow in a pipe behaves differently: For 1650 < Re < 2050, local
clusters of turbulence, also called puffs, are metastable. With growing Reynolds number the
characteristic life-time 7 grows and the clusters of turbulence can split and show a more complex
spatio-temporal behaviour. Above the critical value R. ~ 2500, turbulence expands uniformly
and a slug of turbulence arises [24]. This transition to turbulence is shown in Figure and
compared with the similar phenomena of directed percolation in 1+ 1 dimensions (cf. Section
3.2) starting from a number of neighboured sites depending on the probability parameter p. In
the subcritical phase p < pe, the open cluster is almost surely finite and in the supercritical phase
P > pc, an infinite open cluster exists almost surely, which expands like a slug. The closer p is
the critical probability p., the higher is the complexity of the geometry of the open cluster.

To model turbulence of a flow in a three dimensional pipe with length D and radius R, the
following 3+1 dimensional model is proposed by [24]. The flow is discretized as a regular lattice of
cubes. All cubes, where the turbulence intensity is higher than a given threshold, are represented
as active sites; all laminar regions as inactive sites [I], [24]. The obtained lattice is a sublattice
of Z3. Sites of the lattice are called neighboured or adjacent in the case they are joined by an
edge as in the definition of directed percolation (cf. equation in Subsection 3.2.1). The
start configuration models the inlet disturbance of the flow. The configurations are updated in
discrete time steps: every turbulent site stays turbulent with probability p and becomes laminar
with probability 1 — p. Furthermore the fluid dynamical behaviour of the flow is simplified as
follows: each active site with coordinates (z,y, z) activates simultaneously with probability p
its neighbours (x + 1,y,2), (x,y + 1,2) and (x,y,z + 1) at even time steps and its neighbours

splitting puffs/

metastable spatiotemporal expanding E
€ puffs | intermittency |  slugs
12050 12500
4 1 } 3 I o y
¢ A y
i 4
I i | P .
o A i
P ' [ Z , SN | ‘
metastable e expanding P L
clusters y clusters
(a) Comparison of the phenomena of turbulence in a pipe as a function of the (b) Decay of the model of [24]
Reynolds number Re with the phenomena of directed percolation in 1 + 1 with p < pc. Active sites
dimensions starting from a number of neighboured sites depending on the are represented as green
probability parameter p. cubes.

Figure 5.1.: Phenomena and properties of the directed percolation model proposed by [24]. The Figures are taken
from [24].
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(x—1,9,2), (x,y —1,2) and (z,y,z — 1) at odd time steps if they are laminar respectively. The
boundary conditions are not prescribed, but have to stay fixed. In Figure the decay of an
active cluster of the model of [24] is shown for p < p..

When p is near the critical probability p., the spatial correlation length £, ~ |p — p.
becomes larger than the radius R of the pipe, as v is a positive critical exponent. Consequently,
the 3 + 1 dimensional model is effectively 1 4+ 1 dimensional and can be approximated by a
corresponding 1 + 1 dimensional percolation process on a lattice, which has the length D of the
pipe. Each turbulent site x of the one dimensional lattice stays turbulent with probability p and
becomes laminar with probability 1 — p. Furthermore, each turbulent site x activates at even
time steps with probability p its neighbour x + 1 and at odd time steps with probability p its
neighbour x — 1 [24].

Analogously to directed percolation, the survival probability P(p,t) is defined as the proba-
bility that there are still active sites after ¢ time steps. Figure shows the survival probability
of the 1 + 1 dimensional model of [24] depending on the parameter p for four different values
of t. The numerical data is shown for ¢ = 300 as red crosses, for ¢ = 1000 as green dots, for
t = 6000 as blue pluses and for t = 80000 as cyan triangles [24]. The critical probability p. is
defined analogously to Chapter 3 as

|7VH

pe = inf{p € [0,1] : P(p,00) > 0}. (5.1)

The numerical data of Figure indicates that the critical value p. of the 1 + 1 dimensional
model is slightly higher than 0.653, as at this value the first cyan triangle of ¢ = 80000 is bigger
than zero. This approximation is close to the critical value of directed percolation in 1 + 1
dimensions, which is given by pj(1) = 0.644700185(5) [4]. The numerical data of the 1 + 1
dimensional percolation process of [24] fits very well with the predicted survival probability of
turbulent puffs of fluid dynamics theory. It is given by

P(Re,t) = exp (—i&ﬁ) (5.2)

with t > tg, where ¢ is the formation time of the puff [24]. The exponential distribution is normed
by the average life-time 7(Re) of a puff. The average life-time 7 scales super-exponentially as

T(Re) = 1o explexp(ci Re + ¢2)], (5.3)
with two constants ¢; and co and a parameter 79 ~ g, where R is the radius of the pipe and

U the mean flow velocity [24]. For the concrete choices of the formation time ¢, the parameter
7o and the constants ¢; and cy in Figure , see [24]. In that paper, also further similarities of
fluid dynamics and the DP universality class are shown.

/
L

062045 0.65 0.655
D

Figure 5.2.: Survival probablity P(p,t) depending on the probability paramter p for different values of ¢. For an
explication of the lines, points and colours, see text. The Figure is taken from [24].
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Another 1 4+ 1 dimensional percolation model for a flow in a (very long) pipe is proposed by
[I]. The flow in the pipe is simplified as an infinite one dimensional lattice with turbulent and
laminar regions, represented as active or inactive sites. Kach active site stays turbulent with
probability p and becomes inactive with probability 1 — p. Additionally, each turbulent site
activates simultaneously its left or right inactive neighbour with probability r respectively, see

Figure[5.3]

R e
Sl PR

Figure 5.3.: Transition probabilities of the model proposed by [I]. The Figure is taken from [I].

For a fixed probability p to stay active, the critical value 7. of the probability to jump sideways
is determined numerically as well as with a mean-field approximation in [I], see Figures [5.4(a)

and 5.4(b)| for p = 0.7. In Figure the numerically and mean-field approximated critical
probability pairs (pc,r.) are shown in a p — r parameter plane.

1 o1
p=0.7 04 i % e Combined version (N=5000)
0.8 N=5000 08 Mean Field Approximation
o 2 active
5 0.6 5 o 0.6%.
u ] % 02 g
0.4 . o 0.4
. 0.1 —=— N=5000 || = o
0.2 p | * Numerical results =~ N=20000 5oz inactive
MFA PEEL S oenas —=— N=80000 || k] :
2 04 06 o8 1 0.3 0305 031 0.315 s 0% 02 04 o085 08 1
probability to jump sideways: r probability to jump sideways: r probability to continue: p
(a) Numerical and mean-field approx-  (b) Numerial approximation of r. for  (c) Numerical and mean-field approx-
imation to determine 7. different system sizes imated pairs (pe, re).

Figure 5.4.: Numerical experiments of the model proposed in [I]. The Figures are taken from [T].

Given the pairs (pe, 1) of critical probabilities, the critical exponents 3, v| and v, can be
approximated numerically as in Section 4.3, see Figure[5.5 In the fluid dynamical context, L is
defined as the mean length of laminar regions and L) as the mean time interval to stay laminar
[I]. With the definitions of £, and &, of directed percolation starting from a fully occupied lattice
in the active phase p > p. (cf. Figure of Section 4.1), it follows L, = &, and L = §.
Comparing the critical exponents §* = 0.276486(8), v] = 1.096854(4) and v = 1.733847(6)
of Table of Section 4.3. with the numerically obtained values of Figure leads to the
conclusion that the model of [1] belongs quite certainly to the DP universality class.

10° 10°
0-35 N = 200000 M= ib80 N=120000 |
=0.7 = p=0.7
03 p p=0.7
o o
“ o o
‘g.Q 0.25 o = 10
v, =1.087
B=0.276
0.2
10’ 10°
0.001 0.005 0.002 0.004 0.006 0.002 0.004 0.006
1-0.3069 1-0.30675 r-0.3067

Figure 5.5.: Numerical approximation of the critical exponents 8, v, and v. The Figure is taken from [I].
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A. Basics Probability Theory

Appendix A contains definitions, lemmas and theorems of the topics probability theory and
Markov chains which can be found in [3] and [I8]. The notations used and the formulation of
the definitions, lemmas and theorems are sometimes adapted to the present thesis.

Definition A.1 (Power Set) [18]|. For a set Q the Power Set P(2) is defined as the set of all
subsets of €1:

P(Q) = {A: AcCQ}.

Definition A.2 (o-algebra) [18]. A class of sets A C P(Q) is called a a o-algebra if it fulfils
the following three conditions:

(i) Qed

(1) A is closed under complements: For A € A it holds A =Q\A e A

(1it) A is closed under countable unions: For Aj, Aa,... € A it holds U A, € A

n=1

Definition A.3 (Generated o-algebra) [18]. Let £ C P(Q2). Then there exists a smallest
o-algebra o (&) with € C o(&):

o(&) = ﬂ

ACP(Q) is a o-algebra
ADE

o (&) is called the generated o-algebra by the generator E.

Definition A.4 (Measure) [I8]. Let Q be a nonempty set and A C P(Q) a o-algebra. A set
function p : A — [0,00] is called a measure on A if the following conditions hold:

(i) w@®) =0
(13) w is o-additive: For countable many mutually disjoint sets Ay, Ag, ... € A it holds

u (U An> = u(A)
n=1 =1

If additionally 1(Q2) = 1, p is called a probability measure.

Lemma A.5 (o-Subadditivity) [18]. Let Q be a nonempty set, A C P(QQ) a o-algebra and
p: A — [0,00] a measure on A. Then it holds for countably many sets Ai, As,... € A and
AcUpl, A, with A € A:

p(A) <D (A,
1=1

Definition A.6 (Measure and Probability Space) [18]. A pair (2, A) of a nonempty set
and a o-algebra A C P(Q) is called a measurable space. The sets A € A are called measurable
sets.

A triple (0, A, 1) is called a measure space if (2, A, i) is a measurable space and p is a measure
on A. If in addition p is a probability measure, then (Q, A, u) is called a probability space and
the sets A € A are called events.
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Definition A.7 (Almost surely) [I8]. Let (2, A,P) be a probability space and E(w) be a
property that a point w € Q can have or not have. We say E holds (P—) almost surely if E(w)1
holds for all w € Q\N, where N denotes a null set to P: P(N) = 0.

Definition A.8 (Measurable map) [I8]. A map X : Q — Q' is called A — A’-measurable (or
briefly, measurable) if X 1(A") = {X"Y(A"): A € A"} C A; that is, if

X YNA)eAforany A c A.

Definition A.9 (Random Variable) [18]. Let (2, A, P) be a probability space, (', A’) a mea-
surable space and X : Q — Q' measurable. Then X is called a random variable (with values in

(A)).

Definition A.10 (Distribution, Distribution Function) [I8]. Let (2, A,P) be a probability
space and X : Q0 — R be a real random variable. The probability measure Px = Po X! is called
the distribution of X or rather P,.
The map Fx : © — P(X < z) is called the distribution function of X. If u = P(X), X has the
distribution p. Notation: X ~ pu.
Let I be an index set. A family (X;)ier of random variables is called identically distributed if

Px, = Px; for alli,j € I. Notation: X 2y if Px =Px (D for distribution,).

Definition A.11 (Independence) [I8]. Let I be an arbitrary index set and (A;)icr be an arbi-
trary family of events on a probability space (2, A,P). The family (A;)icr is called independent
if for any finite subset ) # J C I the following product formula holds:

P (4| =[P4

jeJ JjeJ

An arbitrary family of o-algebras (A;)icr is called independent if the events (A;)icr are inde-
pendent for A; € A; Vi€ 1.
The family (X;)ier of random variables is called independent if the family (o(X;)icr) of o-algebras
18 independent.

Theorem A.12 (Borel-Cantelli Lemma) [I8]. Let (An)nen be a family of events in the
probability space (2, A, P). With A* :=limsup,,_,., A, the two following two statements hold:

@) If i]P’(An) < 00, then P(A*) = 0.
n=1

(13)  If (Ap)nen is independent and ZP(A,L) = 00, then P(A*) = 1.

n=1

Theorem A.13 (Product measure) [I8]|. For every n € Ny, let P,, be a probability measure
on the measurable space (2, Ay). Denote by Q = [[2,Q; the Cartesian product space of the Q;
and by A = T[;2,Ai the product o-algebra of the A;. This is the smallest o-algebra on Q such
that for all i € N the coordinate map X; : Q — Q; is measurable with respect to A — A;. Then
there ezists a uniquely determined probability measurable P on the product measure space (2, A)
with

P <A0 X o X Ap x X Q> = HIP’k(Ak),
i=n+1 k=0

for A; € A;, i =0,..,n and n € Ny.
[1;2Pi =P is called the product probability measure of the probability measures Py, Py, .... Under
P, the coordinate maps (X;)ien, are independent.
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Definition A.14 (Cylinder Set, special case) (similar to [I8], adapted). For an countably
wnfinitely often repeated random experiment with finitely many possible outcomes c1, co, ..., ¢, with
n € Nlet C = {c1,c2,....,cn} and Q =[], . C the sample space of all possible outcomes. Let
for given m € N:

Ly = {(i1s ey im) 15 € NV E € {1,ym} iy < iy for k1 € {1,..,m} with k <1},
Im = {(jb 7.7m) jk € {la ,77,} Vke {1’ ’m}

For given m € N let i € I,;, and j € Jp,. The cylinder set §); ; is defined as
Qij={we w, =cj, Vke{l,..,m}}

Now, with £ = Up_1 Uicr,. UjeJm Q;; C P(Q) the generated o-algebra of the finite dimen-
sional cylinder sets is given by o(E).

Definition A.15 (Tail o-algebra) [18]. Let I be a countably infinite index set and let (A;)icr
be a family of o-algebras. Then

T((Aer)= () o| U 4],
Jcr  \jenJ
|J]|<oo

is called the tail o-algebra of (A;)icr. If (Ai)ier is a family of events, then the tail o-algebra is
defined as

T ((Adier) =T (({0, A, A7, Q})ier) -
If (Xi)ier is a family of random variables, then the tail o-algebra is defined as
T (X)ier) =T ((0(Xs))ier) -

Theorem A.16 (Kolmogorov’s 0-1 Law) [18]. Let (2, A,P) be a probability space, I a count-
ably infinite index set and (A;)icr an independent family of o-algebras contained in A . Then
the tail o-algebra is P-trivial, that is

P(A) € {0,1} for any A € T((A;)icr)-

Since for mutually independent random variables (X;);cr the generated o-algebras (o(X;))icr
are also independent, Kolmogorov’s 0-1 law also holds for this case.

Definition A.17 (Conditional Probability) [3]. The conditional probability of the event A
given the event B is defined when P(B) > 0 as

P(A|B) = W

Definition A.18 ((Homogeneous) discrete time Markov chain) [3]. Let (X¢)ien, be a
sequence of random wvariables on a probability space (Q, A,P) with values in (£, P(E)), where £
is a countable state space. If for all t € Ny and for all ig,i1,...,0n-1,%,5 €

P(Xip1 =j|Xe =1, Xem1 = in—1,..., Xo = i0) = P(Xyq1 = j| Xy =1),

whenever both sides are well-defined, this stochastic process is called a discrete time Markov chain.
It is called a homogeneous discrete time Markov chain if additionally the right hand side of the
formula above is independent of t.
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Definition A.19 (Continuous time Markov chain) [5]. Let (X;)i>0 = (Xt : 0 <t < 00) be
a sequence of random variables on a probability space (Q, A, P) with values in (£, P(E)), where
& is a countable state space. If for all 0 < tg < t; < ... < t, < tpy1 with n € Ny and for all
10581y oeey bp—1,%,7 € £

P(th+1 = j’th = i7th71 =in—1, "'7Xt0 = iU) = P(th+1 = ]‘th = Z.)v

whenever both sides are well-defined and the right hand side of the formula above is independent
of the difference tn,41 — ty, this stochastic process is called a continuous time Markov chain.

Definition A.20 (Q-matrix) [22]. Let £ be a countable set. A Q-matriz on £ is a matriz
Q = (¢i;) € RIEXIEN with the following properties:

(Z) 0< —Qi; < 00 Vi € ng,

(i1) ¢ij >0 Vi# jAi, g e €]l
(4id) ZQij =0 vi € [|€]],
jeE
where [n] = {1,2,...,n}. From this conditions, it follows q;; = — Zjegyj# Qij < 0.

Theorem A.21 (Continuous time Markov chain with generator matrix Q) [22]. Let
(Xt)i>0 = (Xt : 0 <t < 00) be a sequence of random variables on a probability space (2, A, P)
with values in (£, P(E)), where £ is a countable state space, and let Q) be a Q-matriz on &.
Denote by i € N the position of the state i in E. If for all 0 < tg < t; < ... < t, < tny1 with
n € Ng and for all ig,i1,...,1n_1,1,] € €

P(th+1 - j|th = i? th,1 == in—h ceey Xt() - ZO) = p{j(tn—l-l - tn)7

whenever both sides are well-defined and P(t) = (py;(t) : i,j € £) € [0, 1]1EXIEL G5 the solution of
the forward equation

O P(t) = P(t)Q, P(0)=Ig,

with identity matriz I1g| € RIEXIEL then (Xi)i>0 = (Xt : 0 < t < 00) is a continuous time Markov
chain (A.19). It is explicitly determined, if besides the matriz Q, a start configuration is given.
The solution P(t) of the forward equation is a stochastic matriz, that means that

nggj(t)<oo Vi,je&,teRs9 A Zpgi(t)=1 Vie &t € Rxg.
JjEE

Furthermore, it follows from ODE theory that P(t) = e'@ is the unique solution of the ordinary
differential equation given above. Additionally, it holds

P(s+t) = P(s)P(t) for all s,t € R>g,

which is called the semigroup property. The eniries @ > 0,1 # j of the matriz QQ describe the
rates of the Markov Chain to get from state © to state j.

Definition A.22 (Invariant probability measure of a Markov Chain) [9]. Given a contin-
uous time Markov Chain with probability matriz P(t), a probability measure p is called invariant
for the Markov chain, if

/JP(t) = U Vt € RZO'
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B. Basics Analysis and Algebra

Lemma B.1 (Geometric Series) [6]. For the partial sums and the limiting value of the geo-
metric series we have
n+1

i _ - i .
EO:C— T2 Vo € R, on_l—x VeeR: |z| <1.

Proof. Multiplying the formula for the partial sums by 1 — x leads to

and the results follows. Furthermore

= . LA 1 —ant! 1

g ' = lim E ' = lim = for |z| < 1,
e n—00 4 g n—oo 1 —x 1—=z
1= 1=

since lim, o, 2™ = 0 for |z| < 1. O

Corollary B.2 (Derivative of the Geometric Series). It holds

= Vr e R =——— VrelR: < 1.
;_1 i e x , ;—1 i (e x ||

Additionally, for the sequence (iz');en we have lim; s iz’ =0Vz € R: |z| < 1.
Proof. Derivation of the formulas in lemma (B.1]) leads to

Lo 0 [~ 9 (1—ant!
;”1—m<iﬁ>—w(1_x>

1=0
—(n+1Daz"(1—z)— (1—2")(-1) na""'—(n+1)z"+1
(1—x)2 N (1 —x)2 ’

> 0 (<= ; ) 1 1
e 7 _ —
;zx = (Zox> 5 (1—3:) e for |z| < 1.

1=

The second statement follows since the sum Y o0 iz?~?

converges for |z| < 1, the sequence
(im“l)ieN has to tend to zero for i — oo. So also lim;_yoo iz’ = x - limj_o ix’~t = 0 for

|z| < 1. O
Lemma B.3 (Further converging series). It holds
e .
lim ir'=0 VereR: |z| <Ll

m—00
=m

Proof. With corollary (B.2)) it follows

[ee) fe’e) fe'e) m—1
g it == E i =g g il — E izt 1
i=m i=m i=1 i=1

B 1 (m—1)2z™ —ma™ '+ 1Y\ (1 —m)z™ + ma™
_x<ﬂ—xﬂ_ (I —2)? )‘ T-22
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The limit value of the term above follows with the second statement of corollary (B.2):

i i — Tim (1 —m)x™F 4 ma™

lim im TESE

m—00

=m

— a? hmm—ﬂ)@(m - 1)xm_1 + limyy 00 ma™ =0 for ’l“‘ < 1. [
(1—x)2

Definition B.4 (Modular arithmetic). Let n € N be a positive integer and a,b € Z. We say
a 1s congruent b modulo n and write

a=b mod n,
if there exists an integer k € Z, such that a — b =k - n. Furthermore, with m € Z, we denote by
¢ = mod 1y, myn—1),(a; 1),
the unique integer ¢ € {m,m+1,....m+n — 1} with ¢ =a mod n. For m =0 we define
mod (a,n) == mody,_1},(a,n).
For a vector © € Z* with d € N and m € 7Z we write abbreviating
mod  mgn—1], (T, 1) = (Mod [, myn—1), (¥1, 1), .., MO 1y 1 —11, (Ta, 1)) € 7.

Definition B.5 (Kronecker Product) [14]. The Kronecker product is the tensor product of
two matrices A = (a;;) € R** and B = (b;;) € R™™ with k,l,m,n € N and defined as

aitbyy -+ anbin  abin - apbiy
anB apB --- ayB : : : :
A9 B — anbB anb - auB _ | @m0 anbmn ar2bmy - aubmn
: : : azibir -+ agibi,  agebin - agbi, |7
ap1 B agpB -+ anB : : : :
ag1bmt 0 apibmn arebmi o agpibmn

which is a matriz in R¥"¥"  Especially, the Kronecker product of two vectors a € R™*1,
b € R with m,n € N is given by

a1by
a by a1b2
2 |02 = | b, | e R
o) i) e

ambn

Since the matriz multiplication is associative, also the Kronecker product is.

Lemma B.6 (Vector notation for one-dimensional lattice models). Each configuration
of a one-dimensional lattice model with sites i € [1, Nz C Z, N € N, which can be active (then
we write s; = 1) or inactive (s; = 0), is given by a vector S == (s1,...,Sn). Since for every site
i, there is the possibility to be active or not, there exist 2V possible different configurations S.
To encode each S as a unit vector u, = (0,...,0,1,0...,0)T € ]RQN, n e 2V = {1,2,...,2V}, we
introduce the following notation, which can also be found in [1J]: Let
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be the encoded states <sl> € {<0>, <1>} Define for a given configuration S = (s, ...

,SN) the

corresponding vector rg € R2Y 4s the (N —1)-fold Kronecker product (B.5) of the encoded states

<s,~> of each site i:

rg = <81> & <52> Q.. <SN>-

These vectors rg are the unit vectors of RQN, since the (N — 1)-fold Kronecker product c of the

wtors (2 < { (1), () v

aiaz---aN—-1aN
ajaz---any_1by

a132 a1as - - by_1aN

aj as anN a102 anN - X
<b1> R <b2> R ® (bN> = bla2 K- R <bN> = = aira 'bele = c—

b1b2 '
bibg---by_1aN
biby---by_1bn

For every i € [N] either a; or b; is 1, so there is exactly one row of ¢, in which only the
digit one becomes multiplied, all other rows have at least one zero in it, such that the product is
also zero, hence o unit vector of R2" 4s obtained. The other way round, if we have given o unit
vector of ]RQN, we take the line of the Kronecker product that corresponds to the one, and encode
with the given a; or b; the unique configuration (s1,...,sn) of the lattice model. So there is a
one-to-one correspondence between the states S = (si,...,sn) of the lattice model and the unit
vectors u, = (0, ...,0,1,0...,0)T € RQN, n € [2V].

Corollary B.7 (Vector notation for a two-site model). From Lemma follows that
for a two site process, which is an one dimensional lattice with two sites i € [1,2] C Z, every
configuration (s1,s2) with s; = 1 if the site i is active and s = 0 if the site i is inactive for
i € {1,2}, can be encoded as a unit vector in R*:

1
(s1,82) = (0,0) = 70 =(0)®(0)= (é) ® (é) = 8 ,

0

0
(s1,82) = (0,1) = 1y ={(0)® (1) = (é) ® (?) - ((1)) ,

0

0
(s1,82) = (1,0) = 70 =(1)®(0)= <(1)> ® <(1)> = ((1)) ,

0

0
(s1,82) = (L1) = 1oy = (1) = G’) ® (g) _ (8) .

1
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Lemma B.8 (Kronecker product of Q- and identity matrices). Let Q = (¢mn) € RF** k €

N, Q" = (¢,,) € R¥** k € N be a Q-matriz (A.20) and denote by I;,1 € N the identity matriz
in RXU Then it holds

j 1
O = <®12> 2Q® (@5) =L ®Qwly  VjleN, (B.1)
=1 =1

where & denotes the Kronecker product B5 Furthermore ) S Rij U k.23 + and / are
p i
also Q—matrices.

Proof. First, we notice

I, 0 - 0

0 I, -~ 0
Ia'[b: . . i . = Lab-

0 0 - I

Repeated use of this formula leads to equation (B.1). We show now that Q= (Grmn) 1s also a
@-matrix. Since

Q 0 0
R 0 Q 0
Q=1,2Q®Iy = o _ : ® Iy
00 --- Q
qilo - quilo
: K : 0
ka0 qrrda
_ , (B.2)
quly 0 quely
0 : K :
el - il

it holds for each diagonal element G, of 0: Gmm € {qnn : 1 € [k]} and as @ is a Q-matrix, it
follows also for the matrix Q that 0 < —gmm < oo for all m € [k - 27H).

Analogously, all elements which are not located on the diagonal of Q are 0 or non-diagonal
elements of @, so they are also non-negative: Gn, > 0 for all m # n and m,n € [k - 291,

All elements g, n € [k] of the m-th row of @ appear exactly once in each of the rows of Q
with index i, which fulfil mody 4.1 (3, k- 2y e{(m—1)-24+1,(m—1)-2'+2,...,m- 21}, where
modular arithmetic was used . We take modulo k- 2!, because this is the size of every block
in the matrix of equation and select then the lines, where the elements ¢y, n € [k] become
multiplied with I,:. It follows that the sum of elements in a row of Q is the same like in a row
of @), so it is both times zero, as () is a (J-matrix.

In total, all three properties of a (Q-matrix are fulfilled and so Q is also a (Q-matrix.

The sum of two Q-matrices @ and @Q’ is also a @ matrix: The first two properties are obvious
as sums of positive numbers, the last property follows also immediately from

Z(qz‘ﬁ'q;j)zzqzj%-z:q;j:(). O

JE[K] JE[K] JE[K]
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Proposition B.9 (Q-matrix for a two-site process). Given the local transition rate matriz
Qlii+1] = (Gmn) € R4 for every site i € [1, N]z C Z of a two sile process on a one dimensional
lattice with periodic boundary conditions, the QQ-matriz of this process is given by

N-1
Q= <Z IQi—l ® Q[i,i-i-l] & IQN1i> + Q* c RQNXQN’

=1

with a matriz Q* € R2Y X2V defined in the proof. This formula is an adaption for the two-site
process with periodic boundary conditions from the formula stated in [15]].

Proof. Let i € [1, N — 1]. According to Lemma we can encode each configuration of the
two-site process as a unit vector u; € RQN, the local configurations of the sites ¢ and i + 1 are
given by unit vectors ay € R%. For a given g we find now the set Uy of unit vectors u;, which
are configurations with the same states of the sites ¢ and ¢ + 1 like @;. From Lemma also
follows that these vectors can be calculated as

U ={(51) @ ... @ (5i-1) ® U ® (Si42) @ ... @ (sn) :
(sj) € {(0), (1)} Vj € IN\{i,i+1}},

with [N] := {1, ..., N} because the Kronecker product is associative (B.5]) and so we can multiply
the states <sz> and <si+1> first. In this Lemma we have also seen that the (n — 1)-fold Kronecker

product of n vectors of the form (é) or (O

1) gives a unit vector in R%" and all unit vectors in

R2" can be constructed like this. Hence
j m

Uy, = {u(?“l) i ou® T e 27, me [2N+1]} :

Nfifl)

Executing the second tensor product first, we see that i ® unz is for arbitrary m a unit

vector ugf\]_iﬂ) € R2N7i+1, where the unit vectors ugk]j;;,),i,hrc,c € [2V="1] correspond to
Ug. Building now with an arbitrary unit vector u§-2i71) from left the Kronecker product with
ugwwl) yields to a unit vector u; € ]R2N, where the unit vectors

U(k—1)2N—i-1 4 erpan—it1, ¢ € 2N p e 2071 — 1], (B.3)

correspond to @y. From Lemma we know that
Qi = Ipi-1 @ Qi i1 @ Iyn-1-4, (B.4)

is for all 4 € [N — 1] a Q-matrix. We show now that ); contains all transition rates between
states of the sites i and i + 1. Analogously to equation (B.2)), it follows that

611]2N71—7; q~14IQN—1—7;
q~41[2N—1—7; (_?44121\7—1—1'

611121\1—1—2' 614121\7—1—2'

(j4]_.[2N—1—i T q44I2N—l—i

So the entry Gmn of QJ;;41) occurs as a entry in @Q; = (quL),n,) if the indices (m/,n’) fulfil

(m/,n) =((m —1) - 2N A 2V (= 1) 28T x4 2N,
Ae VT pe 27 —1)). (B.5)
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All other entries of @; are zero. Comparing equations and leads to the result that
qT(Z),n, is the transition rate between the configurations u,, and u,s and if it holds qff%),n, = Qmn,
the configurations u,, and u,s correspond to the local configurations u,, and @,. So we have
constructed a matrix ;, which has transferred the local information of Q);;41) to the whole
system for i € [1, N — 1].

For i = N, the site i +1 = N 4 1 is not contained in the lattice, but it has the same state
like site 1 because of the periodic boundary conditions. To construct a matrix Q* € R2Y x }R2N,
which transfers the local information of Qv n41) to the whole system, we expand our lattice
and consider first a two site system with sites i € [1, N + 1]. Similarly to the construction of @Q;,
i € [1, N — 1] (see equation (B.4)), we construct

2N+1 ><2N+1

QN =ILv-1®@QnNy1 €ER

With the same argumentation like above, the entries of @y with value G, are the transition
rates between the configurations, which correspond to the local configuration 4, and 4,. As
we have twice as much configurations for @ than for the matrices Q;, i € [1, N — 1], we have

N+1
to delete half of them: we only want to remain these configurations “5(2 ) e R2""" and those
entries of @, which correspond to configurations, where the state of site ¢ is the same like the

state of site 7 + 1. Since the unit vectors of R2""" are calculated as
()@ (52) 9 @ (sx) @ (sxar). (57} € {0 (1)} Vi € [N +1),

N+1
we observe the following: For s; = 0 the vectors ul(2 ! ), 1 €{1,2,..,2Y} and for s; = 1 the

N+1
vectors ul(2 ), 1e {2V + 1,2V 4 2,...,2N*1) result, because the state s; is the left component
of the Kronecker product and it is associative, so we can multiply the most left component at
last. Analogously it follows for the state sy1, which becomes multiplied from the right that for
N+1 N+1
sn+1 = 0 the vectors “1(2 ), 1 e€{1,3,5,..2¥%1 — 1} and for sy,; = 1 the vectors “1(2 ),
I € {2,4,6...,2Y71} result. It follows that the sites 1 and N 4 1 have the same state in the

configurations with index
" €{1,3,5,...,2Y =32V — 1,2V 42 2N 4 . oN*tl _ g oN+1y 1] = 2N,

Since the <SN+1> becomes multiplied to the unit vectors u; € R2" from the right, each con-
N+1 N+1
figuration u,, € R2" corresponds to the two configurations ugnfl) and ugn , where the

first N elements have the same state like in u,,. When we consider only the configurations
N+1
) e R2Y with [ € I*, we have for every m € [2V] chosen exactly one of the two possibilities

(2N+1) (2N+1) . (2N+1) . .
Us,,_1" and uy,, * and so the configurations u; , L € I* and the corresponding configuration

U, m € [2N] appear in the same order. Tt follows that the matrix Q* € IR{QNX2N, which arises
by deleting all rows and columns with indices, which are not contained in [*, contains all the

transition rates on the right positions for the configurations u,,, m € [2!V]. We denote it by

Q" = (QN)r1-

Altogether, as the sum of Q-matrices is again a @Q-matrix (B.8) and the matrix @ has to
describe all transition rates between all possible configurations of the two-site system at once,
we have to add all the matrices @, i € [1, N|z and the matrix Q* to obtain the matrix Q:

N-1 N-1
Q= <Z Ql> +Q" = <Z Iyi-1 ® Q[i,iJrl} & IQN—I—i) + Q" O
=1

=1
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C. Numerical Code and Computations

C.1. Directed Percolation in d + 1 dimensions, d € {1,2,3}

For the simulation of directed percolation in 1 4+ 1 dimensions, the finite lattice [-N, N — 1]z
is represented as a vector of length m = 2N, whose entries become updated according to the
rules of subsection 3.2.1. For the 2+ 1 dimensional directed percolation process, the finite lattice
[N, N — 1]2 is represented as a matrix with m rows and m columns. In 3 + 1 dimensions, the
finite lattice [-N, N — 1]% is represented as a three dimensional array. In the following, only
the function DP3 used for directed percolation 3 4+ 1 dimensions will be explained, because it
includes all properties of the code of both lower dimensions. The functions DP1 and DP2 can
easily obtained from this DP3 by omitting the unnecessary dimensions.

The three dimensional array has length m in each direction and is numbered as shown in
Figure . Additionally, each entry of the array is characterised by a triplet (i,7,1) € [m]>.
From the definition in Subsection 3.2.1. it follows that at time ¢ even, only sites with ¢ + j 4 {
odd and at time t odd, only sites with ¢ + j + [ even exist. In z-direction we talk about the left
and right neighbour, in y-direction about the front and back neighbour and in z-direction about
the bottom and top neighbour.

left

right

bottom

Figure C.1.: Numbering of the three dimensional array representing the finite lattice [~ N, N — 1]

The following function programmed in Matlab has the input parameters N for the grid size,
p the probability parameter of the percolation process, 1" for the time until which is simulated,
e for the start configuration and b for the boundary conditions. The output is the vector rho,
describing the particle density from time 0 to 7. The update process starts in line 65. From line
325 to line 349 the points in the interior of cube are considered, the other cases from line 73 to
line 323 check the boundary points, which have dependent on the boundary condition different
update rules. In lines 61 to 63 the start configuration is plotted and in lines 382 to 384 it is
updated in every time step. Additionally, it is possible to visualize in 141 and 2 + 1 dimensions
the process with a time component, see Figure in Section 3.2. Therefore, in each time step
the configuration vector of the 141 dimensional process at time ¢ is stored as the ¢ 4+ 1-th row of
a matrix in {0,1}™* T+ or the configuration matrix of the 2 4+ 1 dimensional process at time ¢
is stored as the ¢ + 1-th level of a three dimensional array in {0, 1}™*m>*(T+1),
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1 function rho = DP3(N,p,T,e,b)
2
3 %N: parameter of the finite grid [-N,N—1]"3, has to be even
4 %p: probability parameter of directed percolation
5 %I: time until we simulate
6 %e: start configuration, 1=fully occupied lattice, else: single active site in the
middle
7 %b; boundary conditions, l=periodic, otherwise free
8
9 m = 2«N; %length of the cube, only every second site can be occupied
10 M= 0.5%(m"~3); %number of existing sites in each time step
11 A = zeros(m,m,m); %3D diagonal array
12 x = []; %storage vector for x coordinates of active sites at time t=0
13y = []; %storage vector for y coordinates of active sites at time t=0
14 z = []; %storage vector for z coordinates of active sites at time t=0
15 al = zeros(1,M); %matrix indices with i+j+1 odd for sites which can exist at time
t even
16 a2 = zeros(1,M); %matrix indices with i+j+1 even for sites which can be occupied
at t odd
17 tho = zeros(1,T+1); %storage vector for the particle density
18
19 k1 = 1; %counter of sites existing at time t odd
20 k2 = 1; %counter of sites existing at time t even
21 k = 1; %counter of all sites
22
23 for j = 1mm
24 for i = 1mm
25 for 1 = 1m
26 if mod(i+j+1,2) =— 1 %i+j+l odd
27 al(1l,kl1) = k;
28 k = k+1;
29 k1 = k1+1;
30 else %i+j+1 even
31 a2(1,k2) = k;
32 k = k+1;
33 k2 = k2+1;
34 end
35 end
36 end
37 end
38
39 if e =11
40 A(al) = 1; %all sites existing at time t=0 are active
a1 rho(1,1) = 1; %particle density at time t=0
12 else
43 A(N+1,N+1N+1) = 1; %single active seed in the ’middle’ of the cube at time t
=0
44 rho(1,1) = 1/M; %particle density at time t=0
45 end
46
a7k = 1;
48 for i = 1:m
49 for j = 1mm
50 for 1 = 1m
51 if A(i,j,1) =1
52 x(k) = i; %x coordinates of active sites to time t=0
53 y(k) = j; %y coordinates of active sites to time t=0
54 z(k) = 1; %z coordinates of active sites to time t=0
55 k = k+1;
56 end
57 end
58 end
50 end
60

61 scatter3(x,y,z, filled’) %plot all active sites in a 3D coordinate system
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65

7
78
79
80
81
82
83
84

85
86
87
88
89
90
91
92

93
94
95
96
97
98
99
100

101
102
103
104
105
106

108
109
110
111
112
113
114
115

116

117

118

119

axis ([0 m+1 0 m+1 0 m+1])
pause (1) %show start configuration for one second

for t =
for

1:T %update the three dimensional array for every time step
i = 1:M %loop over every of the M existing sites
if mod(t,2) =1
j = a2(i); %sites existing at time t—1 odd
else
j = al(i); %sites existing at time t—1 even
end
if j <=m"2 %bottom side of the cube

z1 = rand(1,1); %Influence of the left neighbour
if mod(j,m) — 1 %left side of the bottom side
if b= 18&& A(j+m—1) = 1 && z1 < p %consider only for periodic
boundary conditions

A(j) = 1
end
elseif A(j—1) = 1 && z1 < p
A(j) = 1
end
z2 = rand (1,1); %Influence of the right neighbour
if mod(j,m) — 0 %right side of the bottom side
if b =1 && A(j—m+1) =— 1 && 22 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j+1) =— 1 && z2 < p
A(j) = 1
end

z3 = rand(1,1); %Influence of the front neighbour
if j <= m %front side of the bottom side

if b =1 && A(j—mtm~2) — 1 && 23 < p %consider only for periodic

boundary conditions
A(j) = 1
end
elseif A(j-m) =— 1 && z3 < p
Al = 1
end
z4 = rand(1,1); %Influence of the back neighbour
if j >= m"2-m+1 %back side of the bottom side

if b=—18&& A(j+tmrm~2) =— 1 && z4 < p %consider only for periodic

boundary conditions
AGj) = 1
end
elseif A(j4m) — 1 && z4 < p
A(j) = 1
end
z5 = rand (1,1); %Influence of the bottom neighbour
if b=—128&& A(j—m"2+m~3) =— 1 && z5 < p %consider only for periodic
boundary conditions

A(j) = 1;
end
z6 = rand(1,1); %Influence of the top neighbour
if A(j4m~2) — 1 && z6 < p
A(j) = 1
end

elseif j > m"3-m~2 %top side of the cube, because of ’elseif ’ edges are

only considered once even if they occur twice in the loops
z1 = rand(1,1); %Influence of the left neighbour
if mod(j,m) =— 1 %left side of the top side
if b =1 && A(j+m—1) =— 1 && z1 < p %consider only for periodic
boundary conditions
A(J) = 1
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120
121
122
123
124
125
126

127
128
129
130
131
132
133
134

136
137
138
139
140
141
142

143
144
145
146
147
148
149
150
151
152
153

154
155

157
158
159

160
161
162
163
164
165
166
167
168

169
170
171
172
173
174
175
176

177

end
elseif A(j—1) =— 1 && z1 < p
=1

A(j) ;
end
z2 = rand (1,1); %Influence of the right neighbour
if mod(j,m) = 0 %right side of the top side
if b= 1 && A(j—m+1) = 1 && 22 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j+1) — 1 && 22 < p
A(j) = 1
end

z3 = rand (1,1); %Influence of the front neighbour
if j <= m"3—m"2+m %front side of the top side, alredy j > m™3—m"2
if b= 1 && A(j—mtm~2) =— 1 && 23 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j-m) — 1 && z3 < p
A(j) = 1
end
z4 = rand(1,1); %Influence of the back neighbour
if j > m"3—m %back side of the top side
if b= 1 && A(j+mm"2) — 1 && z4 < p %consider only for periodic
boundary conditions

A(J) = 1
end
elseif A(j4m) — 1 && z4 < p
A = 1
end
zb = rand (1,1); %Influence of the bottom neighbour
if A(jrm 2) =— 1 &% 25 < p
A = 1
end
z6 = rand(1,1); %Influence of the top neighbour
if b =1 && A(mod(j+m~2,m"3)) = 1 && z6 < p %consider only for
periodic boundary conditions
Al = 1
end
elseif mod(j,m) = 1 %left side of the cube

z1 = rand(1,1); %Influence of the left neighbour

if b=—128&& A(j+tm—1) =— 1 && z1 < p %consider only for periodic
boundary conditions
A(j) = 1;

end

z2 = rand(1,1); %Influence of the right neighbour

if A(j+1) — 1 && z2 < p

A(j) = 1
end
z3 = rand(1,1); %Influence of the front neighbour
if mod(j,m"2) 1 %front side of the left side, alredy mod(j,m) =— 1
if b =1 && A(j4m"2-m) — 1 && z3 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j-m) — 1 && z3 < p
A(j) = 1

end
z4 = rand(1,1); %Influence of the back neighbour
if mod(j,m"2) =— m"2-m+1 %back side of the left side
if b =1 && A(j+mm"2) — 1 && z4 < p %consider only for periodic
boundary conditions
A(j) = 1
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end
elseif A(j4m) — 1 && z4 < p
A(j) = 1
end
zb = rand (1,1); %Influence of the bottom neighbour
if j <= m"2 %bottom side of the left side
if b =1 && A(j+m"3—-m"2) — 1 && z5 < p %consider only for
periodic boundary conditions
A(j) = 1
end
elseif A(j—m"2) — 1 && z5 < p
A(j) = 1
end
z6 = rand (1,1); %Influence of the top neighbour
if j > m"3—m"~2 %top side of the left side
if b =1 && A(mod(j+m~2) m~3) = 1 && z6 < p %consider only for
periodic boundary conditions

A(J) = 1
end
elseif A(j4m~2) — 1 && z6 < p
A()) = 13
end
elseif mod(j,m) = 0 %right side of the cube

z1 = rand(1,1); %Influence of the left neighbour
if A(j—1) = 18&& z1 < p
Al = 1

end
z2 = rand (1,1); %Influence of the right neighbour
if b= 148&& A(j—m+1) — 1 && 22 < p

A(j) = 1;
end
z3 = rand(1,1); %Influence of the front neighbour
if mod(j,m"2) = m %front side of the right side, alredy mod(j ,m) — 1
if b=—18&& A(j+m"2-m) — 1 && z3 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j-m) — 1 && 23 < p
A(j) = 1;
end
z4 = rand(1,1); %Influence of the back neighbour
if mod(j,m~2) = 0 %back side of the right side
if b=—128& A(j+tmm~2) — 1 && z4 < p %consider only for periodic
boundary conditions
A(j) = 1
end
elseif A(j4m) — 1 && z4 < p
A(j) = 1;
end
zb = rand(1,1); %Influence of the bottom neighbour

if j <=m~2 %bottom side of the right side
if b= 18&& A(j4m"3-m"2) — 1 && z5 < p %consider only for
periodic boundary conditions
A(j) = 1
end
elseif A(j-m~2) — 1 && z5 < p
A(j) = 1;
end
z6 = rand(1,1); %Influence of the top neighbour
if j > m"3—m~2 %top side of the right side
if b — 1 && A(mod(j+m~2) m~3) — 1 && z6 < p %consider only for
periodic boundary conditions
A(j) = 1
end
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elseif A(j4m"2) — 1 && z6 < p
AJ) = 15
end

zl = rand(1,1); %Influence of the left neighbour
if mod(j,m) = 1 %left side of the front side
if b= 1 && A(j+m—1) — 1 && z1 < p %consider only for
boundary conditions

A(j) = 1
end
elseif A(j—1) = 1 && z1 < p
A(j) = 1;
end
z2 = rand(1,1); %Influence of the right neighbour
if mod(j,m) = 0 %right side of the front side
if b=—128&& A(j-m+1) — 1 && 72 < p %consider only for
boundary conditions
A(j) = 1
end
elseif A(j+1) = 1 && z2 < p
A(j) = 1;
end

z3 = rand(1,1); %Influence of the front neighbour
if b= 1 && A(j4m™2-m) — 1 && z3 < p
A(j) = 1
end
z4 = rand(1,1); %Influence of the back neighbour
if A(jim) — 1 && z4 < p
A(j) = 1;
end
zb = rand (1,1); %Influence of the bottom neighbour
if j <= m"2 %bottom side of the front side
if b =1 && A(j4m"3-m~2) — 1 && z5 < p %consider only
periodic boundary conditions
A(j) = 1
end
elseif A(j-m~2) — 1 && z5 < p
A(j) = 1
end
z6 = rand (1,1); %Influence of the top neighbour
if j > m™3-m~2 %top side of the front side
if b =1 && A(mod(j+m~2) m~3) = 1 && z6 < p %consider
periodic boundary conditions
A(j) = 1
end
elseif A(j4m~2) — 1 && z6 < p
A(j) = 1;
end

z1 = rand(1,1); %Influence of the left neighbour
if mod(j,m) =— 1 %left side of the back side
if b= 18&& A(j+m—1) =— 1 && z1 < p %consider only for
boundary conditions

A(j) = 1
end
elseif A(j—1) = 1 && z1 < p
A(j) = 1
end
z2 = rand (1,1); %Influence of the right neighbour
if mod(j,m) = 0 %right side of the back side

if b= 18&& A(j—m+1) =— 1 && 22 < p %consider only for
boundary conditions
A(J) = 1
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elseif 1 <= mod(j,m"2) && mod(j ,m"~2) <= m %front side of the cube

periodic

periodic

for

only for

elseif m™2-m+l <= mod(j ,m"2) && mod(j ,m"2) <= m"2 %back side of the cube

periodic

periodic
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end

for

end

elseif A(j+1) — 1 && z2 < p
Al = 1
end
z3 = rand(1,1); %Influence of the front neighbour
if A(j—m) 1 && z3 < p
Al = 1
end

z4 = rand(1,1); %Influence of the back neighbour
if b= 14&& A(j+mm"2) — 1 && z4 < p

A(j) = 1;
end
zb = rand(1,1); %Influence of the bottom neighbour
if j <= m"2 %bottom side of the back side

if b= 18&& A(j4m"3-m"2) =— 1 && z5 < p %consider only for
periodic boundary conditions
A(j) = 1
end
elseif A(j-m"2) — 1 && z5 < p
A(j) = 1
end
z6 = rand(1,1); %Influence of the top neighbour
if j > m"3-m"~2 %top side of the back side
if b= 1 && A(mod(j+m~2) ,m~3) = 1 && z6 < p %consider only
periodic boundary conditions
A(j) = 1
end
elseif A(j4m~2) — 1 && z6 < p
A(j) = 1
end
else %no bounary point, has 6 neighbours
z1 = rand(1,1);
if A(j—1) = 1 && z1 < p %Influence of the left mneighbour
A(j) = 1
end
z2 = rand(1,1);
if A(j+1) — 1 && 22 < p %Influence of the right neighbour
A(j) = 1
end
z3 = rand(1,1);
if A(j-m) =— 1 && 23 < p %Influence of the front neighbour
A = 15
end
z4 = rand(1,1);
if A(j4m) = 1 && z4 < p %Influence of the back neighbour
A(j) = 1
end
zb = rand(1,1);
if A(jrm~2) = 1 && z5 < p %Influence of the bottom neighbour
A(j) = 1;
end
z6 = rand(1,1);
if A(j4m~2) =— 1 && z6 < p %Influence of the top neighbour
A(j) = 1;
end
end
i=1:M
if mod(t,2) =— 1
j = al(i); %sites existing at time t odd
else
j = a2(i); %sites existing at time t even
end
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end

end

A(j) = 0; %sites existing at time t—1 do not exist at time ¢
end

rho(1,t+1) = sum(sum(sum(A)))/M; %particle density to time ¢

; %storage vector for x coordinates of active sites at time ¢

(]
vy = []; %storage vector for y coordinates of active sites at time ¢t
[

z = ; %storage vector for z coordinates of active sites at time t
k =1,
for i =1 m
for j = 1:mm
for 1 = 1:m
if A(iLj,1) — 1
x(k) = i; %x coordinates of active sites to time ¢
y(k) = j; %y coordinates of active sites to time ¢
z(k) = 1; %z coordinates of active sites to time ¢
k = k+1;
end
end
end
end

scatter3 (x,y,z, filled’) %plot all active sites in a 3D coordinate system
axis ([0 m+1 0 m+1 0 m+1])
pause (0.1) %show each configuration for 0.1 seconds

plot (0:T,rho)

C.2. Approximation of the Critical Probabilities

A first way to approximate the critical probabilities was shown in Figures [4.4(a)[to 4.4(c)l They
arise from the following Matlab code. Depending on the dimensions d, we have to change the
estimated interval including the critical probability in lines 7 to 8 and call the function DP1,

N O R W N

10
11

12

13
14
15
16
17
18
19

DP2 or DP3 in line 20.

function pc = findpc(N,K,T)

9N: lattice size

Y%K: Number of Simulations

%T: time until we simulate

pmin = 0.633; %first estimates for the interval including pc, other values for

directed percolation in two and three dimensions

pmax = 0.638;

np = 11; %number of different values of p

p = linspace (pmin,pmax,np); %different values for p

Q = zeros(1l,np); %counts for every p how many sites survive until time T on
average

q = zeros(1,K); %counts for one p how many sites survive until time T in each of
the K simulations

i = 1; %counter

e 1; %fully occupied lattice

b = 1; %periodic boundary conditions

for 1 = linspace (pmin,pmax,np)
for k = 1:K
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rho = DP1(N,1,T,e,b); %insert here DP2 or DP3 for directed percolation in
two or three dimensions
q(1,k) = rho(1,T); %fraction of sites which exist at time T

end
Q(1,i) = sum(q)/K; %average over all simulations
i =1i+41; %i is counter for 1

end

pc = p(find (Q>0,1));

plot (p,Q)

xlabel ('p7)

ylabel (’fraction of surviving sites’)

end

The second way to approximate the critical probabilities was shown in Figures 4.5(a)|to 4.5(f)]
They arise from the following Matlab code. Depending on the dimensions d, we have to change
the estimated interval including the critical probability in lines 7 to 8, call the function DP1,
DP2 or DP3 in line 19 and change the legend entries in line 31.

function findpcneu (N,K,T)

YN: lattice size
Y%K: Number of Simulations
%T: time until we simulate

pmin = 0.6437; %first estimates for the interval including pc, other values for
directed percolation in two and three dimensions
pmax = 0.6457;

np = 3; %number of different values of p

e = 1; %fully occupied lattice

b = 1; %periodic boundary conditions

j = 1; %counter for the different values of p

G = zeros(np,T+1); %storage matrix for the average particle density with

probability parameter p at time t

for p = linspace (pmin,pmax,np)
ges = zeros (1,T+1); %storage vector for the sum over all simulations of the
particle density at time ¢t
for i=1:K %all simulations
rho = DP1(N,p,T,e,b); %insert here DP2 or DP3 for directed percolation in
two or three dimensions
ges = ges + rho;

end
G(j,:) = ges./K; %average over all simulations for the probability parameter p
=it

end

for k = 1:np
loglog (0:T,G(k,:))
hold on;
xlabel (7t 7)
ylabel (’\rho(t)”)
legend (70.64377,°0.6447°,°0.6457") %insert other values for directed
percolation in two and three dimensions
end

end
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C.3. Approximation of the Critical Exponents

Approximation of the Critical Exponent «

According to Section 4.2., the critical exponent a(d) is represented as the negative slope of
Figures |C.2(a)| to |C.2(c)l To avoid inaccuracies at the beginning and died-out processes in the
active phase in 3+ 1 dimensions (Figure , we measure the slope of the line from 77 = 10*
to Ty = 10% and obtain the following values:

log(0.6547) — log(0.3104)

1) = ~ 0.162 C.1
a(l) log(101) — log(103) : (C.1)
log(0.3376) — log(0.03687)
2) = — ~ (0.481 C.2
a(2) Tog(101) — log(103) ’ (©2)
log(0.2348) — log(0.007073)
3)=— ~ 0.761. C.3
o(3) log(101) — log(103) (C3)
0; 10° P \ .
0.6 N \
_ 107 . __10? b %,
L 0.6437 < - 0.2863 -0.1765 \‘W “
015447 \\% 10-4 0:2873 10_4 0:1775 1
0.2 0.6457 0.2883 0.1785
1078 10°®
10° 102 10* 10° 102 10° 10° 102 10*
t t t

(a) d =1, N = 2048, K = 100 (b) d=2, N =32, K =100 (¢)d=3, N =8, K =100

Figure C.2.: Fraction of surviving sites over K = 100 simulations of directed percolation in d dimensions with
N sites until time 7" = 10000 depending on the probability parameter p with approximation line in
black from time 77 = 10* to T» = 10°.

Approximation of the Critical Exponent

To approximate the critical exponent (3, the stationary density was plotted against the distance
from criticality A = p — p. in Figure in Section 4.2. The linear plot [4.6(a)| and the double-
logarithmic plot [4.6(b)| arise from the following Matlab code.

function stationary

pcl = 0.6447; %crtitical value in one dimension

pc2 = 0.2873; %crtitical value in two dimensions

pc3 = 0.1775; %crtitical value in three dimensions

N1 = 2048; %Input N of DP1

N2 = 32; %Input N of DP2

N3 = 8; %Input N of DP3

e = 1; %fully o ccupied lattice

b = 1; %periodic boundary conditions

r = 10; %number of values of Delta

T = 10000; %time until we simulate

dT = 5000; %number of points for the calculation of the stationary solution
K = 100; Y%number of simulations

yl = zeros(K,r); %storage matrix for all simulations and values Delta for DP1
y2 = zeros(K,r); %storage matrix for all simulations and values Delta for DP2
y3 = zeros (K,r); %storage matrix for all simulations and values Delta for DP3
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Y1 = zeros(1l,r); %storage vector for the average over all simulations for DP1
Y2 = zeros(1l,r); %storage vector for the average over all simulations for DP2
Y3 = zeros(1l,r); %storage vector for the average over all simulations for DP3
for k=1:K
=1
for i = linspace(—4,—-1,r) %logarithmically spaced values for Delta
rhol = DP1(N1,pcl+10"i,T,e,b);
y1l(k,j) = sum(rhol (1,(T—dT+1):T))/dT; %average over the last dT values of
the particle density
rho2 = DP2(N2,pc2+107i,T,e,b);
v2(k,j) = sum(rho2(1,(T—dT+1):T))/dT; %average over the last dT values of
the particle density
rho3 = DP3(N3,pc3+10~i,T,e,b);
v3(k,j) = sum(rho3 (1,(T—dT+1):T))/dT; %average over the last dT values of
the particle density
i =i+
end
end
for i = 1:r
zl = yl(:,1);
if sum(z1)>0
Y1(i) = sum(zl)./(length(z1(z1>0))); %average over all non—zero entries (
because of finite size effects there always the probability to die
out)
else
Y1(i) = 0;
end
z2 = y2(:, )
if sunl(z )

Y2(i) = sum(z2)./(length(2z2(22>0))); %average over all non—zero entries (
because of finite size effects there always the probability to die
out)

else

Y2(i) = 0;
end
z3 = y3(:, )
if sunl(z )

Y3(i) = sum(z3)./(length (23(23>0))); %average over all non—zero entries (
because of finite size effects there always the probability to die
out)

else

Y3(i) = 0;

end
end
x = 10.7 (linspace(—4,-1,r));
plot (x,Y1)
hold on;
plot (x,Y2)
hold on;
plot (x,Y3)

xlabel ('p—p_c’);

ylabel(7\rh0A{stat} )

legend (1
plot

figure (2);
loglog (x,Y1)
hold on;

loglog (x,Y2)
hold on;

loglog (x,Y3)
xlabel ('p—p _¢’);

,’3D’) %plot the three vectors Y1,

Ymew figure

o8

Y2 and Y3 in a common linear
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ylabel (’\rho~{stat}’)
legend (’1D’,’2D’,’3D’) %plot the three vectors Y1, Y2 and Y3 in a common double—

logarithmic plot

end

According to Section 4.2., the critical exponent 3(d) is represented as the slope of the double-
logarithmic plot of the stationary density p#*. The closer p is p,, the longer is the time to reach
the stationary density [I5]. Furthermore, in 3 + 1 dimensions it happens that even in the active
phase, the process dies out and the absorbing state is reached, such that the logarithm of the
particle density is —oo and not represented in the double-logarithmic plot. Consequently, we
determine 3 as the slope of the parts indicated in Figure We obtain the following values:

_ 1log(0.2776) — log(0.8643)

B = oe0.000) “logio.) = 0T (€4
_ log(0.0941) — log(0.7313)

P2) = Jog(0.002150) — log(0.n) O3 €9

33) = 108(0:0999) —log(0.7542) o (©5)

log(0.004642) — log(0.1)

These values can be improved by larger systems, more simulations and using linear regression
instead of the black parts indicated in Figure [C:3]

1 10°
& Ca , 4 8 -1
w 05[ 5, 10
A 1D 1D
V4 2D L 2D
v 3D 3D
0! 1072
0 0.05 0.1 107 1072
P-p,

(a) Linear plot of p5fa* depending on p — pc

(b) Double-logarithmic plot of p5f2t depending on p—pc

with approximation lines

Figure C.3.: Stationary density pi'** depending on the difference p—p. for directed pond percolation in 141, 2+1

and 3+ 1 dimensions with 2048 particles and K = 100 simulations each. Because of fluctuations, the
stationary density was averaged from Ty = 5000 to T" = 10000.

C.4. Eigenvalues of the ()-matrix of the Contact Process

In Figure the eigenvalues of the @ matrices Q7 and QP4 are shown. The following
Matlab code returns for b = 1 the matrix QPer°di¢ and for other values of b the matrix Qfree.

function Q = Qmatrix(lambda ,N,b)

%lambda: rate parameter of the contact process
9N: lattice size
%b: boundary conditions, l=periodic, otherwise free
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matrix Qx is added, see equation

1) choose rows and columns according to Proposition B.9.

K= 1[0, 0, 0, 0;
0.5, —0.5%(1+lambda), 0, 0.5xlambda;
0.5, 0, —0.5%x(1+lambda), 0.5xlambda;
0, 0.5, 0.5, —1]; %local Q-matrix Q i
Q = zeros(2°N,2"N); %storage for the Q matrix
for i = 1:(N-1)
L = kron(eye(2~(i—-1)) ,K);
M = kron(L,eye (2" (N=1-i)));
Q = Q4M; %calculation according to equation (3.24)
end
if b =1 %for periodic boundary conditions the
(3.25)
P = kron(eye(2~(N-1)) ,K);
1 = zeros(2°N,1);
P = (2 (N-1))
= (2 (N-1)+1) (27 (V) 5
1(i) = 2x1i-1;
(i) = 2%j;
Q= QP(1,1); %P1
end
end

Figures [3.10(a)| and [3.10(b)| arise from the following Matlab code, which calls the function

Qmatrix from above.

function Eigenvalues(N)

for lambda = linspace (0,50,10)

are defined as the solutions of L

Q = Qmatrix(lambda ,N);

L =Q.’; %transpose as in Matlab eigenvalues
xv = lambdaxv (instead of pixQ = etaxpi)

e = real(eig(L)); %real part of the eigenvalues

1 = lambdaxones (2~ (N) ,1);

hold on;

q = scatter (1(:),e(:),
eigenvalues

q.MarkerFaceColor

2, filled ’); %plot for

7k7;
end

lambdac = 3.29786;

p = plot (lambdac.*ones(100,1)
p-Color = 'k’

p-LineWidth = 2;

axis ([0 5 =3 0])

,linspace (—3,0,100)

Xlabel(“ lambda )
ylabel ("Re(\eta_{n})’)
end
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each value of lambda all

, ) ; %mark lambdac

in the plot
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